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Z decay into two gluons and a photon for massive quarks
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We have determined the decay rates for the rare decays Z eggy (ggg) including quark

masses. We find a coherence effect in the amplitude for these processes which is sensitive to
the top-quark mass. Inclusion of a top-quark mass of m, =20 GeV decreases the rate for
Z —+ggy by a factor of 2 and enhances the rate for Z ~ggg by a factor of 3. The branch-

ing ratios are I (Z eggy)/I o
——1.8X10 and I (Z ~ggg)/I 0&0.8&(10, where the

latter is a lower bound since the axial-vector contribution has yet to be computed, and I 0 is

the total hadronic decay width.

I. INTRODUCTION

The study of the Z boson through its decays into
two and three jets is of immediate interest due to the
fact that the new electron-position colliders will be
able to produce a substantial number of Z 's in the
near future. '

The rare decays Z eggy and Z —+ggg offer an
interesting way of testing the standard model of
electroweak and strong interactions in higher-order
perturbation theory. The differential as well as the
total decay rates for these processes have been calcu-
lated via the box graph, with all the quark masses in
the loop set to zero.

In this paper, we extend these calculations by in-
cluding the dependence on the quark masses. For
the present, we shall mainly concentrate on the pro-
cess Z eggy, because the axial-vector coupling is
not involved. For the process Z —+ggg we shall re-
port on the vector part only. A later paper will deal
with the axial-vector part also.

Our analysis shows that for a single quark flavor
the total decay rate does not change substantially ex-
cept near the limit p=(2m'/Mz) ~1 (i.e., close to
the threshold for producing a qq pair). As expected,
we also find a discontinuity in the slope of the decay
rate at the point p=1. The single- and double-
differential rates are found to be more sensitive to
the quark masses. A useful approximation, enabling

us to study the quark-mass dependence of various

functions, as well as reducing the computational
time, has been found by setting a11 the five quark
masses (up to the bottom) equal to m„and by treat-

ing the top-quark mass m, as a free parameter.
In Sec. II, we present some of the details of our

calculations. Section III is devoted to our numerical
results for a single-quark contribution. In Sec. IV
we discuss the total contribution, including all six
quarks in the loop. Since the top-quark mass is un-

II. DETAILS OF THE CALCULATIONS

To investigate the decay Z eggy we only have to
consider the box diagrams shown in Fig. 1. Owing
to the symmetry in the color indices

[Tr(T,Tb)= , 5, b] only—thevector couplings of the

Z to q;q; have to be included. For the other decay
Z ~ggg (see Fig. 2) the axial-vector couplings also
contribute. In the limit of vanishing quark masses
this was not the case, since the contribution within
each doublet would cancel. Since the contributions
from the vector and axial-vector parts add in-

coherently we can establish a lower bound on the
rate for ZP~ggg.

After averaging over the initial spins and sum-

ming over the helicities the double-differential decay
rate for Z eggy can be expressed as

r 2

1 d I'(Z ggy) a C~
Ip dxdy 2I

Q.

1 as

256

I d F
g (a,.t+b,.t) dx dy

(1)

We have of course normalized to the total hadronic

Zo——-D ——-] L
Ioeooog p 1

FIG. 1. Feynman diagrams for the decay Z eggy.

known, we present our results as a function of the
mass of the top quark. Finally, in Sec. V, we

present our conclusion.
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decay width:
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Here q; is the electric charge of quark i and C~~=8
is a color factor, a; and b; are the usual vector and
axial-vector couplings of Z to q;q;,

u c t ' 4a"=a'=a = —,——, s1n 8~,

a =a'=a"=
2 + 3 sin 8~d s b

FIG. 2. Feynman diagrams for the decay Z ~ggg.
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x and y are the usual scaling variables x =2E, /M,
and y =2E, /Mz.

The function d F/dx dy is given by

2

IEi.'++(x y') I'+
1

IEi.++(x z») I

2(1-y)(1—z) (i) -(i),Re[E i++(x,y,z)E x++( xz, y)]x 1 —x

+ IEi+)+(x,y,z)
I

+(x~y)+(x~z) .

%'1th

(1,2) 1 {1,2)Ei++(x,y,z)= ~ ga;q;Ei++(x,y, z,p;) .~ aA'&

The 8"s are helicity amplitudes. They are no
longer real, as was the case in the limit of massless
quarks. The expressions for Ei++ are much more(1,2)

complicated now and they are given in the Appen-
dix. We verified explicitly that d F/dx dy is free of
any mass singularities; that is, no 1/(1 —x) or 1/x
terms are present in the limit x —+1 or x —+0. This
serves as a check on the calculation. We also notice
that d F/dx dy no longer behaves like In (1—x ) for
x~1 but rather tends to a constant. This is due to
the parameter p; which cuts off the logarithmic
behavior near the edges of the phase space.

III. RESULTS FOR
A SINGI.E-QUARK CONTRIBUTION

As mentioned before, d F/dxdy is free of any
mass singularities and we can safely integrate to ob-
tain the single-differential rate dF/dx and the total
rate F(p) as a function of p. For p~0 we should
reproduce the answer F(D)=80. The other limit
p~ 1 corresponds to closing the channel for the real
decay Z ~qq. A plot of F(p) vs ~p(p & 1) is exhi-
bited in Fig. 3—it shows a very small rise up to
p&0. 1 and as we reach p~l the limited phase
space cuts F(p) severely At p= 1 the .value of F is
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FIG. 3. The function F(p) vs V p for p & 1 (one quark
flavor).

I

roughly one-third of F(0). Figure 4 shows the
behavior of F(p) for p & 1. For p values between 10
and 100 it approaches the asymptotic expression

4352 1
F(p) =

30375 p4

(easily obtained by using the asymptotic values for
Ei'++). As p approaches 1 from above, this ap-
proximation fails badly, roughly by two orders of
magnitude. When the two curves are matched at
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FIG. 4. The function F{p) vs Wp for p&1 {one quark
flavor).

FIG. 6. The double-differential function
(1/F)d I" /dx dy for several values of y. Solid curve in-
cludes quark masses with p, =0.309. Dashed curve is the
massless case.
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p= I we find a discontinuity in the slope. This of
course is expected since for p & I the amplitudes are
real functions while for I &p &0 they have an ima-
ginary part. A similar discontinuity was seen before
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FIG. 5. The function E{p,) vs ~p, for both processes
(all six quark flavors included).

FIG. 7. The single-differential function dF/dx as a
function of x. The upper curve is the massless case; the
lower curve includes quark masses. A cut a=0.025 is
used in the massless case.
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by De Tollis in the photon-photon scattering pro-
cess.

For p(1 our results for F(p) are in agreement
with Baier et al.

IV. RESULTS FOR THE TOTAL CONTRIBUTION:
DEPENDENCE ON THE MASS OF THE TOP QUARK

To get the total rate for Z -eggy one has to take
into account the coherent contribution of all six
quarks in the loop in Fig. 1. In most of the region
of the phase space E(+1+2)X tends to be much
larger than E"+~'+. Also E~'++(p) only deviates
about 10%%uo even for the bottom quark from its value
at p=0, except close to the edges of the phase space.
Anyway the contribution to F(p) here is small due
to the cutoff.

We then found it reasonable to use just one p; =p„
for i =u, d, s, c, and b. The top quark mass is
treated separately and we have used it as a free
parameter. A plot of F(p, ) for Z —+ggy as well as
the vector part for Z —~ggg is shown in Fig. 5. For
small p, the value F(0)=80 is obtained. For p, = 1

only five quarks should contribute and I" goes down
to about 70% for the Z eggy decay and up to
about 200% in the other case. The behavior of
F(p, ) can qualitatively be understood by looking at
the interference patterns in E ~++. For the process(1,2)

Z —+ggy all the couplings a;q; are positive. Also
E ~'++(p; ) is negative for small p; in most of the
phase space. However, if p; becomes large like p„
the amplitude changes sign, thus introducing des-
tructive interference. For the process Z ~ggg the
opposite is the case. Here the couplings are only a;.
Since a, is positive, a positive value of E~++ will in-
crease the total amplitude.

For a top-quark mass of m, =20 GeV we obtain
the branching ratios

g ~1()—s

Io
and

—'(Z'-ggg)- =0.SX 10- .
Io

In Fig. 6 we also show the double differential
function d F/dx dy normalized to F(p, ) compared
to the massless case. Although the shape has
changed we still have the symmetries around
x =1——,y satisfied. Finally in Fig. 7 we have

displayed the single-differential function dF/dx and
compared-it with the massless case. For small x
they give the same answer, while for
x -+ 1, dF(p, ) /dx tends to a finite value and
dF(0)/dx goes like ln (1—x ).

V. REMARKS AND CONCLUSIONS

(a) Our results are based on the assumption that
the gluon jets are indistinguishable, because we are
below the color threshold. Above the color thresh-
old the results for Z eggy and Z ~ggg should be
multiplied by a factor 2! and 3!,respectively.

(b) The plot of the function F(p) vs ~p (see Fig.
3) is identical in shape to a similar plot exhibited by
Baier et al. However we found a discontinuity in
the slope of F(p) at p= l.

(c) We have seen that for the process Z —+ggg the
rate increases almost by a factor of 3. This is en-

couraging, since this would suggest that the axial-
vector part also could give a reasonable contribution,
thus maybe increasing the rate even further.

Note added in proof Avery. interesting paper by
F. M. Renard has recently been published, in which
it is pointed out that the rare decays Z ~ggg,
Z eggy, and Z ~yyy can be used as sensitive
tests of any Z compositeness. That is, if the Z is a
composite object, the rates for these decays will be
substantially larger than the standard-model results
presented here.
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APPENDIX

Let r =1—x, s =1—y, and t =1—z. The helicity amplitudes now read

W(~) 2tE +++(x&y&z) =
1 —s

4st 4t 2s+ — —+r(1 —s) (1—s)2 1 —s
s8
p

1—8
p

8
p

1—8
p

rT
p
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2(s —t) 4st 3p Zpt ~ p ~ T s
r r~ 1 —s (1—s)2 r t s p
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a= 1+
rs

1/2

and b= 1—
' 1/2

Finally,

Liq(x) = —f~ 1n(1 —t)

and

~ ln(1 2t cos8+ t')— u rs+ptLit(x, 8)= Re Li2(xe' )= ——, dt, 8 = arccos2 0 p ut+rs

' 1/2
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