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Quantization in the temporal gauge
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It is pointed out that the validity of the canonical quantization procedure in the temporal
gauge is very questionable. The quantization can be discussed only within the framework of the
path-integral formalism. However, in that case, the vacuum is not an energy eigenstate.

The temporal-gauge condition!
Ap=0 1)

is frequently used in the investigations? of quantum
chromodynamics. The advantages of this gauge seem
to be as follows:

(1) The theory is ghost free.

(2) The canonical quantization procedure is simple.

(3) There still remains the invariance under the
time-independent residual gauge transformation.
If these are the cases, we have the canonically quan-
tized field theory with simple structure and yet with
gauge invariance. And we can expect that the analy-
ses? in the temporal gauge play important roles in the
development of quantum chromodynamics.? In this
Brief Report, however, we demonstrate that the vali-
dity of the canonical quantization procedure itself is
very questionable.

For this purpose we begin with a brief review of
the prevailing canonical formalism. The system is
given by

=—3F.2 Fo=0,A,-0,A,+gA, x4, , (2
(8,+8A,x)F,,=0 . 3)
In the temporal gauge,

7i=080A; , )
H=[ac(t72+1F2 )
[4°C), 72(0) L gmy, = 1888 (X =F) ., (6)

and then
oA, =ilH A]l=7, , Q)
domi=ilH, 7i1=(8;+gA;x)F, . 8)
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This system is invariant under the transformation
which is generated by

GR=(3i+gK,-X)Fi . (9)

The Heisenberg equations (7) and (8)_do not repro-
duce all the Euler equations (3) with Ag=0. The
Gauss law

GR=(6,-+gK,~X)aoK,-=O (10)

is missing. Usually this law is required not as the
operator equation but as the constraint

Grla) =0 an
on the physical state |a). Since
[H,Grl=0 , 12)

there is no contradiction between the Gauss law (11)
and the Heisenberg equation. The quantization pro-
cedure outlined in the above is widely accepted."?
Nevertheless, we can easily show that the condition
(11) leads to a contradiction. Using Eq. (6) we have

[Gr(X),4:5(F)]1=i8%9;8°(X - ¥)
+igf A (X)X -7) ,  (13)
which makes sure that Gy is the generator of the

residual gauge transformation. Sandwiching both
sides of Eq. (13) by |a) and |a’), we obtain

(ala’) =0 14)

for any isoscalar physical states,’ since the left-hand
side of the resulting equation is zero because of con-
dition (11), and the second term on the right-hand

side vanishes for the isoscalar states. Evidently, Eq.
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(14) is unphysical and tells us the invalidity of condi-
tion (11). In this way it becomes clear that we have
no knowledge of the treatment of the Gauss law, one
of the fundamental equations. Therefore further dis-
cussions on the canonical formalism in this gauge

seem to be meaningless.
|

On the other hand, we have another quantization
procedure based on the Feynman path integral. The
vacuum expectation values of time-ordered products
of field variables can be obtained by the path integral
irrespective of the knowledge of the Gauss law. For
example, the propagator is

kik
A°(x). A - 4 k- (x=y__1 l/+ 2
OIT (4200, AP NI0) =~ 2 [tk et x-n L [6,, 406 s)
This immediately leads to
OIT(Ge*(), 420 10) = -2 fatk e e L v o e . (16)

Since the right-hand side is obviously nonzero, we
see that the condition (11) does not hold, at least for
the vacuum state. Therefore the Gauss law which
may hold in the path-integral formalism is not in the
form (11) but at most in the form

(alGgrla'y =0, an
which does not contradict Eqs. (13) and (16).

-—

(0|Aia(?)A1b(?)H|0> =

while we have, from Eq. (15),

—

(014 (R) 44 F)0) =57~ )3 Jage®

The first term on the right-hand side of Eq. (19) has
a different functional form from that of Eq. (20).
This fact shows us that the vacuum state in the
path-integral quantization is not the eigenstate of the
total Hamiltonian.

From the above investigations we come to the con-
clusion that in gauge theories with Ao=0 the validity
of the canonical quantization procedure, which is

X-7) 5
[/
Ikl[

r
Finally, we demonstrate that the vacuum state is

not an eigenstate of the Hamiltonian. First we calcu-
late

(OIT (4,°(x),45(),5 7i*(z) + $Fu?(2))|0)
18)

The equal-time limit of (18) from xo > yo > zo gives us

ab —_ -
_I(%ﬁ fdke'k'(x_y)k;(kj +0(82) (19)

k"’ +0(g?) . (20)

r
widely accepted and outlined at the beginning of this
paper, is very questionable. The quantization can be
discussed only within the framework of the path-
integral formalism. However, the vacuum state is
not an eigenstate of the total Hamiltonian. It should
be examined whether such theories can still be un-
derstood in the same way as the usual quantum
theories based on operators and state vectors.
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