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Physical charged fields in Abelian gauge theories with unbroken global gauge symmetry
are constructed. The Bloch-Nordsieck approximation is then used for the investigation of
their mass-shell behavior in both cases of unconfined and confined global charge. In the
former case (we consider spinor QED) physical charged fields are found to have vanishing
infrared anomalous dimension and to admit the conventional Lehmann-Symanzik-
Zimmermann (LSZ) limit. In the latter case (we consider a toy model obtained from QED
by replacing the photon with a dipole gluon) it turns out that physical charged fields have
zero LSZ limit and the relative Green’s functions exhibit an essential singularity in the cou-
pling constant g at g =0. Moreover, the perturbative expansion of these Green’s functions,

although asymptotic, is not Borel summable.

I. INTRODUCTION

The present paper is a continuation of our study’?
of the infrared (IR) structure of the physical charged
sectors in gauge theories. Here we consider the
cases of both unconfined and confined global charge
because the comparison is, in our opinion, instruc-
tive. Inasmuch as it is founded on the Bloch-
Nordsieck (BN) approximation,> our approach is
nonperturbative. Moreover, it preserves gauge in-
variance at any stage.

The BN model has been widely considered in the
literature.* The main reason is that it offers consid-
erable physical insight into the mechanism of soft
radiative processes, being therefore an excellent
guide in the study of the IR structure of the charged
sectors in quantum electrodynamics (QED). As is
well known, the importance of this structure stems
from the fact that it determines the nature of the
asymptotic charged states. However, the existing re-
sults on the BN model exclusively concern, to our
knowledge, the Green’s functions involving the fer-
mion fields ¥ and ¥, local with respect to the elec-
tromagnetic field F,,. These Green’s functions are
gauge dependent and, unfortunately, do not give any
information about the properties of the physical
charged states, i.e., charged states on which Maxwell
equations hold. The reason is that, as has been
rigorously proven,’ physical charged states cannot
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be obtained by applying to the vacuum operators,
which are local with respect to F, ,W.6

In particular, it follows from the above discussion
that an extrapolation of the IR properties of the
fields ¢ and ¢ to the physical charged sectors of the
BN model (as well as to the physical charged sectors
of QED) may in principle be misleading. The
present paper shows that such an extrapolation de
facto is misleading. Indeed, in the case of QED we
explicitly construct (Sec. II) physical charged fields,
which have (Sec. III) a mass-shell behavior qualita-
tively different from that of ¢ and ¥ and mild
enough to admit the conventional Lehmann-
Symanzik-Zimmermann (LSZ) limit.

In the final part of the paper we turn our atten-
tion to the study of the IR behavior of physical
charged fields in theories with confined global
charge. More precisely we are concerned with a
specific open problem that is receiving a lot of in-
terest.”® The problem is to find the mass-shell
behavior of the quark propagator in quantum chro-
modynamics (QCD) under the assumption that the
full gluon propagator & (k?) behaves like

D(k?)~(k?»)~? for k2—0 . (1.1)

Postponing to Eq. (4.7a) below the precise definition
of the distribution (k?)~2? in four dimensions, we
note that (1.1) provides, in the nonrelativistic limit, a
potential® linearly rising at large distances.’® Such a
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confining potential meets evidence in the spectros-
copy of heavy quark-antiquark bound states (char-
monium, bb bound states, etc.).!!

In Sec. IV we make a first step towards a solution
of the above-mentioned problem. We consider an
Abelian gauge model where the gauge field is of di-
pole type. That is why we refer to this toy model as
dipole QED (DQED). We expect that it is a good
testing laboratory since, presumably, it shares with
QCD [equipped with the assumption (1.1)] the same
mechanisms that control the mass-shell behavior of
the charged matter fields. The nonperturbative
analysis of DQED is done in complete analogy with
that performed in Secs. II and III for QED. The
output is that the physical charged fields of DQED
have, in the BN approximation, a vanishing LSZ
limit, in agreement with a widespread belief’ con-
cerning gauge theories with confinement of the glo-
bal charge. We also find that the perturbative ex-
pansion in the physical charged sectors of DQED,
although asymptotic, is not Borel summable.

Section V is devoted to our conclusions.

We work in the metric (4 ---); the Fourier
transform is defined by

for= [d* e Pf(x),
and

dyp=Q2m)"*d% .

II. PHYSICAL CHARGED FIELDS
IN SPINOR ELECTRODYNAMICS

In this section we give a concise account of the
construction of physical charged fields in the frame-
work of classical spinor electrodynamics.

Our starting point is the nondegenerate Lagrang-
ian density'?

1

) 1
f—————jF‘wF”' ——BayA#—f-EEBZ
+Pid—m—gA)W , @.1)

where g and £ are real parameters and

Fu=3,4,—3,4, . 2.2
The equations of motion corresponding to (2.1) are
9'F,,=j,—0,B , 2.3)
Ju=g¥ru¥ 2.4)
£344,=B , 2.5
(id —m —gd) =0, (2.62)
Wid +m+g4)=0. (2.6b)

Equations (2.2) and (2.6), respectively, imply

3"*F,,=0 .7
with *F,, = 7 €,,0F?°, and
3, =0. (2.8)

The electric charge
0= [ d’ jolx) (2.9)

is a constant of motion (provided that the current
vanishes at spacelike infinity). Furthermore from
(2.2), (2.3), and (2.8) one gets

0B=0, (2.10)

i.e., the field B, which plays the role of a gauge-
fixing Lagrange multiplier in (2.1), remains free.
Consequently, the Poisson brackets of B with the
fields 4 w ¥ ¥, and Ju are easily derived! and have
the form

{B(x),4,(»)}=0,D(x —y), 2.11)
{B(x),¥(y)} =igD(x —yW(y) , (2.12a)
{B(x),(y)} = —igD (x —y)Y(y), (2.12b)
{B(x),j,(»)}=0, (2.13)

where D(z)=Qm) " 'e(z)8(z%) is the well-known
Pauli-Jordan commutator function.

According to the theory of dynamical systems
with constraints,'® the physical subspace .# of the
phase space I', corresponding to (2.1), is given by the
surface

B=0. (2.14)

In what follows all the equations, which are valid
only on .#, are called weak equations and are denot-
ed by ~. By definition B~0. Moreover, owing to
(2.3), the Maxwell equation

Fyy =iy (2.15)

is a weak one.

Following Ref. 14, the observables are defined as
the quantities whose Poisson brackets with B are
weakly zero. The set of observables is an algebra
under the pointwise multiplication of c-number
functions. The observable O is called local if

{0(x),0(»)} =0 for (x —p)* <0;

the observables O, and O, are called relatively local
if
{Ol(xl ),02()62)} =0 for (x1 ——x2)2 <0.

The set of all local observables, which are relatively
local among one another, forms an algebra strictly



1842 EMILIO d’EMILIO AND MIHAIL MINTCHEV 27

contained in the algebra of observables. Indeed, as
shown a few lines below, the latter involves also
nonlocal (electrically charged) fields.

Employing (2.11)—(2.13) one easily verifies that
the Hamiltonian H, corresponding to the nondegen-
erate Lagrangian density (2.1), is an observable.
This fact ensures that the time evolution of the sys-
tem under consideration is consistent with the con-
straint (2.14), i.e., a point initially on .# is not al-
lowed by time evolution to leave .#. As follows
from (2.11) and (2.13), other examples of observables
are given by F,,, *F,,, and j,. Because of (2.11)
and (2.12), the fields 4,, ¥, and ¢ are not observ-
ables.

Let us now consider the fields!’

W(x;f)= lexr) ig [d% fulx—y)

X A*(y)

l¢(x) , (2.16a)
W(x;f)-_—ﬁ(x)‘exp (—ig fd“yf,,(x—y)

XA (y)

] . (2.16b)

Here f, is a tempered distribution satisfying
*fu(2)=08(2), Fu(2)=f,(2)
and its Fourier transform admits the representation
Fup)=i [ dig F(p,9)q,lc (pg +ie)~!
+c_(pg—ie)~],
(2.17b)

(2.17a)

where ¢ and c_ are real parameters and F(p,q) is
a tempered distribution. The conditions (2.17a) im-

ply
(c++c_)fd4qF(p,q)=1,

F(p,q)=F(—p,q) .

(2.18a)
(2.18b)
Using (2.11)—(2.13) and the canonical Poisson

brackets corresponding to (2.1), one can check that
J

ful2)= %nu f_: da[(14c)(a)—(1—c)0(—a)]d(z —an) .

{B(x),¥(y;}={B(x),%y,f)}=0, (2.19)
{Q,¥(x;f)} =igW(x;f), (2.20a)
(Q,W(x;f))=—igW(x;f), (2.20b)

ie., W(x;f) and W(x;f) are charged observables.
Due to the convolution in the exponents of (2.16),
they are nonlocal with respect to F,,.

From (2.6a) and (2.16a) one gets

(i —m)W(x;f)=gy*A,(x; W(x;f)
where
AMx; )= [ d*y[g*8(x —y)
—Hfx =y A, . (2.22)

(2.21a)

Analogously
W30 +m)=—gWlx; NyPd, (x;f) .
Since

{B(x),4,(y;/)}=0, (2.23)

Egs. (2.21), although equivalent to (2.6), have the ad-
vantage of involving observables only. This is true
also for the Maxwell equations (2.7) and (2.15) and
one has, therefore, a formulation of classical spinor
electrodynamics entirely on .#. Such a formulation
turns out to be very useful in the study of the physi-
cal charged sectors of the BN model (as for QED,
see Ref. 1) and, in particular, as shown in Sec. III, in
the analysis of the IR structure of these sectors. In
performing this analysis it will be sufficient to con-
sider the subfamily of (2.17b) with

F(p,q)=2m)*(n —q) ,

(2.21b)

(2.24a)

where n is an arbitrary four-vector. Because of
(2.18a), Eq. (2.24a) implies

The fields, obtained from (2.16) and (2.22) by fixing f,, according to (2.25), have the form

W(x;n;c)= |exp

W(x;n;c)=9(x) [exp

%g f_‘: da[(14c)8(a)—(1—c)0(—a)ln’4,(x —an)

- ég f_: da[(1+4¢)0(a)—(1—c)0(—a)In*4,(x —an)

2c, =14c¢, 2¢c_=1—c. (2.24b)
Equations (2.17b) and (2.24) lead to
Fup)=Tnul(1+0)np +ie)™!
+(1—c)np —ie)™'], (2.25a)
or, in the coordinate representation,
(2.25b)
P(x), (2.26a)
, (2.26b)
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A*‘(x;n;c):A"(x)—laﬂf"° da[(1+0)0(a)—(1—c)0( —a)]n*4,(x —an) . 2.27)

[Note that 4 (x,n,c) identically satisfies n#4, (x;n;c)=0. Moreover, ¥(x ;n;c) and W(x ;n ;c) are special types of
string varxablm For example, in the case n°¢0 one has

Y(x;n;c)= |exp iofdyo[(l+c)0(x°—y°/n°)—(1—~c)t9(y°—x°/n°)]
Xn¥A,(y°, X —1(x—y°/n%) | [¥(x) .
I —_—
Therefore, for n°>0 (n°<0) the 6(a) and 6(—a) W,(x;n) and ¥,(x ;n) employed for their definition.
terms in (2.26), respectively, are the retarded (ad- Equations (2.21a), (2.25a), and (2.28) imply

vanced) and the advanced (retarded) parts of the

P (nen)— T (o
string. Thus a symmetric treatment of particles and (p—m)¥,(p;n)=gy* f dek Tpy(kin)

antiparticles leads to the choice ¢=0, which, being XAk, (p —k;n) ,
natural for QED, is adopted in Ref. 1. In the BN
approximation of QED we are interested in here, an- (2.33)

tiparticles are absent. In this case we therefore
make the choice

c=1. (2.28) Tl (k;n)=gu,—kun,(kn +ie)~" . (2.34)
From (2.32) and (2.33) one has

with

In what follows we adopt the notation

W, (x;n)=W0x;n;1) 2.29) (p—me(p)=gy* [ dik T}, (k;p)A (k)
¥, (x;n)=T(x;n;1) , x,(p —k;p) . (2.35)
Al (x;n)=AH(x;n;1) . (2.30) We finish this section with the following remark.
The observables H, F,,, j,, and Ay(x;f), and
Furthermore, we define W(x;f) and e,(x) with their Dirac conjugates, are in-

variant under the local gauge transformations

Ylx)—e " EADY(x), Y(x)>P(x)eBAP

2.31
231a) (2.362)
> (x)— —inx 40 (v- iny
atn= [ dne=[ [ dyTime| . A,(x) A, (x)+3,A(x), Bx)>B(x),
(2.31b) (2.36b)
These fields play a distinguished role, since, as where the real function A satisfies
demonstrated in the next section, they have milder
IR properties compared to ¢ and ¥,. From (2.31) OA(x)=0, (2.37a)
one gets, in the momentum representation,
P Alx)>0 for |x | =(x>+ X2 o5 . (2.37b)
(p)—‘l’ VH ) P 5
5 ()= n)| (2.32) This fact can be checked either directly or by the aid
rp rPim) [nep > of (2.11)—(2.13), having in mind that the current
where corresponding to (2.36) has the form

A = —_—
,(psn)= fd‘x ePW (xin) | Ju(x)=A(x)3,B (x)—B(x)3,A(x) . (2.38)
¥, (p;n)= fd“x P, (x;n) . Owing to (2.10) and (2.37a), J,’} is conserved and
gives rise to the constant of motion
We stress that e,(x) and &,(x) are not string vari-
ables. As follows from (2.31), they have an even oA = f dx I (x) . (2.39)
more complicated structure than the string variables



1844 EMILIO d’EMILIO AND MIHAIL MINTCHEV 27

III. BLOCH-NORDSIECK APPROXIMATION
FOR UNCONFINED PHYSICAL
CHARGED FIELDS: QED

As is well known (see, e.g., Ref. 17), the BN
model is defined by (2.1) with the replacement rule

yr—ut (3.1

where u is a timelike vector normalized, for simpli-
city, according to

u’=1. 3.2)
Consequently, Eqs. (2.33) and (2.35) take the form

(up—m)@,(p;n)=gu* [ dyk Tp,(k;n)A (k)
X‘T’,(p—k;n) , (3.32)

(up —m)é,(p)=gu [ dyk T}, (k;p)A *(k)
x®,(p—k;p) . (3.3b)

[ [DA1G(x —y;4F(x;n))So(AF(x;n)Jexp

A characteristic feature of the quantized BN
model is the vanishing of all diagrams involving at
least one fermion loop. This is a consequence of
(3.1) and implies that the vacuum polarization van-
ishes.

We are now interested in the Green’s function

Y (x—y)=—i(Te,(x)e(0)) . (3.4)
In view of (2.32)

Sp=6p;n) | ueyp (3.5
where

G(x —y;n)=—i{TV¥,(x;n)¥,(y;n)) . (3.6)

In order to find out the mass-shell behavior of (3.5)
it will be sufficient to study (3.6) only in a particular
range of n, specified below [see Egs. (3.21) and
(3.28)].

By applying the functional integral tech-
nique,'®!® one obtains

i fd4z Jph(z)]

G(x;n)= L, (3.7)
f [2A41So(AF(x ;n))exp [i fd“z fph(z)]
Here
1
L on=—7(3,4,—3,4,)(3#4"—38"4*)— B3, A"+ — B> 3.8
ph 7(0,4,—3,4,) ) A+ st n , (3.8)

So(A4¥(x ;n)) is the determinant of the Dirac operator

., 0

zu”—ax—p_m—gu,,Af(x;n) (3.9)

for a spinor particle in the external field 4¥(x ;n), and G(x —y; 4} (x;n)) is the corresponding Green’s function,

ie.,

‘iu”-ég—p—m—gu,,Af(x;n)

G(x —y;AHMx;n))=8(x—y) . (3.10)

The first step in calculating (3.7) is the determination of G(x —y;4¥(x;n)). Performing the Fourier transform

with respect to x —y in (3.10) one gets

up—m +iu”sa—p —gu,AL(x;n)
x

By inserting the representation

G(p;AF(x;n))=1.

(3.11)

@(p;A,’.‘(x;n ))=—i fow dvexpliviup —m +i0)+iK(v;A¥(x;n))] (3.12)
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into (3.11) and taking into account the identity

0 2
lim 0 da e~ =i

€0+ ’

Eq. (3.11) is converted into the differential equation

O e B Ve PO Bl A
aVK(V,A,(x,n))— u apr('(v,A,(x,n))

—gupAf(x;n) (3.13)
with the initial condition

K(0;4H(x;n))=0. (3.14)

The solution of (3.13), satisfying (3.14), is unique. It
reads

K(v;AP(x;n) = [ dek V,(—k;x;n)AP(k)
(3.15)

where

Vo(—k;x;n)=—g fovdn u"T{,p(k;n)

Xexplik (x —qn)],
(3.16)

and T'g,(k;n) is given by (2.34).

After G(x —y;AMx;n)) has been evaluated, we
have to perform the functional integration in (3.7).
We first note that, because of the vanishing of the
vacuum polarization in the BN model, one has

So(4¥(x;n))=1. (3.17)

Consequently, one is led to a Gaussian integral,
which yields

@(p;n): —i fow dvexpliviup—m +i0)
+I(v;u;n)],  (3.18)

where

v n
I(viu;n)=ig? fo dn, fo 1(1772_"d4k exp[iku(171—nz)]ukTiT(k;n)uPT;a(k;n)

X[g7—(1—§~ kK (k> +ie)~ (k> +ie)~" . (3.19)

By use of the equality
T,,(k;n)k*=0, (3.20)

one realizes that the contribution of the longitudinal
part of the photon propagator vanishes. Under the
restriction

n?>0, (3.21)

a straightforward calculation sketched in the Ap-
pendix gives, in the limit e—0,

I(v;u;n)
v .
=—d(un) [ dn, [ Ydnymi—m) 7%, (3.22)
where

1—r(u;n)
1+r(u;n)

2

d(u;n)=g— 2+r(uzn)"'n

(3.23a)

(m —712)‘2—>P-V-(711—772)~2=‘;’

+

i
m—"m— A

rlusn)=[1—u2n2/(un)*1'? , (3.23b)

and a=g?%/4r.

Two remarks are in order:

(1) G(p;n) is £ independent—the first advantage
of working with the locally gauge-invariant fields
VY, (x;n) and V¥, (x ;n).

(2) I(v;u;n) contains an end-point singularity at
m,=m;, much as does the corresponding integral in
the analogous treatment of the fields ¥ and ¥ [see,
e.g., Eq. (8.22) in Ref. 19]. This singularity, which
is typical of the BN model, has ultraviolet character,
as suggested by (3.19), where 7,=1, is the subset of
the domain of integration where the oscillation fac-
tor

expliku(n;—m,)]

trivializes. The ultraviolet structure of the BN
model is in no way significant for QED, since the
BN approximation is reliable only in the IR region.
Therefore, adopting the ultraviolet regularization

L2
1

m—"n2+ A , (3.24)

A—> o

we will be interested exclusively in the mass-shell properties of (3.18).
Performing in (3.22) the integrations in 7; and 7, with the prescription (3.24) and neglecting the terms van-
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ishing in the limit A— o0, one finds

@A(p;n)= —i fom dvexp{iviup —m +i0)+d(u;n)[In(vm)+In(A/m)]} . (3.25)

The mass-shell (ms) behavior
piom?, up—m (3.26)

of G alp;n) is governed by the terms of Rel (v;u;n),
which are singular for v—o. Therefore
GA(p;n) | ms actually is A independent and has the
form

Clpim) | mem i J,” dvesp =m0 yiain)
(3.27)

The definiteness of (3.27) demands a further restric-
tion on n, namely,

du;n)>—1. (3.28)

The set of four-vectors n, obeying conditions (3.21)
and (3.28), is nonempty. Indeed, for sufficiently
small €, the vectors of the form

n,=mu,+ee,, e’=—1, eu=0 (3.29)

satisfy them. Finally,

G(p;n) | ms=T(1+d(u;n))im) ™"
X (up —m +i0)~1=4®m - (3.30)

It follows from (3.30) that ¥,(x ;n) and ¥, (x ;n) have
nontrivial IR anomalous dimension, much as do the
fields ¥(x) and ¥(x). We recall that the mass-shell
behavior of

G(x—y)=—i{Ty(x)P(y)) (3.31)
is given by’
G(p)=T(1+d(&))im)®

X(up—m +i0)~174& (3.32a)

with

=% 3¢y, 3.32b)
d(é) 211(3 £ (

Completely different is the situation with the
fields e,(x) and &,(x). Indeed, on the one hand, Eq.

)

(T&(p1) -+ 8pp2pr1) = Elpap) =)

r
(3.5) and (3.27) imply

9(p)|ms= i fow dveiv(up-m+i0)(mv)d(u;p);

(3.33)

on the other hand, in the regime (3.26), p satisfies
(3.21) and (3.28), and according to (3.23),

d(u;p)—0 for p2>m?and up—m .  (3.34)

Therefore

(up—m)@(p)—1 for p>—>m? and up—m .
(3.35)

In this sense the fields e,(x) and &,(x) have trivial
IR anomalous dimension. In conclusion they exhibit
a qualitatively different mass-shell behavior, com-
pared to ¢ and ¥,. This nonperturbative result has
been verified! in QED also independently of the BN
approximation by means of the renormalization-
group technique.

__An intuitive explanation of why, among the fields
Y. (p;n), only

&(p)=Y,(p;p)

has a vanishing anomalous IR dimension, can be
given in the following way. As can be read off from
(3.3a), ¥,(p —k;n) is coupled to A,(k) through the
vertex u#T,,(k;n). Since, in the regime (3.26), p,
becomes proportional to u,, the effective IR vertex
is of the form p*T7,(k;n). The choice n=p is the
only one leading to a vanishing effective IR vertex,
due to

p'Ty,(k;p)=0. (3.36)

We finally note that the behavior (3.35) holds for
any Green’s function

(Te,(py) - 6:ppIepr s &lpap) -+ )

which, according to (2.32), is given by

=<T®r(Pl;nl) T @r(Pf;nf)Wr(pf+l;nf+l) e _\I—’r(PZf;an) ) In1=p1,...,n2f=p2f . 3.37)



The proof of this fact follows, with obvious modi-
fications, the proof, given in Ref. 20, of the analo-
gous statement concerning the fields ¥ and . As a
consequence, the fields e,(x) and &,(x) allow for the
standard LSZ  treatment of the corresponding
asymptotic limits e;*(x),&; (x) (ex=in/out), and, we
emphasize, the latter are free spinor fields.

IV. THE BLOCH-NORDSIECK APPROXIMATION
FOR CONFINED PHYSICAL
CHARGED FIELDS:DQED

In this section we consider DQED—an Abelian
gauge model, formally obtained from QED by re-
placing the photon field with a dipole gluon
field.??> Dipole QED can be given a Lagrangian
formulation, which is achieved by the nondegenerate
Lagrangian density?

£ =—5G,,H"—$M*C,C*—C(3,B")

—B(aPC“)+-27BC+1—ﬁ(ia——m —gBW,

(4.1a)

where

Gpv=ava_ava ’

(4.1b)
H,,=3,C,—3,C,

and M is a constant with a mass dimension. The
equation of motion for the field B, following from
(4.1), reads

0°B,(x)—(1—£%)03,3"B, =M%, , 4.2)

with j, given by (2.4). Therefore the bare propaga-
tor of B, behaves like (1.1), and consequently
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DQED is super-renormalizable** and asymptotically
free. Since the fermion field ¥ is massive, a well-
known decoupling argument?® ensures that the IR
behavior of the full gluon propagator can be at most
as singular as (1.1).%°

In studying the IR structure of the physical
charged fields of DQED, we will apply the manifest
locally gauge-invariant formalism developed in Sec.
II for QED. This formalism has a straightforward
extension to DQED. In analogy with (2.16) one in-
troduces the fields

ig [ d% fulx —)

P(x;f)= {exp

X B¥(y)

]¢(x>, (4.32)
(x;f)=$(x){exp \~ig fd4yfy(x —y)

X B*(y)

} , (4.3b)

where f, satisfies (2.17). Let us denote furthermore
by ®,(x;n) and g,(x) the counterparts of ¥,(x;n)
and e,(x), respectively. Following, mutatis mu-
tandis, the calculation in Sec. III, one obtains for the
Fourier transform of

G'(x —y;n)=—i{T®,(x;n)®,(y;n)) , (4.4
in the BN approximation, the result
@'(p;n)z —i fow dvexp[iviup—m +i0)
+J(v;u;n)], (4.5)

where

v n
Jvu;n)=—ig*M? fo dn, fo ldnzfd4k{exp[iku(m—772)]}uATif(k;n)u"T;m(k;n)

X[g‘ra__

(1—E~k"k (k2 +ie)~"1E “(k;u) (4.6)

and E c(k,p,) represents the Fourier transform of the Green s function of the operator [1>. Among others (see,

e.g., Ref. 1), E°(k;u) can be given the representation®’
Bt = wlim ~L [8(u%e) % —k?—je) -2+ .
(ksp) gv_*én_l da[S(ue) (—k*—i€) 1, (4.7a)

where w-lim means the weak limit in (R %). The parameter p, with dimension of a mass, can take any real
value, so that £°(k ;1) rather represents a one-parameter family of Green’s functions. This situation occurs be-
cause the distribution (k%+ie)~?2 is well deﬁned only on (test) functions vanishing at k =0. E ‘(k;u) stands for
the family of all causal extensions of (k2+i€)~? that satisfy Lorentz invariance and the normalization condi-
tion (k%?E (k;u) =1, following from (4.2) with j, =0. In coordinate space one has
2
Ec(x;1)=i(4m)~In—b— (4.7b)
—x*+ie



1848 EMILIO d’EMILIO AND MIHAIL MINTCHEV 27

P=4e~My~2, 4.7¢c)

v being the Euler constant.
Equation (3.20) ensures the & mdependence of G '(p;n). Performing in (4.6) the integration in k, 7, and 7,
(see the Appendix) one gets for n2> 0, in the limit e—0,

B
4r

(un)®—u’n?

2

G "(pyn)=—i f dvexp {iviup—m +i0)— .

v? ] , 4.8)

with B=g2M?*/4r. 1t is remarkable that G '(p;n) is free both from IR and ultraviolet divergences and is U in-
dependent. Furthermore, because of (3.2) and (3.21), [(un)*—u?n*)/n*> 0, which implies that (4.8) is well de-
fined. After the integral in v has been evaluated?® one is led to the following expression:

G (pin)=—imR (u;m)B~""{expl —lup —m VR (u;n/'B~"]}

X {1+erflim"up —m)R (u;n)B~ %]}, (4.9
where
) 172
n
R(un)=|—————
(un)*—u’n?
and

_ 2 [ a2
erf(z)_ﬁfodte )

In analyzing the properties of G ‘(p;n) we first observe that, due to the exponential appearing in (4.9), it has
an essential singularity at B=0.2 Consequently, the corresponding perturbative expansion in S is not conver-
gent. However, as we are going to show now, it is asymptotic. In order to prove this statement we first derive
the explicit form of the just-mentioned perturbative expansion. It is easily obtained by expanding the integrand
in the right-hand side of (4.8) in powers of 3, formally commuting the infinite sum with the integral and, after
that, performing the integration in v. In this way one gets the series

k
(up—m)~! 2 (2k)(kD~! “/':'T(up—m)‘zR(u;n)‘2 . (4.10)
k=

The series (4.10) is obviously divergent. On the other hand, by using the asymptotic expansion formulas

x " V2exp(—x~1) ~ 0, (4.11a)
x—0+
erf(x 1) ~ 1 7™ 1/2x exp( — 2 (= DX2k — 112k 2 (4.11b)
x—0+ —

and (4.9), after straightforward manipulations one obtains
k

Al -1 N =11 B =2y .2
G(p,n)ﬁr:.;Jr(up m) k§0(2k).(k.) [4#(up m)~“R(u;n) , (4.12)

which completes the proof.
It is worth stressing that (4.10) is not Borel summable. Indeed the Borel transform®! of (4.10) reads

k —172

B

(up—m)=' S, 2hN(kN2 ~Ltup—m) R (wsm)

i(up—m)'zR(u;n)—2
k=0 41

=(up—m)~! [l
(4.13)

Although convergent for |B| <mup—m)* R(u;n)% it has a cut along the positive real axis with a branch
point at B=m(up —m)* R (u;n)*. Such a singular structure prevents the Borel summability of (4.10).32 The
smEJlar behavior in B of DQED has to be contrasted with the case of QED, where, in the BN approximation,
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the Green’s function G(p;n) [see Eq. (3.30)] has a convergent power expansion around a=0.

Let us now consider the Green’s function

G'(x —y)=—i(Tq,(x)q,(y)) . 4.14)
Using the relationship

G '0)=6"(p;n) | nep (4.15)
and (4.9) one gets

9 '(p)=—imR(u;p)B~"*{exp[ —m(up —m)*R (u;p)*B~'1} {1 +erf[i(up —m)R (u;p)B~ "]} . (4.16)

Clearly g ‘(p) has the same analytic properties in 3
as G '(p;n).

It is instructive at this stage to consider the mass-
shell behavior of G '(p;n) and % '(p). Equation (4.9)
implies that G '(p;n) is smooth in the limit (3.26).
More precisely

(up—m)G '(p;n)—0 for p>—>m? and up—m .
(4.17)

From (4.16) it follows that, in the complex p° plane,
g ‘(p) has a cut along the positive real axis with a
branch point at p®=(m +u-P)/u’. Nevertheless

(up—m)@ '"(p)—0 for p>*>m? and up—m .
(4.18)

Therefore, in the framework of the LSZ formalism,
the fields @, and g, and their Dirac conjugates have
zero asymptotic limit. This fact is another substan-
tial difference of DQED compared to QED, where
the fields e and &;, which are the analogs of ¢,;*
and g, are free spinor fields.

V. CONCLUSIONS

The above analysis of Abelian gauge models is an
example of the complexity of the relationship be-
tween the physical charged fields, which necessarily
are nonlocal, and the basic local fields appearing in

1
the Lagrangian of gauge theories. The main result
is that the mass-shell behavior of the two sets of
fields is, in general, qualitatively different. There-
fore, in order to determine the asymptotic particle
content of the theory, one is forced to investigate the
IR behavior of the physical sectors.

A significant feature of the considered case with
confined charge is the singular behavior of the Borel
transform of the perturbative series for positive
values of the coupling constant. This behavior is
similar to the singular structure, signaled by instan-
tons, in non-Abelian gauge theories’> and implies
that the perturbative series is not Borel summable.
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APPENDIX

The integrals I(v;u;n) and J(v;u;n), defined by
(3.19) and (4.6), respectively, can be given the fol-
lowing parametrization:

2 (Y M 2 . . 2 .
I(v;u;n)=ig fo dn, fo dny[uTo(ni—nyu) = 2un)l (g —mpu;n)+n L(n —nyu;n)] , (A1)

o2 [ M 2 2
Jvsusn)=—ig?M? [ dmy [ dnaluTo(m—mpiu) = 2un )\ (q —mpusn) +nalm—nzun)l, - (A2)

where
Io(msu)= [ dek e™ (k> +ie)™" =i m) ()’ —ie] ™", (A3a)
Jolmu)= [ dak eMTE sy =itdm)~In— s P=de™u™, (A30)
(Ada)

Limsusn)= [ dok e™(ku)(k>+i€)~ (kn +ie)™!,
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Jimsusn)= [ dk ™"k E* (k) (kn +i€)~! (A4b)
and
0
Ly(n;u;n)=—ut——I(n;u;n), (AS5a)
an*
Jz(n;u;n).:—u“—a—.fl('r];u;n) . (A5b)
on#

Therefore one is left with the evaluation of I(#n;u;n) and J,(n;u;n). Before performing this calculation, it is
useful to notice that, for any four-vector n, condition (3.2) leads to

(un)*>u’n?. (A6a)
Furthermore, in the region n2 > 0 we are interested in,

(un?*>u’n*>0, (A6b)
which implies

O<rlu;n)<1, (A7)

r(u ;n) being given by (3.23b).
In evaluating I;(7;u;n) it is convenient to represent it in the form

. d . - -
Iﬂn;u;n):—zEfd4kexp(zku1])(k2+ze) Ykn+ie)™!

- % [ dt [ dyk{explik(um+n)]} (K> +ie)™" . (A8a)
Now the integration in k, being a Fourier transform, is easily performed and yields**
Ii(m;u;n)=i(27)~ f dt[ —(un+tn+ie]~". (A8b)

Finally, taking into account (A6), one gets, in the limit e—0,

1+r(u;n) (A9)

Iy(msu;n)=i(2m) =2 [ 29%(un)r(u;n)] " 'In :
1—r(u;n)

The calculation of J,(n;u;n) goes along the same lines, but it is slightly more complicated, due to the pres-
ence of E c(k,,u) Using the representatlon (4.7a) one obtains

Jl('q;u;n)=—81irgl S(u e)“8 d_ f dt fd4k {explik(un+nt)]}(—k*—ie)~ —-2+8 (A10a)
Performing the Fourier 1ntegra134 and the derivative with respect to 7, one is led to '

Ji(psusn) = —2i(4m)~2 tim - LU40)

2,18 @ 2 2, : 1—1-8
Al S T (2—s) ——— (4/u e)BfO dt[(un)t +u*n][ —(un+nt) +ie] , (A10b)

which gives
2 .
Jl('r];u;n)=i(47r)_2(u2) In 212 - +r(u;n)lnli—rﬂi)— . (A11)
n —u‘n+ie 1—r(u;n)
IE. Emilio and M. Mintchev, University of Pisa Report IFUP Th. 12/82 (unpublished).
No. IFUP Th. 11/82 (unpublished); see also Lett. Nuo- 3F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937).
vo Cimento 34, 545 (1982). 4J. M. Jauch and F. Rohrlich, The Theory of Photons and

2E. ¢’Emilio and Mintchev, University of Pisa Report No. Electrons (Springer, New York, 1976), Chap. 16.1 and



27 NONPERTURBATIVE APPROACH TO THE INFRARED BEHAVIOR. .. 1851

references therein.

5R. Ferrari, L. E. Picasso, and F. Strocchi, Commun.
Math. Phys. 35, 25 (1974); D. Maison and D. Zwan-
ziger, Nucl. Phys. B91, 425 (1975); R. Ferrari, L. E. Pi-
casso, and F. Strocchi, Nuovo Cimento A39, 1 (1977).

6The proof relies on the structure of the Maxwell equa-
tions and is generalized to non-Abelian gauge theories
by F. Strocchi and A. S. Wightman, J. Math. Phys. 15,
2198 (1974).

TH. Pagels, Phys. Rev. D 14, 2747 (1976); 15, 2991 (1977);
J. M. Cornwall and G. Tiktopoulos, ibid. 15, 2937
(1977); J. M. Cornwall, ibid. 22, 1452 (1980); J. M.
Cornwall, in Gauge Theories, Massive Neutrinos, and
Photon Decay, edited by A. Perlmutter (Plenum, New
York, 1981); J. S. Ball and F. Zachariasen, Phys. Lett.
106B, 133 (1981).

8M. Baker, J. S. Ball, and F. Zachariasen, Nucl. Phys
B186, 531 (1981); B186, 560 (1981), and references to
earlier papers by the same authors cited therein; S.
Mandelstam, Phys. Rev. D 20, 3223 (1979); U. Bar-
Gadda, Nucl. Phys B163, 312 (1980); A. I. Alekseev, B.
A. Arbuzov, and V. A. Baikov, Serpukhov Report No.
IHEP 81-140 (unpublished).

9A gauge-invariant definition of the static potential in
non-Abelian gauge theories can be given in terms of the
Wilson loop; see K. Wilson, Phys. Rev. D 10, 2445
(1974). _ '

10There have been several attempts at proving that (1.1)
really takes place in QCD. The analysis is based main-
ly on the Schwinger-Dyson equations, but the adopted
approximations admittedly are not fully under control.
For details see Ref. 8 and A. N. Vasil’ev, YuM.
Pis’mak, and Yu.R. Khonkonen, Teor. Mat. Fiz. 48,
284 (1981) [Theor. Math. Phys. 48, 750 (1982)]; A. L.
Alekseev, ibid. 48, 324 (1981) [ibid. 48, 776 (1982)]; D.
Atkinson, J. K. Drohm, P. W. Johson, and K. Stam, J.
Math. Phys. 22, 2704 (1981); D. Atkinson, P. W.
Johnson, and K. Stam, ibid. 23, 1917 (1982); W. J.
Schoenmaker, Nucl. Phys. B194, 535 (1982).

l1See, e.g., T. Appelquist, R. M. Barnett, and K. D. Lane,
Ann. Rev. Nucl. Sci. 28, 387 (1978); M. Kramer and
H. Krasemann, in New Phenomena in Lepton-Hadron
Physics, edited by D. Fries and J. Wess (Plenum, New
York, 1979).

I2N. Nakanishi, Prog. Theor. Phys. 35, 1111 (1966); B.
Lautrup, K. Dan. Vidensk. Math.-Fys. Medd. 35, No.
11, 1 (1967).

13See, e.g., A. J. Hanson, T. Regge, and C. Teitelboim,
Constrained Hamiltonian Systems (Accademia Na-
zionale dei Lincei, Roma, 1976); I. T. Todorov, in
Proceedings of the XII International School on High
Energy Physics for Young Scientists, edited by A. Ku-
danov (Joint Institute of Nuclear Research, Dubna,
1979).

141, D. Faddeev, Teor. Mat. Fiz. 1, 3 (1969) [Theor.
Math. Phys. 1, 1 (1969)].

I5P, A. M. Dirac, Can. J. Phys. 33, 650 (1955).

16A comparison with the string approach followed by S.
Mandelstam, Ann. Phys. (N.Y.) 19, 1 (1962), and F.
Rohrlich and F. Strocchi, Phys. Rev. 139, B476 (1965),
is given in Ref. 1.

17N. N. Bogoliubov and D. Shirkov, Introduction to the
Theory of Quantized Fields (Wiley, New York, 1980),
Chap. 8.46.

18A. V. Svidzinskiy, Zh. Eksp. Teor. Fiz. 31, 324 (1956)
[Sov. Phys.—JETP 4, 179 (1957)].

19H. M. Fried, Functional Methods and Models in Quan-
tum Field Theory (MIT, Cambridge, Mass., 1972).

20V. N. Popov, Functional Methods in Quantum Field
Theory and Statistical Physics (Atomizdat, Moscow,
1976) (in Russian); see also CERN Report No. Th.
2424, 1977 (unpublished), lecture 7.

218, Blaha, Phys. Rev. D 10, 4268 (1974); J. Kiskis, ibid.
11, 2178 (1974).

22E. ¢’Emilio and M. Mintchev, Phys. Lett. 89B, 207
(1980); University of Pisa Report No. IFUP Th. 4/81
(unpublished).

230ne follows in this point M. Froissart, Suppl. Nuovo
Cimento 14, 197 (1959).

24The only ultraviolet divergence is encountered in the
one-loop gluon self-energy.

25K. Symanzik, Commun. Math. Phys. 34, 7 (1973); T.
Appelquist and J. Carazzone, Phys. Rev. D 11, 2856
(1975).

26This property ensures that the BN approximation in
DQED is reliable in the IR regime. In favor of it there
is also a nonperturbative consistency argument, based
on locality of j,, Lorentz covariance, spectral condition,
and canonical commutation relations. It goes along the
same lines of the Appendix in the paper by R. Ferrari
and L. E. Picasso, Nucl. Phys. B31, 316 (1971).

27D. Zwanziger, Phys. Rev. D 19, 3614 (1979).

28], S. Gradshteyn and I. M. Ryzhik, Table of Integrals,
Series and Products (Academic, New York, 1980), Eq.
3.897. )

29Such a singular behavior has been found also in three-
dimensional QED with massless fermions. For details
see R. Jackiw and S. Templeton, Phys. Rev. D 23, 2291
(1981); T. Appelquist and R. Pisarski, ibid. 23, 2305
(1981); S. Templeton, Phys. Lett. 103B, 134 (1981);
Phys. Rev. D 24, 3134 (1981).

30Concerning (4.11b), see Eq. 8.254 of Ref. 28.

31See, e.g., M. Reed and B. Simon, Analysis of Operators
(Academic, New York, 1978), Ch. 7.

32A. Sokal, J. Math. Phys. 21, 261 (1980).

33See, e.g., G. °t Hooft, in The Whys of Subnuclear Phys-
ics, proceedings of the International School of Subnu-
clear Physics, Erice, 1977, edited by A. Zichichi (Ple-
num, New York, 1979).

341, M. Gel’fand and G. E. Shilov, Generalized Functions
(Academic, New York, 1964), Vol. 1.



