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The gauge-invariant background-field approach is used to discuss a non-Abelian gauge
theory containing fermions in curved space-time. Renormalization of the theory at the
one-loop level is presented using dimensional regularization, heat-kernel techniques, and a

curved —space-time momentum-space method.

I. INTRODUCTION

An area of recent investigation concerns interact-
ing quantum field theory in curved space-time. It is
particularly important to know if such theories are
renormalizable, a fact which is not completely obvi-
ous to show since standard flat—space-time
momentum-space techniques may no longer be
used. So far renormalizability has only been shown
for interacting scalar fields! ~* and quantum electro-
dynamics® in fairly general space-times. (Weaker
results have also been obtained in specific space-
times. See Ref. 3 and below for more details.) In
this paper we study the renormalizability of a non-
Abelian gauge theory containing fermions on a
curved background.

The method used here consists of a computation
of the effective action using the gauge-invariant
background-field method.®~'® Dimensional regu-
larization!! along with heat-kernel techniques'®!3
and the curved—space-time momentum-space
method of Bunch and Parker' are used to analyze
the divergences. This approach offers several ad-
vantages over the standard diagrammatic analysis.
First, by explicit construction it can contain only
gauge-invariant combinations of the background
field. Second, it cuts down the number of graphs
which need to be considered, involving only one-
particle-irreducible vacuum bubbles. There is no
need to examine the n-point functions separately for
each n since they are obtained by functional dif-
ferentiation of the effective action with respect to
the background fields.

These, or similar, techniques have been used for
non-Abelian gauge theories in flat space-time.” 14~ 16
Results for scalars or spinors in combined classical
gauge plus gravitational backgrounds may be found

27

in Refs. 6, 17, and 18. On S* massless QED and
scalar electrodynamics have been studied by Drum-
mond and Shore'® and Shore.?*?! Liischer* has re-
cently given results for Yang-Mills theory on S* in
a multi-instanton background. In weak gravitation-
al backgrounds, Utiyama?? has analyzed QED, and
Ichinose and Omote** have studied non-Abelian
gauge theories. Panangaden® has shown renormal-
izability of QED at the one-loop level in an arbi-
trarily curved, but topologically trivial space-time.

In this paper we prove that a non-Abelian gauge
theory containing fermions is one-loop renormaliz-
able in curved space-time. In the special case where
the gauge group is U(1), the theory considered here
reduces to QED; thus, this paper contains an alter-
native to and generalizes the proof of Panangaden.’
In our view the background-field method provides a
simpler approach than the conventional diagram-
matic method. (This is true even in flat space-time.)
For the theory containing non-Abelian gauge fields
plus fermions considered here, using the conven-
tional approach it would be necessary to calculate
18 diagrams which contribute to the two-, three-,
and four-point functions. (Details may be found in
Itzykson and Zuber,”* for instance.) In curved
space-time the situation is even worse since the ex-
pressions for the propagators calculated using the
momentum-space approach! involve more terms
than in flat space-time, leading to more complicated
expressions to evaluate. This is clear even in
Panangaden’s’ QED calculation where only three
graphs need to be evaluated.

In Sec. II we present our notation, and the
relevant expression for the one-loop effective action
obtained via the gauge-invariant background-field
method is given. In Sec. III the divergences are
computed, and it is shown that the theory is renor-
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malizable to one-loop order. A brief discussion is
contained in Sec. IV.

II. THE GAUGE-INVARIANT
BACKGROUND-FIELD METHOD

Let {T°} be the set of generators of the Lie alge-
bra of some group G which has dimension N. The
generators will be taken to be anti-Hermitian and to
satisfy

[T°, T =fc%T" . 2.1)

Any repeated Latin indices will be summed over
from 1 to N. Suppose that the generators T corre-
spond to a representation Gz of G with dimension
dg (i.e., T® may be taken to be a dg Xdg anti-
Hermitian matrix). Let C,(Gy) denote the quadrat-
ic Casimir operator for this representation:

Cy(Gr)=—T*°T". (2.2)
Then,
b dr
tr(T°T°)= —WCZ(GR 645 - (2.3)

The usual Yang-Mills action is
IymlAl=7 [ dv.Fo, Fow 2.4)

where dv, =[g(x)]"?d*x is the invariant volume
element on the space-time manifold, and

Fi,=0,47—03,A45 +gf*A5A¢ . 2.5)

(We choose to work on a Riemannian space-time
rather than a Lorentzian one.) It then follows that
Iyy is invariant under the infinitesimal gauge
transformation

A2 A% 4 f'mebA;—éa,,e“ : 2.6
where 6%x) are the parameters of the transforma-
tion.

It proves convenient in the following to deal with
the Lie-algebra or matrix-valued connection. De-
fine

A, =gAST* 2.7)

where T is a matrix in the adjoint representation
G, of G. It is this object which has the geometri-
cal meaning of a connection in a principal fiber
bundle. Define also

F,,=gF.,T . (2.8)

Then F,,, is the curvature given in terms of 4 » by

Fpy=03,4,—3,4,+[4,,4,] . 2.9)
Equation (2.6) is the infinitesimal form of
A4,—U(@A4,U~"g)—[8,U(g)]U~\(g)
(2.10)

for U(g)=exp(6°T?). (6° are the coordinates of
gEQG in the group manifold in a neighborhood of
the identity.) From (2.9),

F,,—U@F,U" (@) . @11

In place of (2.4) we may take

IYM tr(Fm,F""') .

—1
=———— | du,
4g2C2(Gad) f
(2.12)

Let 4(x) be a multicomponent spinor field which
transforms under G as

P(x)->U@(x) . (2.13)

It is assumed that U(g) provides a unitary dp-
dimensional representation G of G. [We are con-
cerned here with the case where ¥(x) contains dp
four-component Dirac spinors.] The adjoint spinor
¥(x) transforms as

D(x)—>P(x)U~Ng) . (2.14)

Let D, be the covariant derivative computed us-
ing the appropriate spin connection as well as the
gauge connection. For #(x) transforming as in
(2.13),

D,y—U(g)D,¢ (2.15)
provided that
D,=V,+4, (2.16)

with 4, acting on 1 by matrix multiplication. The
matrix 4, is taken in the same representation as 1.
V, contains the spin connection and is a multiple of
the group identity. If ¢(x) represents a set of fields
transforming covariantly in the same way as the
curvature in (2.11), then

D,¢=V,b+[4,,4] .17

gives its covariant derivative.
Let {e;"(x)} denote the vierbein field which sat-
isfies

8ﬁ17=eﬁp {/\nga' s (2183)
guv=ePue® 855 . (2.18b)
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The caret denotes an orthonormal frame index. De- - . -
fine Hermitian ¥ matrices to satisfy Ip[¢,¢,A]=—i f dvp(P—M)Y , (2.23)

(2.19) where M is Hermitian and satisfies (2.22).
The gravitational part of the action is taken to be

— [ dv(—2A +kR +a,RFR

(V751 =28;5 .

Then ¥(x)P(x) is invariant under G, as well as
under general coordinate transformations, where

m 2
D=yte;"D, . (2.20) +a,R¥'R,,+a;3R%),  (2.24)

pvpo

is followed here. ¥ where A, K, ay, as, and a; are constantls. [Ais t}{e
cosmological constant and k =(167G)~" where G is
the Newtonian gravitational constant.] The curva-
ture conventions of Ref. 26 are used here. Note

The notation of Coleman?
and ¢ are to be treated as independent anticommut-
ing ¢ numbers. Let M be the spinor mass matrix.
If §(x)My(x) is to be invariant under G, from

(2.13) and (2.14) it is seen that that there are no possible nonminimal terms which
) ) may be added to give a gauge-invariant renormaliz-
[M,U(g)]1=0. (2.21) able theory. This is no longer true, however, if

scalars are included.

Let 4, (x) dengte the arbitrary background gauge
[M,T°]=0. (2.22) field, and t[) (x), ¥(x) the background spinor fields.
The partition functlon is taken to be

The infinitesimal form of (2.21) is

The fermion part of the action is taken to be?
|

A

ZUppsA0,01= [ [aF1dd D Alexpl —IymlA+A1~ L6 +5.9 +1,4 + 4]

—Ig+JEAL +p+pY) , (2.25)
|
where J%, p, and p are source terms, with p and p JOqoH — —1 tr(J,4") ,
independent anticommuting ¢ numbers. Here [Z 4] K g2C5(Gyy)

is the relevant functional measure for the gauge
fields which includes the well-known gauge-fixing

and ghost terms,”’ and may also depend on the e ” )
background field. It is required to be invariant (2.25) will involve the background fields only in a
under the action of G. gauge-invariant manner provided that at the same

From (2.25) it is clear that the fields may be re- time we perform the gauge transformation (2.26) on
the background field, we perform the change of
variables (2.27), (2.13), and (2.14) in the functional
integration, and transform the sources in a relevant
fashion;\

Let D, be the covariant derivative formed using
the background-field gauge connection. Then be-
cause A* transforms as in (2.27), from (2.17) we
have

D, A*=V, A"+ [4,,4"] (2.28)

where J,, =gJ ;T“ with T in the adjoint representa-
tion.] It then follows that the expression for Z in

garded as being spht up, 1nto the sum of a
background-field part A, " ¥, or 1/;, and a quantum
part 4, ¥, or ¥ which gets integrated over in the
functional integration. Only the quantum parts are
coupled to the sources. 4,+A4, must transform
under G as in (2.10); however, we are free to choose
the background gauge field to transform as

A,—~UA,U'—@,U0U", (2.26)

with the quantum part of the gauge field transform-

ing covariantly as which transforms covariantly under (2.26) and

(2.27). As a gauge-fixing term choose

A,—-U4,U". 227
u —_— A
g , ) Iop=———— [ dvtel(B,4"]

The background gauge field therefore transforms in 2ag°Cy(G,oy)

the usual way. Both the background and quantum (2.29a)

parts of the fermion fields are taken to transform as 1 A

in (2.13) and (2.14). The sources J}, P and p are = f dv tt[A*D,D,A"],
2ag C2(Gad)

taken to transform in the same way as 4%, s ¥, and z//,
respectively. [Note that (2.29b)
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where the second line follows from the first upon an
integration by parts. « is an arbitrary real constant.
With this choice of gauge-fixing condition the ghost
part of the action may be seen to be

IGH= f dvx"i]'(x)[ _ﬁz_Aﬂl/)\p
—D, A" nx), (230

where 17 and 7 are the anticommuting ghost fields?’
which transform as in (2.14) and (2.15) under gauge
transformations. [The result in (2.30) follows im-
mediately from DeWitt’s’ more general result.] The
result in (2.30) is manifestly gauge invariant. The
functional measure indicated in (2.25) is

[24]=[dA][d7][dn]exp(—Igr—IGH) -
(2.31)

The effective action F[/?,J,JJ\] may now be
found, for example, by the Legendre transform
method.?® It is a functional of only the background
fields and is invariant under background-field gauge
transformations. Write

F = FDIV + FREG ) (2.32)

where I'py contains all of the divergent terms and
I'rgg contains all of the regular terms. It then fol-
J

lows that I'pyy and I'ggg must be separately gauge
invariant provided that the regularization scheme
respects gauge invariance. This means that if the
theory is to be renormalizg\ble I'py must be a linear
combination of Iyy[4] and quantities in
IF[//f ,1[7,{0\ ] with divergent coefficients which may
be absorbed by a renormalization of the background
field and spinor mass. (In addition there may be a
divergent term independent of the background
fields.)

The effective action is formed from one-particle-
irreducible vacuum bubbles only, although in the
background-field formalism the propagators and
the rules for vertices are changed from the usual
ones. In order to obtain them the action is expand-
ed in powers of the quantum fields. Because the ef-
fective action involves only one-particle-irreducible
graphs, the terms which are linear in the quantum
fields may be dropped. From (2.12), writing

A A 4
InmlA+A]=Iymld]+ 3 I4[4,4],
n=1
(2.33)
where the superscript figure in parentheses

represents the power of the quantum field which oc-
curs, we have

13, A2
A,A)=——— [ dv,tr[A*(—g,,D DD — A*], 2.34;
I$UA A]——;—— f dvtr[(D, A4, —D,4,)4"4"] (2.34b)
8°Cy(Gay
I [A]——Z——-— I d02(8,080p—8up8yo T A°APAFAY) . (2.34c)
28°C>(G,a)
|
In obtaining I3 an integration by parts has been IP=—i f dv JAY . (2.36b)

performed. I3} and I} gives the rules for the tri-
linear and qua};tlc gauge ﬁeld vertices, respectively.

For It[A+ 4,4 +,9+ 4],
LA+ A D +3,8 +01=1:14,3, 9]

3
+3n”, (2.35)

n=1

where

IP=_i f dv [P —M)p +$A¢

+PAD], (2.36a)

I gives the rule for the vertex involving two spi-
nor and one gauge field lines. Note that the qua-
dratic part of the action is not diagonal due to cross
terms between the spinor and gauge fields. For the
ghost part of the action

Ien=I34+18), 2.37)
where
I&= fdvxﬂ[ —b*n (2.38a)

16 =~ [ dv,q(4*D, +(D, 4"y . (2.38b)
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I3); is the inverse of the background-field ghost o4 ,$ D1=Iym[A]1+1:[4 j:,]] 1+1g
propagator. I3} gives the rule for the vertex in- (2.39)
volving two ghost and one gauge field lines. ’
The tree-level contribution to the effective action with all fields and coupling constants bare. The
is one-loop contribution is
|
r'Y4,4,9]=—In [ [af1ldy][da][aTI(dn lexp(—I G —Tor— I~ I &) . (2.40)
Integration over the ghost fields using the usual rule for integrating over anticommuting fields?® gives
I'V=—InDet(—D?)—In [ [aF][dy][dAlexp(—I Ry —Ir—I{) . (2.41)
Note that 4 u 18 in the adjoint representation everywhere except for I +* where it is in the fermion representa-
tion Gr.
An immediate consequence of (2.27) and (2.17) is that
[ﬁ,uﬁv ]AA=Ryvl.pAp+[ﬁprA] (2.42)

with the curvature conventions of Ref. 26. This leads to
184 +Igr=7 [ dv,A*[—g,,D*+(1—1/a)D,D, +R,,—2F,, 1?4, (2.43)

where [ - - - ]% denotes the matrix element of the quantity enclosed by the square brackets.

The remaining functional integrals in (2.41) may be evaluated by completing the square in the argument of
the exponential. Make the following change of variables in the integration over the fermion fields, assuming
as usual that the measure is translationally invariant:

PP +ig [ dogdxIARX)S (x'x) , (2.44)

Yx) =P +ig [ dvgSxx A G(x"), ' (2.45)
where we have defined

—i[Dy—M]S (x,x")=8(x,x") . (2.46)

[Here 6(x,x’) denotes the biscalar Dirac distribution which satisfies f dv,8(x,x")f (x)=f(x").] The one-loop
effective action is now

I'V= InDet[ A (x,x")+ 28§ (x)y, T*S (x,x") T, $(x")] —In Det( — D) —In DetS ~'(x,x") ,

v
(2.47)

where A,",I.’,(x,x’) has been defined by (matrix notation)
[—8#.D%+(1—1/a)D*D; +R*, —2F* 1AM, (x,x") =8*,8(x,x") . (2.48)

The matrices T° and T appearing in (2.47) are those appropriate to the fermion representation.

III. THE DIVERGENCES OF THE ONE-LOOP
EFFECTIVE ACTION

In order to obtain the divergent part of I''! we shall adopt dimensional regularization'' and heat-kernel
techniques.®!>!3 The notation of Ref. 3 is followed here. Let I, be a second-order elliptic operator of the
form

I=-D*4+Q ) (3.1)
for some (matrix-valued) Q (x). Then the pole part of In Det/, is
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PP{InDetl,} =2¢ ! [ dv,trE,(x,15) ,

(3.2)

where € =(47)%(n —4) (with n the space-time dimension) and

E,(x,I;)=35[(120R +5R*—2R¥R ,,, +2R*P°R ..., ) +30WH W, +1800*—60RQ —60D°Q] .

I is the identity matrix in the appropriate represen-
tation for the type of field upon which I, acts, and
W, is the matrix-valued curvature defined by

7
[5u’ﬁv]= Wyv . (3.4)

The quantity E,(x,I,) appears in the asymptotic ex-
pansion of the heat kernel. The result in (3.3) may
be found in Ref. 30. (The result for Q=0 is in Ref.
6.)

If we now attempt to analyze the divergences of
(2.47) directly using (3.2) there are immediate prob-
lems. The first is that although the last two terms
in (2.47) involve operators of the form (3.1) so that
(3.2) and (3.3) may be used, the first term involves a
nonlocal object vitiating a straightforward applica-
tion of the above result. If we had been studying a
pure gauge theory this nonlocal object would not
have been present. [In addition the last term in
(2.47) would also not be there.] Even in the pure
gauge case

A_ll.w(x’x’)=[ —gpvﬁ2+( 1-1/a )ﬁ“ﬁv
+R,,—2F, 18(x'x)  (3.5)

is of more general form than (3.1) if @41 so that
(3.3) no longer holds. For this reason we shall re-
strict ourselves to the a=1 gauge. There would
seem to be no impediment to repeating DeWitt’s®
calculations, for example, to find E, for the opera-
tor (3.5) although we do not pursue this here.
(Shore®! has obtained results using heat-kernel tech-
|

PP{;InDetA~',, } =€~ [dv,[— s NR*+ S NR¥R,, — w55 NRFYPOR 4y — 5 tr

(3.3)

T

niques for @541 in the special case of a flat space-
time with a covariantly constant background gauge
field.)

A. Pure gauge theories

In order to obtain the one-loop effective
action for a pure gauge theory, set ¢ =$=0 in
(2.47) and ignore the fermion loop contribution (the
last term). Then,

I'Y[4]=7InDetA~!,,—InDet(—D?) .
(3.6)

If we choose a=1, then A=, is of the form (3.1)
where

Quv(x)=R,, —2F,, . 3.7)

The matrix-valued curvature may be obtained from
(2.42). Because A“l,w acts on the quantum part of
the gauge field which transforms as in (2.27),

[ﬁwﬁv]AAZ[vaAp:Ap] (3.8)
from which [see (2.42)]
Wp,vA,P szvA,P +FA“VSAP . (3.9

Equations (3.2) and (3.3) then lead to (discarding
integrals of total divergences)

(F,Fm)]. (3.10)

We require next E,(x, —D?) when D? acts on ghosts. Since the ghost fields transform as scalars under
general coordinate transformations, and like (2.13) and (2.14) under gauge transformations W, =F,,. From

(3.2) and (3.3), .

PP{InDet(—D?)} =€~ [ dv,[ 5 NR?~ 5-NR¥R,,,+ 3 NRF*R o+ + tr(F,, F#)] . (3.11)

In both (3.10) and (3.11), trI,4 =N, where 1,4 is the unit matrix in the adjoint representation, has been used.
From (3.6), (3.10), and (3.11), the divergent part of the one-loop effective action for a pure gauge theory in a

general curved space-time is

PP{T"V[A]} =€~ [ dv,[— 5 NR>+ J-NR¥R,,,— <5 NRFPR .y — o tr(F, F#)] | (3.12)

Introduce background-field and coupling-constant renormalization factors by (see, for example, Ref. 15)
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gs=n'"""Zg , (3.13)
Alp=p"?-27,1244 (3.14)

(The subscript “B ” denotes a bare quantity.) The ’t Hooft*? unit of mass is introduced to keep the dimensions
of the renormalized coupling constant and background field the same for all n as for n=4. From (2.7), (3.13),
and (3.14),

Ap=2,2,'"4, . (3.15)
From (2.8),
Fop=2,Z,'""{8,4, 8,4, +Z,2,"4,,4,]} . (3.16)

Because we know by explicit construction that the background field can occur in the effective action only in a
gauge-invariant way, we must have'’

Z,z2,'*=1. (3.17)
Thus the matrix-valued background field and field strength do not get renormalized. Write

Z,=1+5Z+0(#) , (3.18)

Z,=14+%Z" +O(#) . (3.19)
Because of (3.17),

8Z " =—28Z" . (3.20)
Write also,

Ag=p" YA +#AV+0O(#)], (3.21a)

kp=p" "k +#5cV+0(#)], (3.21b)

aip=p" "a;+#aV+0(#)] (i=1,2,3). (3.21¢)

The O (%) contribution to the pole part of I’ is therefore

n—4 ~ A
PP(TO) = —E 5700 [ gy, tr(F, B

2g ZCZ(Gad)
—p" % [ dv (—28AV 48k 'R +8a"R¥PR,,, ,, +6a$ RPR,,, +8ai'R?) . (3.22)
r
The pole terms in the one-loop effective action In addition, from (3.20),
(3.12) are seen to be of the same form as those ap- () 2, _1
pearing in the classical action. The theory is there- 824 =—787Cy(Gyle (3.23g)
fore renormalizable in a general space-time with gives the renormalization of the background field.
counterterms
Bzg“)= %g 2Cy(Gygde ™!, (3.23a) B. The inclusion of fermions
(_
3A=0, (3:23b) Return now to the full expression (2.47) for the
skc'V=0, (3.23¢) one-loop effective action. Consider first of all the
)1 pole part of the last term arising from the fermion
8(1(11 =WN6 ! ) (3.23d) 100p:
(1) 2 2~ N
Bay'=—zNe ™, (3.23¢) In DetS ~!(x,x") =Tr In[ —i (B —M)]

dasl =—Ne~!. (3.230) =Trin[—i(D+M)],
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where we have used the fact that the Dirac trace of
an odd number of y matrices vanishes. (The second
line follows by expanding In[ —i BH-M) )] in powers
of M. Alternatively, introduce (y5)*=1 where
Ys=Y1Y2)3¥4 on the right-hand side of
Det[ —i(P —M) )] and commute one y5 through the
D using {ys,D} 0.) Therefore,

InDetS~'(x,x')=5Trin(—B*+M?) . (3.24)

[Because of (2.22), [M,P]=0]
Write

D,=3,+T,+4,, (3.25)

where T, is the spin connection. Since T, is a mul-
tiple of the group 1dent1ty, and A is a multiple of

For Dirac spinors (see for example, DeWitt® with a
change of sign due to curvature conventions?f)

Py =1Rurpa 7?1’ - (3.28)

It then follows by contracting (3.4) with y*y”
that

D?=D*— R+ 3y*y'F,, . (3.29
From (3.24)
In DetS ~!(x,x")
=5 Trin(—D 2+ 4R +M*—3y#p'F,,) .
(3.30

This is now in a form where (3.2) and (3.3) may be
used, with

the unit spinor matrix, [T',,4,]=0. Thus, we may Q(x)=M?*+ —R - y“'y v (3.31)
write 1 o
W=7 Rupo 7Py +F,“, . (3.32)
Wuv=Ryy +F, By (3.26) The trace occurring in (3.2) is over both spinor and
where group indices; thus tr] =4dy where the factor of 4
comes from the Dirac trace. It is straightforward
Ruy=08,I,—3,T,+[T,,T,]. (3.27) to show that
|
PP{InDetS ~'(x,x")} =€ " [ du;[ 7 dpR?— 35dpR* R y— 35 dpR*POR o+ 2 tr(M?)?
+FRtM?— 3 te(F, Fr)] . (3.33)
Note that the matrices appearing in the last term are those appropriate to the fermion representation, so that
by (2.3),
tr(F, F )= ——Cy(GpIg F 8, F o . (3.34)

By N

Turn next to the first term in (2.47). Although, as we have already remarked, heat-kernel techniques are not
directly applicable, we may instead proceed as follows. Use the identity

InDet(4 +B)=TrIn(4 +B)=TrInd +Trin(1+4~'B)

and then expand the second term in powers of 4 ~!B to give

In Det(4 +B)~ 5 Trind — 2 2 T [(4-'B)"]. (3.35)
n=1
We are interested here in
A=A"1(x,x"), (3.36)
B =2g%(x) Y, T°S (x,x") Ty, $(x") . (3.37)

The pole part of the first term in (3.35) is just that for the pure gauge theory given in the preceding section

[see Eq. (3.10)].

The n=1 term in the summation in (3.35) involves

AR (x,x" Y (x" )y TES (x', x) T (x) . (3.38)

Tr(4 ~'B)=2¢g? [ dv.dv,.
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In order to evaluate this use Bunch and Parker’s' curved —space-time momentum-space method which in-
volves the introduction of a Riemannian normal coordinate system. Here, because we are considering a gauge
theory, we must be more general and use a synchronous coordinate frame.’> The result is, that if G (x,x’) sat-
isfies

[—D 2 4+Q(x)]G (x,x")=8(x,x") , (3.39)
then
"k
Glx,x")= | ——e*” ok~ 3.40
(x,x") f(zﬂ_)ne k2+ (k=% (3.40)

where I is the identity matrix, and all indices have been suppressed. Here x#=x"*+y* with x'* the origin of
the coordinate system. Higher-order contributions to (3.40) may be evaluated and involve curyature invariants
and the background field.>* These terms would be required at the two-loop level. Because A vanishes at x’
in a synchronous frame, we may work with a vanishing background gauge field and put it back in at the end
by invoking gauge invariance.

Writing S (x',x)=—i (D +M)G (x',x), it follows that G (x’,x) satisfies (3.39) with Q (x)=M?2. Therefore,

d’k  _jy., | —i(ik+M) _3y
Sx'x)= | ——e %y | —2T =" L 0(k™3 341
x',x (217-)"e 2 +O( ) (3.41)
in a synchronous coordinate frame. Also,
n . 8,
M= [ d k ek ’]’c B 4 O(k—4) (3.42)

It follows immediately from (3.41) and (3.42) that the divergent part of A,",'i,(x,x')S(x’,x) in a synchronous
coordinate frame is identical to that in flat space-time and is given by

PP{AZ (x,x")S (x',%)} = —il858 uy€ ~ (D, —2M)B(y) . (3.43)

It may also be seen from (3.41) and (3.42) that all terms with n > 2 in the summation (3.35) do not contain any
ultraviolet divergences.
The result in (3.43) may be written in the generally covariant form

PP{AZ (x,x")S(x",x)} = +iI8,58,y(x")e (W' +2M)8(x,x") . (3.44)
which reduces to (3.43) in normal coordinates. It then follows from (3.38) that
PP{Tr(4 ~'B)} =4ig’Cy(Gple ' [ dv J(x)(¥ —4M)(x) . (3.45)

At this stage we now invoke the requirement that I'p;y contain only gauge-invariant quantities to put A back
in:

PP(Tr(4~'B)} =4ig’C,(Gple ™' [ dvg b () B —4M)P(x) . (3.46)
From (3.35), (3.10), and (3.46) we therefore have
PP {In Det[ Az 1%(x,x') + 282 (x)y, T%S (x,x Ty, $(x)]}
—e=! [ dug[ — SNR*+ £ NRFR — 2L NRFOR 1,y + 2 Cy(Gog g 2P 2 F 9 4 2ig7Co(GrId (B—4M)P] .
(3.47
The complete pole part of the one-loop effective action, from (3.47), (3.11), and (3.33) is
PP(TV}=€~! [dv, { —5;(dp+10N)R> 4 5z (dp+22N)RP'R 4, + 55 (Tdp —26N)R¥PR
—2tr(M?2— 1R trM?+ +g*[11Cy(G ,q) —4(dp /N)Cy(Gp)1F &, F
+2ig2C,(GrPx) B —4MIP(x)} . (3.48)
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In addition to the renormalizations occurring in (3.13), (3.14) and (3.21), let

$B<x)=y"/2-zzp“2$(x) , (3.49a)
Dp(x)=p"*2Zp 4 (x) (3.49b)
My=ZyM , (3.50)
where
Zr=1+#Z"+0(#), (3.51)
Zy=14+%0Z}+0(#) . (3.52)
Then the O(#) contribution to the pole part of T'? is
PP{ I“‘Ol)} __ %ﬁ#n —4azg(l)fdvxﬁzvﬁapv
—#p"~* [ dv [ —28A V1 8k VR +8a{"RFPR,,, ., +8a ' RR,,, + 82 'R?]
— i~ [ do, B [8ZE D — (62" +5Z M1 (x) (3.53)

The divergent parts of the one-loop effective ac-
tion (3.48) are of the same form as terms appearing
in the original action. The theory is therefore re-
normalizable in curved space-time with the choice
of counterterms,

d

6Z\V=1g> 1102(Gad)—4—1§c2((;p) €
(3.54a)

d

8Z\ = — 22 |11C,(G ) — 4—1502(@) e,
(3.54b)
SAV =tr(M?)%e~ 1, (3.54¢)
dcV=—<trM% !, (3.54d)
8al!) = (Tdp—26N)e ", (3.54¢)
8as) = -(dp+22N)e !, (3.54f)
8l = — = (dp+10N)e !, (3.54g)
821 =2g2C,(Gple ™!, (3.54h)
8Z}) =6gC,(Grle ™! . (5.54i)

The result (3.54a) for the coupling-constant renor-
malization agrees with that of the standard refer-

ences.”

IV. DISCUSSION

In the preceding sections the renormalization of a
non-Abelian gauge theory containing fermions has

been presented at the one-loop level in a curved
space-time. The result in Sec. III used the
momentum-space method of Ref. 1 and therefore
required attention to be restricted to trivial topolo-
gies. This means that the proof does not immedi-
ately extend to the case of twisted spinor fields
which may exist.® It is likely that this restriction
may be removed in nonsimply connected space-
times whose covering space is topologically R* by
writing the heat kernel as an image sum of heat ker-
nels in the covering space.’” As with the free-field
case, it would be expected that only the direct con-
tributions to the image sum (just the results used in
Sec. III) would lead to divergences in the one-loop
effective action. This conclusion is supported by
the result of Ford*® who calculated the vacuum po-
larization for both twisted and untwisted QED in
S'XR3. At the higher-loop level, the result of
Banach® is relevant.

There is nothing in principle to prevent the in-
clusion of scalar fields into the analysis of this pa-
per although the details of the calculation would be-
come involved. With scalar self-interactions present
it would be found necessary in general to include
nonminimal terms involving the curvature provided
that they did not violate gauge invariance. This
may be seen from the RQ term in Eq. (3.3) which
enters into the divergent part of the effective action,
since Q [see (3.1)] will then involve the background
scalar field. As a gauge-fixing term, the generalized
R¢ gauge of Shore®! would be a convenient choice.

It is also possible to use the momentum-space
technique of Ref. 1 even in flat space-time for the
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background-field propagators. This allows the ex-
ploitation of the use of the background-field propa-
gators as fully as possible, although since an expan-
sion in powers of the background field results, the
details would be similar to those in Abbott’s!® pa-
per.
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