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A general unified treatment of the interplay of the masses, mixing parameters, and cou-
plings among the glueballs and ordinary g mesons is presented, and its implications for the

0~ * and 2** mesons are discussed.

The glueballs,! if they exist, have to be treated as
hadrons along with the gg mesons. Even mixings
between these two different types of hadrons can
take place.2~> What then are the constraints on the
masses and couplings of the glueballs? For the ¢g
mesons we now know pretty well about their ap-
proximately ideal structures and the working of the
quark-line rule. However, the unusual structure of
the 0~ SU(3) nonet and also the fact that the 2+ +
nonet exhibits larger deviation from the ideal struc-
ture than the 1™~ nonet have been puzzles of parti-
cle physics. The values of the w-¢ and f-f' mixing
angles 0,4 and O are about 40° and 26°, respective-
ly, compared with the ideal value ~35°.

In this paper we argue that a solution of the puz-
zles may lie in the existence of 0~% and 2+ glue-
balls.® We tentatively identify them with 1(1440)
and 6(1640), respectively. For the 0~ mesons, the
solution is usually sought in QCD and SU(4). For
example, one can study®’ the 7’ problem by assum-
ing that the effect of gluons on the Adler anomaly is
dominated by the :(1440). It has also been noted’
that the contamination of heavy-quark components
(such as c¢¢) in the  and 7’ is quite possible, as
demonstrated by the unusually large hadronic width
of 5,. For the 2** mesons, Rosner has tried? to ex-
plain the observed deviation from the ideal mass
prediction m, =my, by introducing f and 2*+-
glueball mixing. One of the interesting experiments
on 6(1640) is the recent report®

R(6)=T(6—nn)/T(0—mm)>0.82+0.40 .

If 6 is taken to be an SU(3) singlet as usually as-
sumed in perturbative QCD, the value of R (0) is
predicted to be much smaller. In this paper we
show that a unified treatment of the masses, mixing
parameters, and couplings of the glueballs as well as
the usual g7 mesons is possible, and that the 1(1440)
and 6(1640) could play an important role for the
puzzles mentioned above.

We work in the theoretical framework® in which
various current algebras in QCD are regarded as in-
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valuable constraints imposed by confined quarks
and gluons upon the world of observable hadrons.
By using the (nonperturbative) prescriptions® of
asymptotic SU(3) symmetry and the (¢7) level reali-
zation of asymptotic SU(3) symmetry, the required
(asymptotic) realization of the constraint algebras in
the world of hadrons produces powerful constraints,
providing us with a universal nonet mass-splitting
pattern (Schwinger’s nonet mass formulas) and also
with a derivation of the quark-line rule for the
asymptotic single-particle matrix elements of the
vector and axial-vector currents and their charges.
However, in SU(3) the above two puzzles remained
unresolved. Our task is now to study how the
theory is modified in the presence of glueballs.

In contrast with our previous work,” we do not
deal directly with the algebras explicitly involving

gluons. Instead, we study the wusual chiral

SU(3)®SU(3) charge algebras (i =1, ..., 8),
[Vi,Vil=ifiuVk » (1a)
[Vi4;]1=ifipAx (1b)
[4:,4;1=ifiu Vi - (1c)

We denote the physical nonet ¢ with t=JC as
(m,K;,m:,7; ) and the glueball with the same ¢ as G;.
In asymptotic SU(3) symmetry,® the annihilation
and creation operators of “physical” mesons such as
ay(P), ay(P), and ag(P) still transform linearly
under the SU(3) transformation generated by V; but
only in the limit P— oo. Therefore, at p— o these
operators can be related linearly to the hypothetical
representation operators ag(B), ao(P), and ag (B)

by [|m,)=(a’)"|0) and | (ng),)=(a})'|0), etcl]
a!,—atal +aba’ +abal, .
o'y =Bl +Bab+ Bsal @
a6 =745 +7080+Y696, » P~ -

With asymptotic SU(3) symmetry, the realization of
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Eq. (la) implies that the mixing parameters can be
expressed in terms of three mixing angles 6, 85, and
6, (c/=cosf} and s/=sind}, i =1,2,3) as, suppress-
ing the index ?, ag=cic;, @y=—C15253—5C3,
ag=—C152€3+5153, Bg=51C2, Bo=—515253+¢1C3,
Bo=—515,c3—C153,  Y§=S3, Yo=C»53, and
Ye=cz¢3. 64, 0, and 65 correspond to the 8-1, 8-
Gy, and 1-G mixing angles, respectively, when the
other two angles are zero. The realization of Eq.
(1b) at P— oo implies that all the single-particle
asymptotic matrix elements of the axial-vector
charge 4; between (m,,K;,7,,7;,G,) and the u nonet
with C,C, =1 (C is the charge-conjugation parity)
can be parametrized in general in terms of three in-
dependent asymptotic matrix elements

I$=V3/2(ns); |A_+ | 7] (B)),

I§=v3/2((n,), |4+ |7 (B),
and

1;‘,5; =v3/2((Gy), |4+ |7 (B)

and the mixing angles. However, as a way to
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16 ={(Go) |4 4 |7 (B))=0, B> . (3

Equation (3), however, does not imply
(G |4_, |7, (B))=0 even for P—co, since the
physical G, could involve the gg component via mix-
ing which enables G, to communicate with the ¢F
mesons through A4;. Our assumption Eq. (3) is,
therefore, different from the one made in Ref. 3. In-
tuitively, Eq. (3) is appealing and also leads to an
important consequence that the axial-vector matrix
elements of the glueball will, in general, be smaller
than those of the g mesons with the same J*C and
similar masses. The mass splittings of hadrons are
constrained® by the presence of ‘“exotic” charge
commutators involving ¥V'=d /dtV, such as

[V o Vol =0 (4a)
and
[Viod,-1=0. (4b)

Asymptotic realization of Eq. (4a) produces a quad-
ratic Gell-Mann—Okubo mass formula as an exact

discriminate the glueball from the g§ mesons we constraint which now involves the glueball
propose an aysmptotic assumption, (K,=m K, etc.),
J
4K 2 —m,2—3[n, 20l + () BL+ G Ay =0 . (5)
Similar realization of Eq. (4b) using Eq. (3) gives
[k +(m; B + G2y § —m 2\ +[n kel + (o, PBiBs+ G,y by b+81V2IE =0 . ©)

Equation (6) is valid irrespective of the choice of the
u nonet as long as C,C,=1. (For the case of
C,C,=—1, we obtain instead a mass relation
K —m2=K,*—m,%) In Eq. (6), 8 represents the
possible non-negligible contribution of 7! (the main-
ly c€ state),

V2§ =(n,) 3/2R:7c8<770t |A,,.+ |7 )
R :'cg denotes the fraction of the octet components in
7. Although R:,cg is certainly small, § could be
non-negligible, if (7|4 _. |7, ) is appreciable
(violation of quark-line rule) since 7, >>7; and 7;.
Equation (6) contains the quark-line rule. If we

choose t =u =17, then 6, =60;=0 (no 1™~ glue-
ball) and 6~0 and Eq. (6) reduces to

<¢|A,,+ IP_>/<(9|A,,+ lp™)
= —tan0w¢(w2-p2)/(¢2—p2) ,

which demonstrates the interplay

(314, |p~)Do0=p .

For Eq. (Ic), we consider the level realization® of
asymptotic SU(3) symmetry in the algebra
[4_.,4__]=2V3, inserting it between the g7 states
(m{| and |#;) and (K;'| and |K,;7) with
P— . Among the complete set of single-particle
intermediate states inserted between the 4,’s, we re-
quire that the asymptotic SU(3) contents of the alge-
bras be realized levelwise. For the gg mesons, this
usually reduces to separate realization by each inter-
mediate nonet state ¥ which requires (for C,C, = —1
realization is automatic),

(I§)P=I§)*, tis abitrary and C,C,=1.
)

Equation (7) is also compatible with the quark-line
rule. Ig=I¢ implies for t =u =1~ for example,

(914, |p7)/ (0|4, 4 |p7)=—tan(6,4—60) ,

where 8, is the ideal angle. In the presence of a
glueball, Eq. (7) implies that G, appears with 7,
and 7, (and possibly 7,,) in the u intermediate state.
Even though we assume Eq. (3), (G, |4_, |7 }#0
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FIG. 1. 6y, 05, R, and R; vs 6, for 2** mesons.

since G, carries some g component. In this way,
we keep track of the gg component in G, leaked
from the u nonet. In other words the constraint Eq.
(7). remains intact in the presence of glueballs.

We now discuss numerical results for the 2++
and 0~ * mesons.

(1) 2** mesons. From Eq. (5), by inputting the
masses of 4,, K**, f and f’, and G,=6(1640), we
obtain for two of the f-f’-0 mixing angles (6,,6,,65),
6,>29°and 12°< | 6, | <46°. 0;>0 is chosen, since
S’ should mainly be an s§ state. In Fig. 1 we have
shown the case 8,> 0. Since the 2%+ meson is close
to “ideal,” we can set §~0 in Eq. (6). From Egs. (5),
(6), and (7), we determine 65 and I*=I§/I{ for
t=2%* and u =0~ as functions of 6,. Two solu-
tions are obtained. However, one of them (which
gives | 63| ~90°) is discarded and the other gives
I™=1 and a value of |0;| very close to zero (see
Fig. 1). We define the ratios of asymptotic axial-
vector matrix elements R; by

Ri=(n|A_i|mi)/4, Ry=(ny|A_, |7 )/4,
R3E(Gt1A,,.+ |7T;)/A’ R4E(77,]AK+|K“—)/A ’
Rs=(m; |4, |K;)/A, Re=(G,|4,.K;)/A,

where
AE(Kt+ IA,,.+ IK3(3)>, Poow .

The values of |6;| and |R; |?’s are independent of
the signs of 0; and 6, and their signs are determined
uniquely, once the signs of 8, and 6, are fixed. For
t =2%", the particle assignments are 1, =f", 7; =/,
and G,=0(1640). In the absence of 6(1640) (i.e.,
0,=0,=0), Egs. (5) and (7) yield® 6,=26.5,
R,=1.40, R,= —0.88, and R5=0.85. In the pres-
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ence of 6(1640) we find that, as 6, varies from 12° to
46°, R, and R, do not change appreciably, but Rs
becomes smaller by 6%, if 6, remains around 30°.
Namely, for the values of 6, around 30°, the widths
of f—mm and f'—KK decays do not change appre-
ciably from the usual SU(3) values and that of the
f—KK decreases by only 12%. However, the
values of R; and R; are more sensitive and they be-
come very close to zero when 6, is near 30°. This
implies, via PCAC (partial conservation of axial-
vector current),’ that the widths of f'—7m and
6(1640)—mm decays become very small, if 0, is
around 30°. The experimental branching ratio'® of
f'—mm is (1.220.4)%. From I'(f')=67+10 MeV
and T(K**—>K7)=49.1£6.5 MeV, we find
R{*=0.098+0.023, which is smaller (by factor ~2)
than the predicted value® R|~0.22 in the absence of
6(1640). However, with 6(1640), we find R, com-
patible with R{®, if ;=30.8°—32.4° [which gives
6,=16.0°—18.0° and 6;=(—7.2°)—(—5.0")]. The
values of 6, then predict R;=0.09—0.16, which is
consistent with experiment,®

R(6)=I'(6—n7)/T(6—mm)>0.82+0.40 ,

as shown below. If we identify the two-gluon states
which connect the cC state with light-quark bound
states with the glueball, it has to be treated as an
SU(3) singlet and

R (6)=(phase-volume ratio~0.3) X %
~0.1.
However, in the present theory we find, with a good
approximation A,~Ag, (n|=~(7s|, and f,~f,,

V2¢,83—5,1 2

R(6)=
( ) \/5,02S3+S21

1
3

X (phase-volume ratio~0.3)

~0.50—1.84 (8)

for 6,=30.8°—32.4°. R changes in the same pat-
tern as R3 and Rg=(—0.26)—(—0.22) for the
range of ;. We thus find I'(6—KK)=4.0—5.2
MeV, T(0—nn)~1.3—1.5 MeV, and T'(0—7m)
=0.8—2.7 MeV. Although we have assumed that
G(2+1+)=6(1640), no solution exists (without in-
cluding further corrections) if the mass of G(2*%)
is less than 1.5 GeV.

(2) 0~ mesons. We take t =0~" in Egs. (5) and
(6). For Eq. (7), we take t=2%* and 0** and
u =0"*. We can then determine 8,, 0;, and R;, if
6, and this time 8 in Eq. (6) are given. By inputting
the masses of the 0~ * nonet and G (0~ 1)=:(1440),
we first obtain from Eq. (5) |6;| <10° and
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FIG. 2. 0, and 65 vs @, for 0~ mesons. The solutions
are restricted to the wedge-shaped area. The dashed
curves describe the 6,-0; relations for typical values of 8.
The shaded area is a region which satisfies |&| <0.09
GeVZand |R;/R,| <0.48.

|6,| <6°. From Egs. (5)—(7) the solutions are re-
stricted (in the 6,-6; plane) to the wedge-shaped area
in Fig. 2. The dashed curves inside the area show
the 8 dependence of the 6,-0; curve. In Fig. 2, 6, is
negative and I =+ 1. The positive solution of 6, is
rejected, since it produces too large a value of | 6.
If we choose 6,<0, then O; becomes positive
without changing the value of | 6;|. We now make
a crude estimate of 8 which is now non-negligible.
From I'(9.)=(12.4+4.1) MeV, we estimate’

| (m | 4,4 14,20 /CK**7 | 4,4 |K®) | <0.12

if we assume B (7, —A4,7) <50%. Therefore, if we
choose |R, 3| <0.1, we obtain |8 <0.09 GeV2.

On the other hand, from experiments®
I'(:(1440))=551+25 MeV and I'(6 ™ —nmr~)=52%8
MeV, we find

[c]|A4_|87)/{n|A4_+|87)=|R3/R;| <0.48.

The region where these constraints are satisfied is
shown in Fig. 2 by the shaded area. It corresponds
to 01=(—9.5°)—(—4.9°), | 65| =2.5°—5.4°,
| 63| =22°—28°, and predicts R;=1.0, R,=1.0,
R;=1.1, and R4;=(—-0.21)—(—0.27). These
should be compared with the case of no 1(1440), i.e.,
R,=1.01, R,=0.99, R;=1.21, and R,=—0.193.
Therefore, only R, becomes larger (by 10 to 40%)

with ¢(1440). Thus, while the widths of 4,—n7r
and n'mr do not change, that of K**—K7 becomes
larger by 20— 100 %. With fx/f,~1.17, the SU(3)
value of I'(K**—Kmn) is 0.54+0.07 MeV, whereas
[*P(K**—Kmn) =2.542.9 MeV. Therefore, this
change does not give any contradiction. We also
find Rg~R; and Rg=(—0.46)—(—0.58) for the
values of 6’s found. They imply via PCAC that the
coupling strengths of ¢-k-K and «-K**-K are com-
parable with that of (-8-7 and their contributions to
the 1 —KK 1 decays must be appreciable.

In summary, the observed structures of the 0~ 7+
and 2t % nonets are better understood, if glueballs
exist. The relevant mixing angles are uniquely fixed.
The f-f' mixing angle is found to be around
31°—32° and thus becomes closer to the “ideal”
value. The 6(1640) mixes with the gg octet rather
appreciably (6,=16"—18°) but less with the singlet
[63=(—T7")—(—5°)]. This is consistent with the ex-
perimental ratio of R(0). The overall mixing pat-
tern (see Note added in proof) is somewhat similar to
the one obtained in a particular model discussed in
Ref. 3. The (1440) mixes significantly with the g7
singlet ( | 63| =22°—28°) but much less with the oc-
tet (|0, | =3°—5°). The 5-n’ mixing angle is in the
range (—10°)—(—5°). These values of mixing an-
gles are consistent with the observed widths of 7,
and ¢. The result is also in agreement with the one’
obtained using the algebras involving the gluons
explicitly.

Note added in proof. The gq and glueball content
of 2** mesons is given by (choosing a value
6,=32.014"),

1 _ —
£] [0.0529 —0.9500 —0.3079 ||7/5 (@ +dd)
f|=[0.9924 0.0843 —0.0898 5%

6] [0.1112 —0.3009 0.9472 Go

One sees that the f turns out to be very pure but
there exists a somewhat appreciable mixing between
the f’ and 6. This seems very reasonable, since the
masses of /' and 0 are close.
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