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First-order phase transition in the SU(3) gauge theory at finite temperature
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We argue that the phase transition which separates the low-temperature confining phase from
the high-temperature nonconfining phase in the SU(3) gauge theory (without quarks) is first or-
der.

Quantum chromodynamics in the absence of
quarks is expected to possess a phase transtion at
finite temperature separating a confining low-
temperature phase from a nonconfining high-
temperature phase. Perturbative analysis' and Monte
Carlo data support this expectation. Unfortunately,
almost no quantitative information concerning the
nature of this transition is available. (Perturbation
theory is completely inapplicable near the transition,
and currently available Monte Carlo data do not have
sufficiently high statistics to enable one to extract
more than a rough estimate of the transition tem-
perature. ) In this paper, we argue that the finite-
temperature transition should be first order. This
prediction is specific to the SU(3) pure gauge theory
in 3+ 1 dimensions, Our argument is based on a
few qualitative features of gauge-theory dynamics,
plus certain standard results from the renormal-
ization-group treatment of critical phenomena. 4

The partition function may be represented as a
functional integral over gauge fields which are period-
ic in (Euclidean) time with period P =—I/T,
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The presence or absence of confinement in the
finite-temperature gauge theory is directly determined

by the realization of a Z(3) global symmetry. This
symmetry is generated by the action of local gauge
transformations which are periodic up to an arbitrary
element of the center, U(P, x) =zU(0, x),
z = e' ",modulo strictly periodic local gauge
transformations. The "Wilson line, "

exp[ —PF„-(x —y)]=(L(x)L(y) ) (3)

At low temperatures, non-Abelian gauge theories
are believed to be in a confining phase in which the
static quark-antiquark potential rises linearly,
F -( x ) = a

~
x ~. Equivalently, the correlation func-

tion (3) decays exponentially, (L (0)L (x)t)
—e & ~" ~, the order parameter vanishes,
(L (x ) ) = 0, and the global Z (3) symmetry is un-
broken. Furthermore, expectations of spacelike Wil-

son loops,

trPexp Jl A dx
C

are believed to decay with an area law for large loops,

( W, ) —exp[ —tt(area)]. Note that at nonzero tem-

perature, the coefficient of the area law, ~, is not re-
lated to the physical string tension, cr. Finally, the
confining phase is believed to possess a nonzero mass

gap which is reflected, for example, in the exponen-
tial decay of the connected correlation of two well-

separated spacelike Wilson loops.
To understand the high-temperature behavior of

the theory, it is convenient to rescale the time vari-

able, t = Pr, and the timelike component of the
gauge field, Ao Ao/P, yielding

garded as an order parameter for the Z (3) global

symmetry. 5 Physically, the Wilson line expectation
determines the free energy of a single static quark
relative to the vacuum, via

e '= (L (x)) (2)

and the correlation function of two Wilson lines
yields the static quark-antiquark free energy,

tp
L (x) —= trP exp dt Ao(t, x)

transforms as L zL, and its expectation may be re-
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One sees that the contribution of any configuration
with a nonzero electric field becomes arbitrarily small
at T ~. Consequently, at high temperatures the
functional integral is highly peaked about configura-
tions with zero electric field,

is covariantly constant,

DQ(x) —= BQ(x)+ [A(x), Q(x)] =0 (6)

For almost all configurations of the spatial gauge
field, this condition in turn implies that the twist is a
constant element of the center, A(x) =zeZ(3).
Thus, at high temperatures the only significant con-
tribution to the functional integral comes from the
neighborhood of configurations which are static (up
to a gauge transformation) and for which the twist is
a constant. element of the center.

Since the Wilson line L (x) is simply the trace of
the twist II ( x ), this result shows that for sufficiently
high temperature the order parameter (L (x) ) will

have a nonzero expectation, and the global Z (3)
symmetry will be spontaneously broken. This estab-
lishes the existence of a high-temperature nonconfin-
ing phase in the theory.

The fact that essentially static configurations dom-
inate the functional integral implies that the high-
temperature behavior of the spatial gauge fields in
the (3+1)-dimensional theory is determined by the
dynamics of the zero-temperature three-dimensional
SU(3) pure gauge theory (with coupling g'T).
Three-dimensional non-Abelian gauge theories are
believed to generate a nonzero mass gap and area-law
behavior for Wilson loops. 7 Therefore, spacelike Wil-
son loops in the high-temperature (3+1)-
dimensional theory should continue to have area-law
behavior. Thus, the behavior of the spatial gauge
fields shows no qualitative change between low and
high temperature. We emphasize that this area-law
behavior for spacelike loops does not imply physical
quark confinement in the high-temperature theory.

Since the global Z (3) symmetry is unbroken at
low temperatures and broken at high temperatures,
there must be a phase transition separating the con-
fining and nonconfining phases. We would like to ar-
gue that if this transition is continuous then the criti-
cal behavior will be due to long-range fluctuations in
the Wilson line L (x). Specifically, integrating out
the spatial gauge fields should produce only short-

E =—BA/Br —DA p
= 0

that is, configurations in which the spatial gauge
fields are static up to a gauge transformation. Condi-
tion (5) plus the basic periodicity condition, A(r = 1)
= A(r = 0), may easily be shown to imply that the
"twist'"

pP0 (x) = Pexp —J dt A p(t, x)

range interactions in the resulting effective theory for
the order parameter L (x).9 The basis for this sug-
gestion is the aforementioned fact that the behavior
of the spatial gauge fields shows no qualitative
change between low and high temperature. At low
temperature, integrating out the spatial gauge fields
will clearly produce an effective theory in which the
range of interactions is on the order of the zero-
temperature correlation length. At high temperature,
integrating out the spatial fields should produce in-
teractions whose range is on the order of the inverse
mass gap in the three-dimensional gauge theory [i.e.,
O((g'r) ') ]. Since the behavior of the spatial gauge
fields is qualitatively similar in both extremes, it is at
least consistent to expect similar behavior at all tem-
peratures.

In sum, integrating out the spatial gauge fields
should produce an effective three-dimensional theory
for the Wilson line which has short-range interactions
and is invariant under the Z (3) symmetry,
L ( x ) zL ( x ) . If, as a function of temperature,
this theory has a second-order transition, then by ap-
plying standard renormalization-group ideas4 one
could, at least in principle, locate the renormaliza-
tion-group fixed point which governs the critical
behavior. However, in the space of three-
dimensional Z(3)-symmetric theories, no stable
renormalization-group fixed point is known. (A
Z (3)-symmetric theory of a single complex scalar
field L (x) may be regarded as a U(1)-invariant
theory in the presence of perturbations, such as
Re[L (x)3], which break the symmetry down to
Z(3). L(x) is a sufficiently low dimension opera-
tor that an arbitrarily small-L perturbation will al-

ways destabilize the U(1)-invariant fixed point. 4)

Therefore Z (3)-invariant theories in three dimen-
sions are believed always to have first-order transi-
tions. '

This absence of a stable fixed point leads us to
predict that the original (3+1)-dimensional SU(3)
gauge theory must have a first-order finite-
temperature phase transition as well. Clearly this ar-
gument is not a proof. However, it does provide the
simplest possible description of the transition con-
sistent with the current understanding of gauge-
theory dynamics and critical phenomena. We cannot
yet say anything about the expected size of the latent
heat at the transition, or address similar detailed
questions. This requires precise quantitative control
over the theory on both sides of the transition; such
control is totally lacking today.

Finally, we say a few words about the effects of
quarks. Imagine decreasing the mass of the quarks
from infinity down to zero. Since the pure SU(3)
gauge-theory transition is predicted to be first order,
this transition will certainly be stable for sufficiently
large quark mass, m,„(m ( ~. (This need not have
been true if the pure gauge-theory transition were
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second order. ) A nonzero critical mass, m, „, may ex-
ist such that for m & m„ the transition becomes con-
tinuous, or perhaps disappears altogether. (In the
presence of dynamical quarks with nonzero mass, no
symmetry exists whose breakdown guarantees the ex-
istence of a phase transition. ) Alternatively, a first-
order transition may remain all the way down to zero
mass, where a phase transition associated with chiral
symmetry must be present. The order of this transi-
tion is currently unknown.

If the finite-temperature transition remains first or-
der in the presence of light quarks, then one might

hope to see some experimental signatures of the
transition (such as metastability of the plasma phase)
in heavy-ion collisions. "
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