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Vacuum polarization near the event horizon of a charged rotating black hole
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The renormalized value of (®?*x))> near the pole of the event horizon of the charged rotating black holes is

obtained.

Considering the problem of vacuum polarization
in Schwarzschild spacetime, Candelas! obtained a
remarkably simple explicit expression for the
Hartle-Hawking propagator G(x|x’)iof the mass-
less scalar field in the case wherein one of the
points lies on the bifurcation two-sphere of the
horizon. This expression was found by summing
the series representation for G4(x|x’). In this.
paper we generalize this result to the case of
charged rotating black holes.

The Kerr-Newman metric describing the gravi-
tational field of a charged rotating black hole can
be presented in the form

ds?= P, dn*dnP + @, dEXdEY, 1)

where A,B=0,1, X,Y=2,3, and 8P, /87,= 0.
8Qxy/9My=0. In particular, in Boyer-Lindquist
coordinates one has (n°=¢,7'=0¢, £ =r,£=0)
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where =72+qa?cos%9, A =7%—2My +q*+@%, and

Z =2Mr - Q This metric possesses two Killing
vectors m=m , = =dg and k= k% ,=08,. Their
linear combmatmn, i= k+9m, is null at the event
horizon =7, =M + (M? - Q*~a?)*/? if Q=a/(r,%+4d?).
If we perform the coordinate transformation to co-
ordinates 74 = (t, ¢ =¢ — ¢) which corotate with the
hole and then perform the Wick rotation ¢= —i7 we
obtain the complex Riemannian metric

ds*=ds,*+ds,?, d§*=P ,,dn*di?,
P, ==(Py+ 2P, 4+Q%P,,), P.3=-i(P,4+QP,,),
P33=Psy detP=—detP. (3)

This metric is analytic if 7 is an angular parame-
ter with period 2r/k, where k=%(r,-7.)/(r,>+a?
is the surface gravity of the black hole.” In (¢, é)
coordinates one has m= 9; and = 8,. The norm
of these vectors is equal to zero at the pole &= (r
=7,,0=0) of the event horizon. It means that after
the Wick rotation the point X, lying at the pole of
the bifurcation two-surface of the event horizon
becomes a stable point of the symmetry group
whose generators are 53 and 3.

The Hartle-Hawking propagator G,(x|x’) for a
scalar massless field is defined as a symmetric
solution of the equation

H(—'i‘[, (-ﬁ; g' -iT’, &’ s g’)

, 4)
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which is periodic in 7 with the period 2r/k. [Here ®A =(|detPdet@|)~'/2(s/a£*)(| detpdet@|*/ %@ 1KY/
9t").]
We may incorporate the desired periodicity properties by setting
8(1r—77) E eink=T) - 5(% — 4),)__ Z eim(d>-<b ) (5)
it me

If we substitute (5) into (4) we find that we can expand G in the form
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where G™™ satisfies the equation

eim«r—r-)eim(%-%’)ctn,m»(a iy, (6)
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In the particular case when E' = Eo and hence X’ coincides with the stable point X, of the symmetry group
the Hartle-Hawking propagator does not depend on the coordinates n#4 and we have

Gy("‘iT, &’; g l—iTI, J’I; Eo) =(—2i7:c)—2 G(O'O)(El go) .

(8)

Using Eq. (7) one can verify that G‘°'°’(§|g’) coincides with the expression for a static massless scalar

field at the point £ created by the scalar charge ¢=

[-P,,(E")]"/? located at the point £’ lying at the axis

of the symmetry (’=0). Using the expression for this field obtained byLinet,?

G‘°’°’(g| EN=L[(r =M+ (r' = M)? = 2(r' = M) (7 = M) cos6 — (M? - a® - Q) sing]?/2, 9)

we finally obtain
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If =0 then the metric is spherically symmetric and Eq. (10) gives the expression for the Hartle-Hawking
propagator G, (x |x') for an arbitrary point x’ lying on the bifurcation two-sphere of the event horizons. In
particular when ¢a=Q=0, Eq. (10) coincides with the expression obtained by Candelas.!

Separating the points in the radial direction we can get the following finite expression for the renormal-
ized Green’s function for x’ lying on the bifurcation two-sphere:

(H|®%x) |H) ., =lim [—iG,,(xIx') 1
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Here we used R4 0°%0** /o =2R! = - 2Q*/(r* +a®)? and the expansion

v
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for the square line interval between the pole x, of
the event horizon and the point x lying on the axis
of symmetry. For g=Q=0 we reproduce the Can-
delas result (H|®%(x) | H),,=1/1927*M>. For the
charged and rotating black hole the value
(H|®*x)|H),, becomes negative if M < (2a2+Q?)/
(3a%+ Q?)'/2, One can verify that this condition
does not contradict the condition of the black-hole
existence M? —a% - Q%= 0.
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The properties of the stress-energy tensor near
the event horizon of the charged rotating black
hole will be discussed elsewhere.
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