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We write out the explicit form of the metric for a linearized quadrupole gravitational
wave in the transverse-traceless gauge. We give a collection of formulas which are useful
for testing numerical codes to integrate the full nonlinear Einstein equations. We also
show that a test particle initially at rest acquires no energy from a linearized gravitational

wave.

I. INTRODUCTION

Progress in general relativity is hampered by the
great difficulty in solving the field equations for
realistic situations of interest. Insight has often
been gained by solving model problems and infer-
ring general results from these idealized cases. Re-
cently, large-scale computer calculations have been
used to attack problems not amenable to analytic
treatment.! Even in such cases, however, one is
handicapped by the lack of analytic results to test
the computer codes.

In this paper we give the details of a simple ana-
lytic solution which has been used to explore
several questions in numerical relativity.? The
solution is simply the well-known quadrupole wave
of linearized theory in spherical coordinates. As
far as I can determine, no one has ever bothered to
write out the metric as an explicit function of the
coordinates ¢, r, 6, and ¢ in the transverse-traceless
(TT) gauge.’

Besides testing numerical relativity, the metric
can also be used in a model calculation of an un-
settled question in general relativity theory: the in-
teraction of a strong gravitational wave with
matter. It has sometimes been speculated that a
strong outgoing burst of gravitational waves, for
example produced by gravitational collapse, might
interact with surrounding matter and accelerate it.
To answer this question properly requires a reliable
calculation in full nonlinear general relativity
theory. We show in this paper that a free particle
initially at rest remains at rest when interacting
with a linearized wave (whether quadrupole or
not). We discuss why previous results using plane
waves are ambiguous. This result means that a
particle can absorb energy from the wave only if (i)
it is interacting with other particles, or (ii) it has
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nonzero energy initially, or (iii) the wave is strong
so that nonlinear effects are important. Whether
any of these three possibilities could be important
remains an open question.

II. THE QUADRUPOLE WAVE

In linearized theory, one writes the metric g,p as

gaﬁ:naﬂ+haﬁ ’ (1)

where 1,5 is the Minkowski metric and /g is a
small perturbation. To linear order, indices on h,g
can be raised and lowered with 7,g.

A very convenient gauge for studying linearized
gravitational waves is the TT (transverse-traceless)
gauge.* In this gauge, the perturbation is a purely
spatial symmetric tensor A, with components A
satisfying

V'h=0, ie., hY;=0, 2)
Trh =0, i.e., h';=0. (3)

ijs

Here the vertical bar denotes a covariant derivative
in ordinary Euclidean space, where we will be us-
ing spherical coordinates. The TT gauge is analo-
gous to the Lorentz gauge condition of electro-
magnetism with the scalar potential set to zero in
empty space.

The linearized Einstein equations in vacuum be-
come in the TT gauge

Ok =0, i.e., h;*=0. @

The symmetric tensor 4 would in general have six
independent components. However, the four con-
ditions (2) and (3) reduce this number to two. We
can identify these as two independent polarization
states, or equivalently as even- and odd-parity
waves.
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General solutions of Egs. (2) —(4) are easy to
write down, e.g., as a superposition of plane waves
in Cartesian coordinates. In spherical coordinates
solutions can be written down as multipole expan-
sions using tensor spherical harmonics.> The solu-
tion of most interest is the quadrupole wave, since
quadrupole radiation is likely to be the strongest
mode from realistic sources.*

Since we want to present the metric as an expli-
cit function of time, we cannot Fourier transform
with respect to . Accordingly, the methods in the

J

Appendix of Ref. 6 are the most useful for us.
Quadrupole solutions of Egs. (3) and (4) have total
angular momentum J =2 and “orbital” angular
momentum L =0,1,2,3, and 4. Following
Mathews,’ one can construct a linear combination
of L =0,2, and 4 (“even parity”) to also satisfy Eq.
(2). Similarly, there is an odd-parity solution made
up of L =1 and 3. For each parity, there are five
independent modes corresponding to azimuthal
quantum number M =+2,+1,0. The explicit form
of the even-parity metric is

ds’=—dt*+(1+Af,,)dr*+(2Bf,o)r dr d0+(2Bf,4)r sin0dr dg+(1+Cf g5 +Af G )r’d 6>

+[204 —2C)f 44 Irsin0d0dd+ (14 Cf 4 +Af 33 )r*sin’0dp? . (5)
Here
F(Z) 3F(1) 3F
A=3|—+ +—= 1>
3 o4 S
B F(3) 3F(2) 6F(1) g
- P2 3 4 Pl
6
C_i F(4)+ 2F(3) +9F(2)+21F(1)+21F (©)
T4 P 2 »3 rt »5
n
F=Fl—r), Fn=|2EX)
dxn xX=t—r
The angular functions f;; are listed below in the order M = +2,+1,0:
. |cos2¢ COs )
fr=sin®0 | > Pt 2sinfcosd | 6| 2—3sin%0 ,
cos2¢ ) cos ]
fro=sinf cosd sin2¢ | (cos*0—sin’0) sind , — 3sinf cosb ,
) —sin2¢ —sing
frg=sinb cos2é |’ cos6 cosp |* 0
cos2¢ ) —cos¢ )
S =(1+4-cos?) sin2o |’ 2sinf cosf sing |’ 3sin?0 ,
(7)
—cos2¢
(2) _ o
f99_ —sin2¢ ’ 0’ 1 ’
sin2¢ ) —sing
fg¢=c056 —cos26 | sinf cosp | 0>
=1,
cos2¢ —cos¢
fﬁ—cosze in2¢ |’ 2sinf cosf —sing |’ 3sin®9—1 .

One can also construct an ingoing solution by replacing F(¢ —r) with some function of ¢+, changing the
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sign in front of the odd derivatives in Eqgs. (6). Of course, the superposition of ingoing and outgoing solu-

tions is also a solution.
The odd-parity metric is

ds?= —dt>+dr’+(2Kd,g)r dr d0+ (2K d,4)r sinfdr d¢+(1+L dgg)r’d 6’
+(2L dgy)r’sinfd0d¢+ (14 Ld gy )r’sin*0 d¢* 8)

where

(2) m 3
G 3G 4 G

K= ==,
2 r3 r4

r

G(3) 2G(2) 3G(1) 3G
= + 2 + 3 +_T B
r r ¥ r

L

G=G(t—r),
and where

cos2¢
sin2¢

) cosd
d,g=4sinf , —2cosf sing

b ’

sin2¢

dyg=—4sinfcosd | _ - é

, 2(cos?0—sin%0)

cos2¢
sin2¢

. |cosé
dgg= —2cosO , —sinf sing

) b

sin2¢
—cos2¢

sing

d9¢=(2—sin29) —COS¢

, cos@sinf

cos2¢
sin2¢

. |cosé
dyg= 2cos0 , sin@ sing

> B

The components of the Riemann tensor for a
linearized wave in the TT gauge can be computed
from the expressions

1
R0i0j= - E‘hij,oc s
1
Roije =75 (hij |k —hix ;)50 > (11)
1
Rijir=5(hig | jie —hjo | ie —hie | jt +hje 1) -

There are algebraic relations between the com-
ponents because of the vanishing of the Ricci ten-
sor. The components for the even-parity M =0
wave are listed in the Appendix in a convenient
form.

In computer solutions of Einstein’s equations,
one often wishes to calculate the amount of energy
radiated in the form of gravitational waves. One
gains much insight into such calculations by com-
parison with analytic wave solutions.® According-
ly, we also list in the Appendix expressions for the
Isaacson energy flux vector, T4 ", and the Bel-
Robinson flux vector, P’. These quantities are

sing

—cos¢

9)

, —4cos@sinf ,
(10)
, —sin%0
[
given by the following expressions in the TT
gauge:
1 .
TB?W):E o™i
P'=RgjoR™ . (12)

(Strictly speaking, ™Y

several wavelengths.)

should be averaged over

III. MOTION OF A TEST PARTICLE
IN A LINEARIZED WAVE

The equation of motion of a test particle in a
linearized wave is simply the geodesic equation
d*x® 4re dxP dxv
dr rar ar

where 7 is the proper time of the particle. By the
chain rule for partial derivatives,

(13)
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. 2 .
dix' dx' d%

= _piat
dr? dr* dr
where v'=dx'/dt. Substituting from Eq. (13) on
the right-hand side of Eq. (14), we obtain
d*x’
dt?

dr
dt

) (14)

= —rioo+vi( F000+ 2F00jvj+ roijjUk)

—ZF“OjUj—FiijjUk . (15)

Now the key point is that the first three terms on
the right-hand side of Eq. (15) are identically zero
in the TT gauge:

—Ti vk (TT gauge) . (16)

Thus a test particle initially at rest (v'=0) remains
at rest and absorbs no energy from the wave.

The reader may object that this result is coordi-
nate dependent, since we used the TT gauge. We
now show that this is not the case.

The multipole expansion is made with respect to
some spherical coordinate system in flat spacetime.
Take the global inertial frame of an observer at
rest with respect to the center of symmetry to be
the TT coordinate system in the absence of the
wave. Consider the case where a test particle is at
rest in this inertial frame before the wave arrives.
During the dynamical phase of the passage of the

wave, the concepts “at rest” and “absorbs no ener-
gy” are not physically meaningful (coordinate in-
dependent).’ After the wave has passed by, the
particle is again in flat spacetime and since the TT
coordinate system matches smoothly to the inertial
frame of our central observer, it is meaningful to
say that the particle is at rest and has absorbed no
energy.

One further point must be clarified. After the
wave has passed by, the particle finds itself in flat
spacetime again. How do we know that this is the
“same” flat spacetime as before the wave arrived?
Is it possible that the two flat spacetimes are relat-
ed by a boost, and so the particle has a velocity
with respect to the original Lorentz frame? Intui-
tively, it seems impossible to sandwich a region of
arbitrary multipole wave between two regions of
flat spacetime related by a boost. We show that
this is indeed so.

A region of spacetime is flat if the Riemann ten-
sor is zero. From Eq. (A1), we see that this holds
for our wave solution if

A=B=C=0, an

where a dot denotes a time derivative. From Eq.
(6), this is equivalent to

F?=0, ie., F=alt—r)+b, (18)

where a and b are constants. The metric (5) for
this choice of F is (we take the M =0 even-parity
solution, for example)

ds?=—di*+ |14 290 (5 3 |24 38U ED) Gugcosorar de
r
{14 22l T 1) ey |14 29EE) S 1) | pindg? | (19)
r ¥

We can verify that this is indeed flat spacetime
by finding the coordinate transformation which
transforms the metric to the usual Minkowski
form. An infinitesimal coordinate transformation
xH—x#+E" preserves the TT gauge condition pro-
vided

£0,0=0, V*,=0,
Eo=—E0ir £:=0.

(These conditions follow from the transformation
law

(20)

Puy—hpy+Eu v+ 8y -

[
One can easily verify that the M =0 even-parity
solution of these equations is equivalent to

t'=t—a(2—3sin?0) /1,
P =r+3(at+B)(2—3sin’0) /r* 1)
0'=06+6(at +B)sinfcosd/r> ,

where a and f3 are co3nstants. If we choose
a=—7a and = —7b, then Eq. (19) becomes the
Minkowski metric

ds?=—dt'>+dr'2+r' %0 2+ r' sin’0'd ¢’ .
22)
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The question is now whether the metric “left
over” after the passage of the wave can be of the
form (19), when before the wave arrived it was of
the form (22) in unprimed coordinates. One way
of seeing that this is impossible is to consider the

solution of the linearized Einstein equations* in-
cluding the source term: ‘

Ohop=—16mT,p . (23)
Here

— 1

hag=hag—5Naph"y (24)
and the Lorentz gauge condition

h % p=0 (25)

has been imposed. Infinitesimal coordinate
transformations of the form x*—x# 4 £" preserve
the gauge condition (25) provided

O&*=o0 . (26)

Suppose one carries out such a coordinate transfor-
mation to put the solution &g into the TT gauge
outside the source. One will then be left with the
freedom (20). Clearly, making use of this freedom
to introduce or remove terms of the form (21) has
nothing to do with the source terms, which were
already fully accounted for in the solution /,,g.
Without loss of generality, one can choose
a=b=0 globally.

Another way of seeing this result is to recall that
the gravitational field outside a source is given

uniquely by the multipole moments of the source.!’
For example, for a “slow motion” source,
FOt—r)oc IVt —r) . (27)

Eq. (27) is simply the proportionality between the
1/r piece of the radiation field and the second time
derivative of the quadrupole moment of the source
evaluated at retarded time. From Eq. (27) we see
that the source I does not determine the part of F
which is of the form a(¢t—r)+b.

IV. DISCUSSION

We have shown that in linearized theory, a test
particle initially at rest remains at rest after the
passage of a gravitational wave. This still leaves
open the possiblity that a particle with initial velo-
city might absorb energy. This question could be
explored by integrating Eq. (16) for various choices
of v/(initial).

Interactions between particles will allow wave
energy to be absorbed. In the local inertial frame
of some particle, a neighboring particle oscillates

as the wave passes by.* If there are no interac-
tions, a neighbor initially at rest returns to rest
after the passage of the wave. Suppose, however,
there is a collision with a third particle while the
wave is acting. This transfers energy to the third
particle which is not recovered during subsequent
oscillations.

Finally, there is the possibility that for a very
strong wave, a particle initially at rest might ac-
quire energy through nonlinear effects. Lacking a
realistic analytic solution for a nonlinear gravita-
tional wave from a bounded source, one is unable
to investigate this question fully.

There have been discussions in the literature on
the motion of test particles under the influence of
strong plane gravitational waves.!! However, any
prescription for connecting the two flat spacetimes
on either side of the wave is ad hoc in the case of
perfect plane symmetry.

The quadrupole wave solution written down here
has been used to check numerical codes developed
to solve the full nonlinear Einstein equations. It
has also been used to investigate various prescrip-
tions for reading off the energy radiated by gravi-
tational waves in computer calculations. This
work is described in Ref. 8.
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APPENDIX

The 12 nonzero components of the Riemann tensor
for the M =0 even-parity wave are

1 3 .o "
Ryy=— mR%% =(7sin"0—1)4 ,
3. -
Ry0= me%: 5 sinf coséB ,
1

s e
Ripr0=— ER'M’: —5r7sin®0C+ 51?4, (AD)
Rygip=—Sin’0R,g,9=5rsin*0(C —A) + rsin’604 ,
1
r%sin%0
1 .
Rioro=— mRz‘M: —r%in?0(3B +4) .

RtrrO= Rt¢9¢ = %rzsine 00591.4“ ’
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The Isaacson energy flux is

20T 4" =95in*0(2C'C —C'A —A'C+24'A —2B'B) + 18sin’60(B'B—A'A)+64'A

r

(A2)

327TGY) = 18sin*0 cosO[ C(2C —A —B)+A(2A —B —C)+B(A +C—2B)]+ 18sinf cos@(B —A)(B+A4) .

Here a prime denotes a derivative with respect to .
The Bel-Robinson flux is

(A3)
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