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ccand bb spectra, including fine and hyperfine structures, are investigated with the use of a
recently derived quantum-chromodynamic potential supplemented by a phenomenological long-
range confining potential. Our theoretical results for all energy levels below the charm and bot-
tom thresholds as well as their leptonic widths are in excellent agreement with experiments. We
also give unambiguous theoretical predictions for unobserved bb energy levels, and present
reasonable estimates for energy levels of # Our values of the strong coupling constant ag and
the QCD scale parameter A are consistent with those extracted from high-energy positron-

electron annihilation.

(i) Introduction. Recently the quark-antiquark po-
tential to the fourth order in perturbative quantum
chromodynamics was obtained! with special emphasis
on a precise determination of the spin-dependent in-
teraction terms. We shall now investigate the cc, bb,
and # spectra, including their fine and hyperfine
structures, with the use of this quantum-chromo-
dynamic potential supplemented by a phenomenologi-
cal long-range confining potential.?

The confining potential was originally taken to be a
spin-independent linear potential.> But it was subse-
quently pointed out*~ that relativistic corrections to
the linear potential will give rise to spin-dependent
terms, whose nature depends on whether we regard
the confining potential as a vector or a scalar ex-
change. Our approach is based on the belief that the
quark-antiquark potential at short distances can be
determined fairly accurately by perturbative quantum
chromodynamics, and therefore the confining terms
should not unduly affect the potential at short dis-
tances, which requires the confining potential to be a
scalar exchange.

It is well known that results of physical interest ob-
tained from perturbative quantum chromodynamics

are renormalization-scheme dependent. We shall
here use the Gupta-Radford scheme, whose advan-
tages have been discussed in an earlier paper.” More-
over, we shall treat the strong coupling constant a; in
a consistent manner by using the same value of a; in
the Coulomb term and the spin-dependent terms
resulting from perturbative quantum chromodynam-
ics, and our values of «; for different quarkonia will
satisfy the quantum-chromodynamic transformation
relation.

As we shall see, our theoretical results for all ener-
gy levels below the charm and bottom thresholds?
will be in excellent agreement with experiments,’ and
our values of ag and the QCD scale parameter A will
be consistent with those extracted from high-energy
positron-electron annihilation.!%!! We believe that
this extensive agreement between theoretical and ex-
perimental results fully establishes the validity of per-
turbative quantum chromodynamics at short dis-
tances or large momentum transfers.

(ii) Quark-antiquark system in quantum chromo-
dynamics. Our total quark-antiquark potential con-
sists of a perturbative part U,( T") and a confining
partVU.( F). The Fourier transform of V,( F), ob-
tained from quantum chromodynamics, is given by!2
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The confining part U ( F*) is taken as We found it most convenient to obtain the radial
4 -3 wave functions by assuming them to be of the form
V. ( F)=Ar——2—2+ +C , (2.2)
m

which corresponds to a scalar-exchange interaction in
the quasistatic approximation and a constant C. The

complete Hamiltonian for the quark-antiquark system
is

X=2m +pYm—p/4md +0,(T) +0(F) , (2.3)

and we shall briefly describe our procedure for solv-
ing the Schrédinger equation for this system.

=2
Ko=2m +L*4ﬁ
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and then the contribution of J'=3C ~3C, to the en-
ergy levels was included by first-order perturbation
theory. Our computation program for the variational
technique was also tested by verification of the virial
theorem. !

The perturbative potential is not only renormaliza-
tion-scheme dependent but also renormalization-scale
dependent. Besides using the renormalization
scheme of Ref. 7, we chose u so as to minimize the
effect of higher-order terms which would be generat-
ed by renormalization-group improvement of our po-
tential. These terms involve higher powers of

>

whose expectation value is not very sensitive to vari-
ations in u for quarkonium states other than the S
states. We therefore required that for all S states

lel << 1, (2.6)

- —(r/a)32 = _9_
R(r)=P(r/a)e , a {4mA , 2.9

where P(r/a) is a polynomial, and the exponential
factor corresponds to the asymptotic solution of the
Schrédinger equation. The coefficients in P(r/a)
were determined by the variational technique of
minimizing the expectation value of the unperturbed
Hamiltonian 3C,, given by
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and () is the quarkonium wave function.

(iii) Quarkonium spectra. Following the procedure
described in Sec. (ii), we varied the parameters in the
potential so as to bring the theoretical values for en-
ergy levels as close as possible to the observed
results. We also ensured that the condition (2.6) is
fulfilled, and that the quantum-chromodynamic
transformation relation
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is satisfied, with ny=4, by the values of «; for ccand
bb states.

Our values for the energy levels below the charm
and bottom thresholds, together with the values of
the parameters, are given in Tables I and IL. It is in-
teresting that not only the values of a; for ccand bb
satisfy (3.1), but also we find that the values of u are
related as

[ch/mc = ubz/mb . (32)

For the splitting of observed energy levels below
thresholds, we obtain for cc

M) — M () =588 MeV,
M) —M(n.) =116 MeV,
M) —M(n;) =85 MeV,

M(xX) — M(y) =319 MeV, 3.3)
M(x1) — M(Xo) =99 MeV,
M(X;) — M(X;) =46 MeV,
and for bb
M(Y') = M(Y) =551 MeV, 64

MY")~M(Y) =893 MeV ,

which all agree with the experimental results’ within
a few MeV.
Furthermore, from the leptonic-width formula'

_ 1611'(!2802
M*(QQ)

we find for cc
T(y) =507 keV, T,(y')=255keV , (3.6)
and for bb
Te(Y) =129 keV, T (Y')=0.62 keV,
Tee(Y"”) =046 keV ,

lw(0)]2 , (3.5)

ee

3.7

which are in reasonable agreement with experiments.
Note that our theoretical value of T (') actually
represents T',.(23S;) and should be compared with

TABLE 1. Charmonium spectrum with m, =1.20 GeV,
n=1.88 GeV, a,(u)=0.392, and 4=0.177 GeV2.

State Mass (GeV) State Mass (GeV)
138,(y) 3.097 13Py(x,) 3.561
1184(n,) 2.981 13P(xp) 3.515

13Py(x) 3.416
238,(y") 3.685 1lp 3.531

2154(n)) 3.600

TABLE II. bb spectrum with my=4.78 GeV, u=3.75
GeV, a,(u) =0.288, and 4 =0.177 GeV?

State Mass (GeV) State Mass (GeV)
135,(Y) 9.462 13D, 10.167
1185(ny) 9.427 13D, 10.162

13D, 10.155
238,(Y") 10.013 11D, 10.163
2184(m3p) 9.994
23D, 10.459
338,(Y") 10.355 23D, 10.454
3184(n5") 10.339 23D, 10.447
21D, 10.455
13p, 9.910
13p, 9.893 13F, 10.365
13p, 9.868 13F 10.364
1'p, 9.900 13F, 10.361
117, 10.364
23p, 10.266
23P, 10.252
23p, 10.232
21p, 10.258

the experimental results by keeping in mind that
Te(238) =T (") +T..(y") ,

as a result of the mixing of the 23S and 13D, states
of charmonium.

It is straightforward to extend our treatment to #
states, and we have given the results for some energy
levels in Table III by assuming the values 20 and 30
GeV for the top-quark mass. For the 138, 235,
and 338, levels, the leptonic widths in keV are 5.71,
1.84, and 1.20 for m, =20 GeV, and 6.43, 1.84, and
1.12 for m, =30 GeV.

(iv) Conclusion. We conclude with some remarks
on the strong coupling constant a and the QCD

TABLE IIl. # spectrum for m, =20 GeV and m, =30
GeV. Only some low-lying energy levels are given in view
of the uncertainty regarding the top-quark mass.

State Mass (GeV)
m,=20 GeV m;=30 GeV

135, 39.308 59.106
115, 39.285 59.083
238, 39.947 59.831
218, 39.939 59.824
13p, 39.880 59.769
13p, 39.872 59.761
13p, 39.862 59.753
1lp, 39.876 59.765
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scale parameter
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According to Tables I and II, our coupling con-
stants for cc and bb are

aGR(l.SS GeV) =0.392 (42)

and
agr(3.75 GeV) =0.288 , 4.3)

where the subscript GR refers to the renormalization
scheme of Ref. 7. From (4.3), we can also obtain
agr for higher values of w by applying (3.1) with
ns=35, and thus, for instance,

acr(35 GeV) =0.161 . 4.4)

It follows that the values of Agg for ny=3, 4, and 5
are

A =317 MeV, AR =274 MeV, A$2=218 MeV .

4.5)

In order to compare our results with those in the
modified minimal-subtraction (MS) scheme, we note
that"®

Ao
Qs = QGR 1- oR ], ETIE'(49—1_;)‘”/) ’ (46)
and, consequently,
Asis = Agrexp [— 33§—>\2n,] . 4.7

Thus our a, and A in the MS scheme are

ags(35GeV) =0.14, AB2=108 MeV , (4.8)

which are consistent with the values extracted from
high-energy positron-electron annihilation.!%1!
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