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Exclusive decays of charmonium: The ratio I'(sS2 sr+ad )/f'(3po sr+sr )
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The ratio I"(2S1 rr+m )/I'(2Po e+n ) is analyzed for exclusive decays of the charmon-

ium. In leading order, the result is independent of the soft contribution, thus providing an in-

teresting test of the method. The calculated value is compared with recent experimental results.

The recent advance in the analysis of exclusive
processes at large momentum transfer" has opened
up an important field of applications: the study of
exclusive decays of quarkonia, characterized by the
large constituent mass M. Here we consider two par-
ticular decay modes of the charmonium, both having
the same final state, a pair of charged pions. One of
these, the decay of the 'St state, 1'(3100) rr+2r, is
mediated by electroweak interactions (G parity is
violated), and its analysis is similar to the analysis of
the pion form factor. 6 Even the other decay mode,
X(3415) rr+2r, mediated by two gluons, has al-

ready been thoroughly investigated. ' However, we
want to point out in this paper that the ratio of decay
rates for both processes is, in leading order, indepen-
dent of the soft dynamics. Thus, the leading-order
result, entirely controlled by the renormalization
group, might provide an interesting test of the
method. With the present experimental accuracy, the
leading result should be a good approximation. How-
ever, any improvement in the experimental technique

combined with the inclusion of (calculable) sublead-

ing terms ~ould make an even more ambitious pro-
ject possible, namely, the differentiation between
various potential models for charmonium states. Our
method and notation follow Refs. 1 and 3.

The decay of the 'S~ state in lowest order is
described by diagrams in Fig. 1. The amplitude of
the hard subprocess is given by7

Ts = --yo(0) Tr [M (1+yo) salts ~,1

42rM

where e~ is the polarization vector of the initial state,
while Po(0) is the nonrelativistic radial wave function
of the S state at the origin. OR is the sum of contri-
butions 1(a)—1(d). Neglecting corrections of order
1/M, we obtain

8g'e' 1 —xtx2+ (xt —x2)/3 P 1 P2-
M' (1 —x ')(1 —x ') M

(2)

From (1) and (2) we find

g2e 1 —xtx2+ (xt —x2)/3

V4 M M' "" '"'@'" (1-,')(1-,') (3)

(4)

is proportional to the derivative Pt(0) of the radial wave function of the P state at the origin. The diagrams
shown in Fig. 2 give

16g4 1
M' (1 —x12)(1—x2')(1+xtx2)

OR11' = Gite
(—2) 1

(P lpga +P2Pf +x1 Plpf +x2 P2PP )2 2

M3 1+xqx2

In the decay of the P~ state, one must keep even the terms linear in the relative momenta E. If OR& is written as
an expansion, OR~ =9K~+E„3R~~+,then the relevant amplitude'

1

and one finally obtains

128 g g
1 +xtx2+ (xt+x2) /4

Tp
v'42rM M (1—x1 )(1—x2 )(1+xtx2)

sP'1 0
2 2

It is well known' that Tq and Tp satisfy the renormalization-group equation which can be diagonalized by pro-

(6)
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FIG. 2. Lowest-order contributions to the decay of the
Po state. The notation is the same as in Fig. 1.

jecting (3) and (6) onto the Gegenbauer polynomials:

T = T(xlix2) x CN (xl) TN)N2CN2 (x2)
1'

(7)

The asymptotic solution for T» is then
l 2

TN, N, (M')

N N—(InM'/p, ') ' 'T "rN'(p, ' g'(M'/p, ')) (8)

(c)
FIG. 1. Lowest-order contributions to the 3S1-state decay

into a pair of pions. The double, wavy, and dashed lines
denote heavy quark, photon, and gluon, respectively.

with A denoting anomalous-dimension factors.
TN'N' are determined by the asymptotic form of the

1 2

relevant Born graphs, and their evaluation requires
knowledge of the integrals of the form

(2N i +3)!!(2N2+ 3)!!
4(N)+ 2)!(N2+ 2)!

t
1 pl

x J l dx & J dx 2 CN (x & )H (x &, x 2) CN, (x2)

H in (9) stands for the functions inside the square
brackets of expressions (3) and (6).

One may now go to the pion pole on each of the
final-meson legs, write the complete decay amplitude,
and finally obtain the required ratio of partial widths,
G. Assuming that the 'Sl state is unpolarized, one
obtains

M4tp(0)

3,4g.fr'

'2

"2N lN

'

nt lm2M1M2

(10)

For the definitions of f t"~ and eN, see, e.g. , Ref. 1.
Equation (10) reduces to a simple expression in

the leading-order approximation, in which only the
dominant fractional powers of lnM' are kept. The
remaining pion-decay constants f„cancel, and the
value for G becomes

I

The factor

(12)

changes from model to model. For the typical

values, r =0.06 (Ref. 8) and u, rr(3. 1 GeV) = &, one

obtains
1 u

48 u,rr(2M)

M4tp(0)

4tg(0) G theor 0-9 10 ~ (13)

where

16
3m2 —8

The experimental value for G may be found by
COmbining the reSultS fOr at=8(2S~ 2r+2r ),
a2=1'(2$t~all), b~=8( Pp~rr+m ), and
b2= I'('Pp all). The most accurate values available
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at present are

a =(0.13+0.06) &&10 3 (Ref. 9)

a2= (69+ 9) && 10 ' MeV (Ref. 10)

bt=(9+2) X10 ' (Ref. 10)

b2= (16+4) MeV (Ref. 11)

which give

G,„p=0.6(1+0.6) &&10 ~ . (14)

Most of the uncertainty in the result (14) comes
from the value for a&. However, a more precise
result for this branching ratio may also be expected in
the near future.

%hat can one learn from this analysis? The
leading-order result (for values of n, rr which are not
too small) is already in fair agreement with the ex-
perimental value. This is certainly an encouraging
piece of information. Remember that the data for
most of other analyzed exclusive processes (e.g. , pion
form factor, Y decays, etc.) are still not available.
Another conclusion is that one cannot decide at
present which r [Eq. (12)] is preferred by experi-
ment. However, as soon as more accurate measure-
ments stimulate the calculation of subdominant terms
in (10), a more direct test of potential models will

become available.

The author would like to acknowledge helpful con-
versations with S. Gupta, F. Porter, and H. Schnitzer.

A. H. Mueller, Phys. Rep. 73, 237 (1981);A Duncan,
Phys. Scr. 23, 961 (1981).

G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22, 2157
(1980).

3A. Duncan and A. Mueller, Phys. Lett. 93B, 119 (1980).
~S. C. Chao, Nucl. Phys. B195, 381 (1982).
5V. L. Chernyak and A. R. Zhitnitsky, Novosibirsk Report

No. INP-81-75 (unpublished).
6G. P. Lepage and S. J. Brodsky, Phys. Rev. Lett. 43, 545

(1979); Phys. Lett. 87B, 359 (1979); A. Duncan and

A. H. Mueller, Phys. Rev. D 21, 1636 (1980).
~J. H. KQhn, J. Kaplan, and E. G. O. Safiani, Nucl. Phys.

B157, 125 (1979).
SH. Krasemann and S. Ono, Nucl. Phys. 8154, 283 (1979).
G. Feldman, private communication, and SLAC Report

(unpublished).
Particle Data Group, Rev. Mod. Phys. 52, S1 (1980).

~~F. C. Porter, in The Strong Interactions, proceedings of
Summer Institute on Particle Physics, 1981, edited by A.
Mosher (SLAC, Stanford, 1982), p. 355.


