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We compute the g;g;7 transition amplitude for off-shell and on-shell quarks with fla-
vors i5£j, in the standard weak-interaction model. The results we present are valid for all
quark and photon momenta and for all external and internal quark masses. We discuss
the Feynman rules and Ward-Takahashi identities in the ’t Hooft — Feynman gauge. Our
results can be applied to a variety of phenomena such as the electric dipole moment of
the neutron, the process e e ~— ¢, and flavor-changing transitions with either gluon or

photon emission.

I. INTRODUCTION

The unified theory of weak and electromagnetic
interactions' has been so far extremely successful.
Apart from the direct observation of the intermedi-
ate gauge bosons, an unequivocal experimental ve-
rification is still missing for the predicted triple-
vector couplings such as yWW, and for higher-
order corrections which are all so essential for the
theory.

A systematic investigation of the effects of the
full structure of the theory in the leptonic sector as
applied to e te ~ collisions was recently carried
out.2 Only small deviations from quantum-
electrodynamic predictions were found up to the
production of Z bosons, with similar conclusions
for the weak corrections to the anomalous magnet-
ic moment of the muon.’

In this paper we set the ground for a systematic
investigation of weak corrections in the quark sec-
tor for processes in which one of the quarks under-
goes a flavor change accompanied with the emis-
sion of a real or a virtual photon or gluon. The
transition considered here is g;q;7, where the
corresponding transition g;q;g, where g stands for a
gluon, will be trivially obtained from part of the
previous one. Our calculation is the first complete
one since we (1) do not neglect internal or external
quark masses with respect to My, the charged-
vector-boson mass, (2) do not neglect external mo-
menta with respect to My, (3) present out results
for off-shell as well as for on-shell external quarks,
and (4) perform our calculations in the ’t
Hooft—Feynman gauge, thus avoiding divergence
problems which are typical to the calculation of
high-order corrections in the unitary gauge. The
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on-shell results are of course gauge independent.

The reader may at this point wonder why one
should embark on such a general calculation. The
relevance of the general flavor-changing vertex be-
comes clear from a discussion of some possible ap-
plications. Consider D,, the electric dipole mo-
ment of the neutron in the Kobayashi-Maskawa
(KM) model.* Let us view the neutron as built
from three constituent quarks and neglect strong-
interaction corrections.’ It is obvious that the elec-
tric dipole moment of a single quark d,, vanishes
in the lowest order, i.e., at the one-loop level. Al-
though estimates were made for the order-Gz?* con-
tributions to d, .8 it was subsequently shown that
d, =0 at the two-loop level.” It was then suggested
that CP violation in the ud —du + y “weak scat-
tering” (a W is exchanged in the crossed channel)
with the third quark acting as a spectator, gives
the dominant contribution to D,.>° Therefore the
calculation of D, requires as an intermediate step
the knowledge of the one-loop g;—g; + y vertex
with one external quark off-shell. The ¢ quark, for
which the assumption m,? < < My? clearly breaks
down, can appear either inside the loop or as an
external quark in the g;q;y vertex. Small external
quark and photon momenta can be assumed
throughout the calculation of D,,.

Another example is the process e Te ~— 1z,
where an assumption of small photon momentum
in the fcy vertex is clearly unjustified, while the
quarks in the loop do satisfy m? << My?.

Similarly the sdy'® and sdg'! vertices, respon-
sible for the CP violation in K —e Te ~ and
A—ny, and for the AJ =—;— rule and CP violation
in nonleptonic K decays, respectively, involve an
intermediate ¢ quark, whose mass is not negligible
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in comparison with My, .

It is therefore important to have a complete cal-
culation of the electromagnetic flavor-changing
vertex which will involve no approximations. The
final result will be expressed in terms of a double
integral the value of which will depend on the phy-
sical application at hand.

Our presentation will be as pedagogical as possi-
ble and will include the Feynman rules,'? the re-

" normalization procedure, and the Ward-Takahashi
identities in the ’t Hooft —Feynman gauge for the
quark sector of the theory. We adopt the dimen-
sional regularization procedure!® and present, in a
compact new form, the general n-dimensional loop
integral. Applications of the vertex function calcu-
lated here will be discussed elsewhere.!*

In Sec. II we summarize the relevant Feynman
rules in the ’t Hooft — Feynman gauge. In Sec. III
we compute the off-diagonal self-energy of a quark
and renormalize it. The unrenormalized off-
diagonal proper vertex is calculated in Sec. IV and
in Sec. V it is renormalized; Sec. VI contains the
main result of our paper: the renormalized off-
diagonal vertex function, which is given in Table I.
In Sec. VII we summarize our results. In Appen-
dix A we present some useful identities including a
compact form for the general n-dimensional in-
tegral. In Appendix B all the integrals which ap-
pear in the self-energy diagrams are explicitly
evaluated. In Appendix C we discuss the absence
of counterterms for the part of the vertex which
does not obey a Ward-Takahashi identity. In Ap-
pendix D we present the consequences of the

N
N
q-k\\
Ap Svr Ap
4
"a
/4 (b)
,
Wa
q-k
A Ap
W “

FIG. 1. Feynman vertices relevant to our calculation.
i,j are quark flavors, curly, wavy, dashed, and solid lines
stand for photon, charged W, charged S, and quarks,
respectively. The rules are in Eq. (1).

Ward-Takahashi identity and emphasize the differ-
ence between the identity in the 't Hooft — Feyn-
man gauge and in the unitary gauge. In Appendix
E we place one quark on-shell, and then put two
quarks on-shell and present the form of the vertex
functions for these cases.

II. FEYNMAN RULES IN
THE ’t HOOFT—-FEYNMAN GAUGE

The relevant elementary vertices are given in
Fig. 1. A, W, and S denote photon, charged W bo-
son, and charged unphysical scalar, respectively,
while i, j stand for quarks with flavors i and j, and
the photon momentum is k. Although the ’t
Hooft—Feynman gauge discussed here contains the
unphysical scalars S*, the W-boson propagator is
simple. This has to be contrasted with the unitary
gauge for which no unphysical scalars are neces-
sary but the g,q,/My” term in the W propagator
induces severe divergences.

The Feynman rules for the elementary vertices are!’

iegityy u; (iiy), (1a)
ies(2q —k), (SSY), (1b)

—iew[8ap(29 —K)u—8ualq +k)g
—8up(q —2k)] (WWY), (1c)
—i|ew | Mwygay (WSY), (1d)
——"%ma“—‘zzs—)u,- ijW), (1e)
iﬁ;fflé i, (1—;}’5) ui—miﬁj(l—_;y—s)u; W),
(1f)

where I} is the third component of the weak iso-
spin for quark j (% for u and ——% for d and simi-
larly for other weak doublets) and g2/8M >
=Gp/V2. Note that while the first vertex changes
sign when the sign of e, is reversed, and the
second and third vertices change sign as ey (=eg)
is flipped, the sign of the WSy vertex is invariant
under a sign change of ey.

If the photon is replaced by a gluon, the vertices

q q

RIS

i | i i/ LN
P P+a P P p+a P
(a)
i % poL 2. j i j
2 P P P P p P
(b)
FIG. 2. (a) The unrenormalized off-diagonal self-
energy; it is given in Egs. (7) and (10). (b) Renormaliza-
tion of the off-diagonal self-energy [see Eq. (13)].

20— -
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(1b), (1c), and (1d) do not exist, and the vertex (1a) renormalize them as shown graphically in Fig.
is multiplied with the appropriate SU(3) generator. 2(b). Denoting by =¥ 35 the contributions of a
The relevant propagators are virtual W, S, respectively, the
— s, (2a) 3(p)=3"(p)+35p) . 3
pi—My
i A. ¥
—1 v
—2—‘ng w, (2b)
p =My Define the left and right projection operators
i
—— (quark) . (2c)
p—m 1 L_I—Vs R EYs @
III. 3: THE OFF-DIAGONAL 2 7 2
SELF-ENERGY AND
ITS RENORMALIZATION We perform our calculations in » dimensions and
In this section we calculate the off-diagonal use €=4—n. A scale parameter l{z is introduced;
self-energy diagrams depicted in Fig. 2(a) and then the physical results are of course independent of
| w*. Then from Fig. 2(a)
EW— lg ( 2)6/2 d" q L i ( )g
v2 f p+d—m q —My 27 VgL

___,_( 2)e/2 (e=2)(# +4¢)L ’
W) f(27r [(p+92—m*(g>—My?)

where m is the mass of the internal quark with flavor / and the last step follows from n-dimensional Dirac
algebra (see Appendix A). The final result in the KM model requires a summation over intermediate quark,

> UiIUIj' , (6)
1

(5)

where Uj are elements of the KM mixing matrix. We will omit this summation but assume it implicitly in

all our calculations. From Eq. (5) we find—using Feynman parametrization and n-dimensional integration
(see Appendix A)—that

A
S¥(p)=— d =41 —T'+1|L,
P 1677'2 f aop |- +n4fr,u2 * 7
where I'"=T"(1), and
A=Mpa+m¥1—a)—pia(l—a). 8)

B. =%

From the right-hand-side of Fig 2(a) we can write

S_ L —mR ‘ i —mL iR)
b 2\/.2 (2 m; m )l5+¢—m qz—MWZ( mL +m
vz f d"g m?’(p +4 —m;)L +m;[m;(p +g)—m>]R
2(“ ) f 2 2.2 2 ©)
2M 27)" [(p +g)*—m?)(qg*—My?)
Therefore
ES(P)~WI da[m*(pa—m;)L +m;(mpa—m?R] | = A (10)

Thus by adding Eqs. (7) and (10) we obtain the unrenormalized off-diagonal self-energy.
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C. Renormalization of =

The renormalized 2, [Fig. 2(b)] is obtained by adding a counterterm to = subject to the on-shell condi-
tions
Seentt; =0, p’=m;® and @;3,;,=0, p*=m;*. (11)

The 1/€ divergence in 2 will of course disappear once the counterterm is added.
To this end we define four functions of p2 [f(p?), h(p?), ¥(p?), and ¢(p?)] such that

S=fyL +hpR + YL + R . (12)
We have to find the four constants (i.e., independent of p?) 4, B, C, D in
Zen=(f+CWL +(h +D)PR +(P+A)L +(4+B)R (13)

from the on-shell conditions in Eq. (11). The four coefficients in =, are then finite and given by
_ mA(f —f))=m(f —fi)+mim;(hy —hy) +m; (i — ) +mi(d; — )

f+C 5 5 , (14a)
m;*—m;
2 2
pp = B —h)—mih ~hi>+mimé<fi —{j>+m.-<¢.-—¢,->+m,-<¢i—¢,~> , (14b)
mj —m;
2 2
¢+A _ mj2(¢__¢;,- )—m,— (¢—¢j)—m,~ml~(¢,~2—¢j )2—mi2mj(f,- —fj)—mimj (h, —h]) , (14c)
mj —m;
2 2 2 2
¢+B= 1¢¢1 l¢ ¢1 l]¢12 ¢]2 !]ft fj i THj\Iy j ’ (14d)
mj —m;
[
where f;=f(p?=m;?), etc. From Egs. (7) and etc. in Eq. (14) are of course finite. The explicit
(10), forms of all the terms in the numerators of Eq.
'2 (14) for any external momenta and internal masses
F=8 - [daa 4 oA ) are given in Appendix B. '
327~ Y0 We have thus completed the calculation of the
R renormalized off-diagonal self-energy =,.,, and we
+-m 2_ A +r ||, can move on to the off-diagonal ijy vertex itself.
My? |€ 4’ First we calculate those terms in the vertex which
(150) do not involve 2 (the proper vertex; see Fig. 3).
a
2 .
_2 m’m’2 'daa |2 —n 41, IV. I'*: THE UNRENORMALIZED
327 My 0 € 4 OFF-DIAGONAL PROPER VERTEX
(15b) o .
All the contributions to I'*(p), the off-diagonal
ig’mim* .1 2 A ) proper vertex, are shown in Fig. 3. We first calcu-
Y=— 327°M, f 0 da . —In 2 +I7 late the unrenormalized I'* and then find the coun-
terterm needed to renormalize the proper vertex.
(15¢) Let us define R¥ as the set of diagrams in Figs.
2 3(a)—3(d), and A, as the diagrams 3(e) and 3(f).
ig'm;m 1 2 , Then
= > J da|=—In——+T ¢
3272 My,? Yo 4
TH=RH; L A", (16)
(15d)

Note that for the ij gluon vertex R*=0 while A*
with A given in Eq. (8). The combinations f —f;, survives.
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qk/,— \“,.\q¢k qQ q*k
i/ | g i | j
+ -t +
P p+q p-k P p+q p—k
(b) (c)
q,~"" q+k
i/ j i | | i
+ +
P p+q p-k

(&)

p \ p+q p+a-k, p—k
\ 7/

N s
Se—"

q

(f)

FIG. 3. The unrenormalized proper vertex (see Sec.
111).

Before calculating R* and A¥, we discuss the
separation of the vertices in Eq. (1) into parts that
obey Ward-Takahashi identities and those that do
not. We also define the renormalization scheme
that we adopt.

A. Renormalization of vertices in the
’t Hooft — Feynman gauge

Unlike a physical gauge like the unitary gauge
which has only observed particles, the 't Heoft —
Feynman gauge involves unphysical degrees of
freedom. A consequence is that the proper vertex
', does not obey the Ward- Takahashi identity
k"F”—e, 20— k)—E,,(p ].'® A quick glance at
the photon vertices in Eq. (1) reveals that only the
diagrams arising from Egs. (1a) and (1b) obey the

2
Rfy, = —;—’;— (—iew ) (u?)/?

d"q (—i)
oL
Qrr (g +hkP—M

2
gew

- [8°(2q + k) —ghokP+gHPk ] —
w

Ward-Takahashi (WT) identity, while diagrams
from Egs. (1c) and (1d) do not. Actually the ver-
tex 1(c) can be divided for convenience into two
parts, —iey[84p(2q9 +Kk)y,—8uakp + gupkal Which
satisfies the identity, and —iey[—guq(q +k)g
—gﬂﬁqa] which does not. Thus, in one-loop ap-
proximation, A, and part of R u obey the WT iden-
tity, and those parts arising from Eq. (1d) and the
second part of the Eq. (1c), whlch we call RG do
not obey the identity. Thus F =l,—R, ¢ satlsﬁes
the WT identity. The renormahzed vertex is de-
fined by ', = T ten + RE, where I‘ren satxsﬁes the
WT identity for the renormaltzed quantities.!”

Thus k I‘f.‘e“—e, [Z4.(p —k)—Z¥.(p)]. From the
relatxonshlp of 39 to 39 defined in Eq. (11), it is
obvious that I“,en_I‘ + TrvuL + TryuR, where
T; and Ty are constants related to constants C
and D in Eq. (13). (See Appendix D for the exact
relation.) We call T, and Ty the counterterms for
the vertex. From the definition of =, it follows
that k, Then|on-shen=0. This is the quickest way to
determine the constants 7; and TR and the one we
adopt. Rg does not obey the WT identity and no
counterterms are possible for this quantity. We
verify that k*R / [o,, shet =0, thus the renormalized
proper vertex I',;" satisfies current conservation.
The power of thls renormalization scheme is that it
is not necessary to calculate anything more for the
on-shell flavor-changing electromagnetic vertex.
For generality we shall present the off-shell vertex
also. We shall discuss in the Appendix how this
renormalization scheme is equivalent to the usual
scheme where many unrenormalized diagrams are
added.

B. R{y: The part of Fig. 3(a) obeying
a Ward-Takahashi identity

The on-shell current-conserving part of the
WWYy vertex in Eq. (1c) is

_ieW[gaB(zq +k)y‘_gyakﬁ+gp.ﬂka]

and therefore

(=) i
> —My? p+4—m

vgL

& yer [ gf);[(e_zxzq RV ) — VR DK Y PIL

2

(17)

X :
(> —Mp?)l(g +k—Mp’ll(p +9*—m?]
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where the last step follows from n-dimensional Dirac algebra (Appendix A). After Feynman parametriza-
tion and n-dimensional integration (Appendix A), we obtain

. 2
—ig‘e 1 l-a —2[—2p* k*(1— —a,)—

3277 X
ByHE —Ky*p)(1—a,) 2 X
[T R r__
+ X +2y p ln4qm2+l" 1|tL, (18)
where
X =Mp*(1—a,)+m’a, —p’a,(1—a,)+k*ax(ay —1)+2p-kayay , (19)

m is the mass of the internal quark with flavor /, and a summation Y, Uy U,; is assumed here and in all the
subsequent expressions for R and A.

The result in Eq. (18) is typical to all the diagrams in Fig. 3. The a; integration is simple, however the
a, integration for any external momenta and internal and external masses involves Spence'® functions and
although straightforward, it is very lengthy and will not be given here. At various limits relevant for specif-
ic physical applications as discussed in the Introduction, the e, integrals become simple too.

C. Rips: The part of Fig. 3(a) violating the Ward-Takahashi identity

The part of the WW7y vertex in Eq. (1c) violating on-shell current conservation is —iey[—8uq(q +k)g
—8updal- Thus

. 2
Rﬁ’2= l_:/_i;] (~ieW)([l,2)e/2

d"q (=i) (=1) i
X __gha k)B_oguBya
f (zﬂ)nY“L (q+k)2_MW2[ ghq +k) —gH"q ]qz—MW21f+q—m vpL

2
g’e a"
== W [~y - +OrHIL
v 1
(@—My g+ K’ — My N[(p +a—m?] 20

and following the by-now familiar steps

-2
_—igley o1 ot | MBI —ay)—kay ) —pa, +(1—a))]
Ry =—— fodapfodak[ T

(ﬁap +lak (1 —a‘,)—léak]y“
+ X

4 —2In
€ 4’

+2yk +2r'—1| L, 21)
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where X is defined by Eq. (19).

D. R§: Fig. 3(b)

R¥ obeys a Ward-Takahashi identity and is given by

2
] . d" i i i
R&= g ( 2)6/2 q L — R)_____z kM —mL .
§ M3 ies(p f 27" m (q+k)2—MW2( q+k) qz—MW2y+q’—m( mL +m;R)
—g W
= om, 2"2f 2 ),,[ m*(2q +kV(m;L +m;R)
+(2g + kP +9)(m>L +m;m;R)]
X : (22)
(@*—MpD (g +k?—Mp2][(p +9*—m?]
Therefore
_igew Yoy f f [ —m?*[2p*a, +k*(1—2a;)](m;L +m;R)
a
321r2M 2 P X
N [—2p*a, +k*(1—2a)[B (1 —a,) —Kay l(m>L +m;m;R)
X
2 X 2
- - F' L i R 23
g 1n47m2+ (m°L +m;m;R) (23)

E. R§y: Figs. 3(c) and 3(d)

We now calculate the contribution of diagrams 3(c) and (d) which include the WSy vertex. This contribu-

tion, denoted by Ry, will be later combined with R{j, to yield the complete part R¥ of I'* which does not
obey a Ward-Takahashi identity.

By adding the diagrams in Figs. 3(c) and 3(d) we obtain

_ ig 2ye/2 _____L_____ B (=1) !
Ry = ———|(m;L —mR M
(—1i)
+
7ok (g +k)1>—My?
X gPM i ! (—mL +m;R)
q*—My’ p+g—m

L[ my(p+@7*L +7"m(F+R —2m*y L]

2
__T8W  aen
) f (217.)n

2

1
X
(> —My?)(q +k)P*—Mp*[(p +9)*—m?]

’ (24)
which reduces to

. 2 2,
igley o1 1-a, mi[p(1—a,)—Kay Jy*L  y*m;[p(1—a,)—Kax]R  2m?y,L
Rgy=——+ d —_
br="i5 Jodar [, 7 deu X + X X

(25)
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We first note that unlike all the other contributors to ['*, R§y is finite. Like all the other parts in R¥,
R§y changes sign when ey changes sign. While for all other parts of R¥ the sign change results from re-
versing the sign of ey (=eg) in the photon coupling, R§y flips its sign since the WSy coupling is invariant
but the single coupling of S with the quarks reverses its sign.

We now turn to calculate the diagrams in Figs. 3(e) and 3(f) denoted by A% and A, respectively. It is
easy to see that each of the A* diagrams obeys a Ward-Takahashi identity.

F. A%: Fig. 3(e)

We have
2 . . .
A" _ —ig 2\e/2 1 M 1 (—1i) ay,
=75 | i) f(2 L ooy ey e
=gT<,u 2 [ (75)%[ —2p +4Iy*(p +4 —B) =2y m >+ edyH{IL
x 1 (26)
(@>—Mpp +9*—m?)[(p +q —Kk)*—m?]
Therefore
—ig’e 1-a, —(pa, +Kap )y [pa, +k(ay —1)]—y,m?
N ="er f % J. dakl Y ]
2 Y
p|_£ N ol
+y e+2 I"+ln47T‘u2 }L, 27)
where
Y:szap+m2(l—ap)+p2ap(ap—1)+k2ak(ak——1)+2p'kapak . (28)

G. A%: Fig. 3(

The last diagram in Fig. 3 is

AL = ( 2\e/2 .L —mR i i i _
k= Ml/i tep,) f(2)"m’ m)’_'_q__k - 1l+qmq—MW(mL+mR)
Ze
B8 e [ A2y 4 )t (g —R)yP]om L +mR)
2M (2m)"
+[@ +9 —JOv*p +0)+m>y*1(m*L +m;m;R)}
X : (29)
(@*—MpAp +@?—m2[(p +q —k)*—m?] ’
which becomes
ig el f da f {[/ap+}((ak—1)]1/"(/ap+}(ak)+m2y“}(mzL +m;m;R)
AS= My P Y
m2[2p“ap+2k"ak —ky*](m;L +m;R)
- Y
2 Y |2 30
_7/# — e +1-I"4 n4ﬂ-u2 (m L+m,mJR) (30)




yl%j:iij+i§ j
Ren® —p p-k p p-k p p-k

FIG. 4. The unrenormalized proper vertex [see Eq.
(35)].

We note that R* < ey, A* <e;=ey + ¢; and »
therefore the expressions for R* and A* are valid
for the ﬂavor-changln% electromagnetic vertices of
both charge 5 and — 5 quarks.

V. I'f,;: RENORMALIZING
THE PROPER VERTEX

I'* as calculated in Sec. IV contains 1/€ and has
to be renormalized. The counterterm added to I'*
(see Fig. 4) will also ensure that for the renormal-
ized proper vertex current conservation holds for
on-shell transitions, i.e., kK, 'fe; =0 when both

Pui=m;u; and @;m;=iz;(p —K) . (31)

For each term in T'* one should find two con-
stants (i.e., independent of external momenta) T7,
and Ty such that

Iﬂiﬂten= rt+ TL Y“L + TR V“R ’ (32)

‘subject to the on-shell condition in Eq. (31). We
will compute T, and Ty for each term of the
proper vertex separately and find that the counter-
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obey the Ward-Takahashi identity—is zero in the
KM model.

The technique we employ to determine counter-
terms is rather straightforward because of current
conservation in the ijy vertex. Alternately, T, and
Tg can be obtained from the off-diagonal self-
energy by employing the Ward-Takahashi identity.
We explain this in Appendix D.

For the total KM current which involves the
summation Y, Uy U,}, some of the 1/€ terms in T'*
will drop out since their coefficient is independent
of the intermediate mass m. Nevertheless a coun-
terterm will be needed (except for R§ =R}y,
+REw) to ensure on-shell current conservation.

The counterterms are computed by multiplying
each term in I'* by the photon momentum k,, and
by imposing the on-shell condition in Eq. (31) at
k*=0 (T, and Ty are momentum independent).

We denote by T "', T " the constants in

Rﬁ’l,ren =Rﬁ’1 +TL le”L +TR leyR , (33)
etc. We define the on-shell, k*=0 values of X and
Y from Egs. (19) and (28) as

Xo=My’(1—a,)+m’a,—ma,(1—a,)
+(m?—mNa,ay | (34a)

Yo=Mpy’a, +m*(1 —a,)—m;%a,(1 —a,)

.2—. 02
term for R§—i.e., that part of I'* which does not +m—m*a,a (34b)
|
and obtain
Ry, tg Zew m;m;(1—a,)
"' === [, 4o f —————XO (35a)
Ry, zg Zew f m*—mHa, o —m;’a,(1—a,) —g—i—ln O i (35b)
T 167 % X, € 4mru’? ’
Tg®=0, (35¢)
T _ i eW f . f 2m,~2(1—a,,)(1—ap—ak)+2mj2(1—ap)ak—2m2
Y P X,
X
2 |2 o= jor—1 ||, (35d)
€ 4mu
oRs___ig%ew Zew f e f m,-mj[(m,-z—m,-?')apak+m2ap(1+ap)—m,'2ap(l—ap)]
R My P X,
X
—m;m; ‘z—ln 02 +TI (35e)
€ dmu
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m¥m*—mPa, oy +mia,(a,m?+m;?)

l1—a
e fyde .

X

m;’m;%a,(1—a,) 2
_ T % P’ _ 2|2 r 35
X, m* | n47m2+ , (356)
-5 e e, ) da TS5 (3sg)
= a, ,
Y,
ige m? 2 Y,
-tz IR da,,f K|yt e 2T (35h)
"
2 2
A ig e, mi(1—a,) 2 , Y, .
TRS"" 321T2M 5 f d Pf dakmlmj [——}’;——- :-—-1—{—1-‘ —-1114‘”“2 N (351)
T£s= ig el . f apf ap2m,-2mj2+m4—m2(m,-2+mj2)ap
2PM Y,
2 2 ’ Yo 3
+m [?—1+I‘ —lan2 . (35))

We now tgm to the counterterm of R4. From
Eq. (35¢c), Tx® =0 even before summation over in-

termediate quarks. The counterterm Tf ¢ multi-
plying ¥#L in R} vanishes too, but only after sum-
mation over intermediate quarks. The proof is
rather lengthy; in Appendix C we present a proof
that

R
SUUSTL =0 (36)
1

for m;=m;. Therefore

k,RE=0 when pu;=m;u; and it;m;=ii;(p —K)

(37a)

and
R&m:RE . (37b)

The infinite part of R [coming from the 1/€ term
in R ,; see Eq. (21)] vanishes once we sum over

all intermediate states.

We have now completed the computation of
I'%,, the renormalized proper vertex which is
shown in Fig. 4. The complete off-shell flavor-
changing electromagnetic vertex VE., is given as a
sum (see Fig. 5)

Vﬁtn ren+21 ren+22 ren » (38)

where 3% ., and 34 ., are shown in Figs. 5(b) and

|
5(c), respectively. In the next section we compute

Ve

V1. Vi{.: THE COMPLETE
FLAVOR-CHANGING VERTEX

The complete flavor-changing electromagnetic
vertex is given in Eq. (38) (see Fig. 5) with =¥ .,
2% ren still to be computed.

A. 3%, and 35 e

34 ren and 35 ., are the parts of the vertex which
include self-energy diagrams [see Figs. 5(b) and
5(c)]. When quarks i and j are off-shell, both
34 ren and 25 ., contribute to Vi,. When both i
and j are on-shell (e.g., e te ~— 1), there is no
contribution from =¥ ., and 34 ., since each term
vanishes when one quark is on shell,

TSt sl (p —kV=m]=0, (39a)
34 cen(p?=m;}u; =0 . (39b)
From Figs. 5(b) and 5(c)

l ren(P)— —€;Znlp — —k)p —k +m;)y¥

X— (402)

(p—k)?—

34 o) = — eV 1) ZrenlP) 5
p —m;" (40b)



26 FLAVOR-CHANGING ELECTROMAGNETIC TRANSITIONS 2477

¢+B +my(h +D)=m;(h —h;)+$—g,

N P % j i;i% j
V{{.;, - et ieere ren (43b)

S —fj ¥—1;, h —h;, and ¢ —¢; were calculated in
(a) (b) Appendix B. Similarly

Zrenlp —k)=(F+OR(p —k —m;)
i 18, +(hA+D)L (p —k —m;)
+[¢+A4 +mi(h+D)]L
++B+mi(F+OIR,  (44)

FIG. 5. The complete renormalized vertex function _ _ ) )
where f+C, h+D are given in Egs. (14a) and

[see Eq. (39)]. T .
(14b) with f— fir =1 etc. subgtituted for f — S
S —/fi, etc. respectively. f— fj» f—fi, etc., are
where 2 ..(p) is given in Eq. (13). For = ., (p —k) given in Eq. (B4) and the integrals I and J are cal-
we have the same expression as in Eq. (13) but culated with
with _ , K:sza-i-mz(l—a)—(p —k)Ya(l—a)
F=f((p—k)?), h=h((p —k)?),
f=flp 4 @1) (45)
7 _ 2y 7 2 .
Y=yl(p —k)°), ¢=¢((p —k)°) instead of A defined in Eq. (8). The net effect of
substituted for f(p), 4 (p), ¥(p), é(p). It is con- calc.ulating Ergn(P —Tk) with the help of the formu-
venient to rewrite Eq. (13) for the renormalized las in Appendix B is then to substitute b=(p

—k)*/My,? instead of b=p2/My? defined in Eq.

self-energy as follows: :
(B7). The equations analogous to Eq. (43), but

Zrenp)=(p —m;)(f +C)L +(p —m;)(h +D)R now for 2,..(p —k) are
+[Y+4 +m;(f +OIL v+4 +mi(h_+D)=mi(h——hi)+1_/;_¢i ,
+[¢+B +m;(h +D)IR (42) (46a)
with f +C, h + D as given in Egs. (14a) and (14b) é+B +mi(f+c)=mi(f_fi)+¢7_¢i .

and [again from Eq. (14)]
V+A+mi(f +C)=m;(f —f))+¢—1;,

(46b)

The vertex functions which involve the self-
(43a) energy diagrams are then, from Egs. (40a) and (44),

]
[9+A4 +m(E+D)L(p— +m,)

Eﬂrenz_'i f+COR h+D)L
hiren=—¢; {(f+C)R +(h+D)L + (p—k)P—m?
[6+B+m(f+OIRB—K+m)) | @7
(p—k)z—m,-z y

and from Eqgs. (40b) and (42)
[Y+A4 +m;(f +C)IL (p +m;)
pi—m;?

E’2‘,|'en= - jV“ {(f+C)L +(h +D)R -+

+ [¢+B +m;(h+D)IR (p +m;)
2

(48)

b

2
p —m;

from which one can readily verify the on-shell conditions in Eq. (39).
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At this point we have the complete renormalized off-shell vertex V%, which will be now written in a com-
pact form.

B. Collecting all the parts of Vi,

vk, is given by
Vien=Then+ZH ren+ 25 ren =R 1,ren + RE ren + R ren + Ay, ren+ A% ren+ 2 rent =h ren - 49)
It is of course finite and obeys
k, Vten =0 when both pu; =m;u; and @;m;=i;(p —k) . (50)

Each of its seven parts [Eq. (49)] obeys the same on-shell current conservation condition as in Eq. (50). To
unify the notation and to put all the parts of V% in a form useful for future applications, we decompose
each part of V%, as follows:

(A1Pp* + APk + A kpH + A KK* + ARy *p +AgyH + A7y k>
+AgyPkp +AgyFp*+ A gy *P + A1 Y PE +A 1 2p* + A 3kH)L
+ (B pp* + B,ppk* + B kp* + B, kk* + BsKy*p +Bey* + B,y Pk?

+Bsy*kp +Boy*p>+Bioy"p +B1v*k +Bpp*+B3k*)R , (51)
where A; and B; are functions of the incoming ' cancels out after the summation over intermediate
momentum p, the photon momentum k, and the quarks
external (m;,m;) and intermediate (m) quark All 4; and B; in the proper vertex part of V%,
masses. are given in terms of a double integral. The a; in-

We make a few comments about 4; and B; be- tegration is simple but the final integral will re-
fore presenting them. quire a lengthy presentation. For any specific phy-
(1) For all terms in T, only 44 and By are dif- sical process a limiting procedure turns the integra-
ferent from their unrenormalized value [see Eq. tion into a simple matter.!* Our results can be
(32)]. then applied to all problems which require the elec-
(2) There are some relations among different tromagnetic or strong transition i —j.
A;,B; as a result of the Ward-Takahashi identities In many applications one or both the external
and the on-shell current-conservation conditions. quarks are on-shell, and we will present in Appen-
We used these relations to check our computation. dix E the general form of V%, for these cases.
In Appendix D we investigate the relations for When one quark is on-shell the number of coeffi-
those parts in ', which obey the Ward-Takahashi cients in V%, is reduced from 26 to 16, and further
identities; an obvious observation is that 4,,=0 to 6 when both quarks are on-shell (see Appendix
and B,y =0 for all parts in T'% except for RE. E).

In Table I we summarize 4; and B; as defined in
Eq. (51) for all the seven renormalized parts of

V.. To avoid lengthy entries in the tables we pull VII. SUMMARY

out a common factor, separately for each term in

Vien- Thus 4, for Rfy is equal to We have calculated the off-diagonal electromag-
ig2e 1 l—a da (1—a netic vertex V%, for quarks. The results are sum-

- 521:: SUy UI; f 0 9% f o pdak——Pfi‘—p)’ marized in Table I, where V%, is the sum of all the

I terms as given in Eqs. (49) and (51). This is the

etc. Note that m which appears for example in X first such calculation which does not assume on-

in the above term is an intermediate quark mass shell external quarks masses and is valid for all

and it therefore depends on I. Note also that for external momenta; it is therefore applicable to a

the A terms e;=ey + ¢;. In Rf ., we leave in the wide range of phenomena.

table the In(4mu?) term for A, which of course A similar calculation can be carried out for the
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flavor-changing ijZ vertex, where Z is the neutral
gauge boson.!* For the flavor-changing strong ver-
tex ij-gluon, the results are identical to the ijy ver-
tex presented here except that R*=0, and a com-
mon group-theoretic factor appears in the elemen-
tary quark-quark-gluon vertex.

It is sometimes stated® that the contribution of
unphysical scalars in the 't Hooft — Feynman gauge
is negligible when quark masses are small as com-
pared to My,. This is incorrect, as is evident from
inspection of our results for R§y [Figs. 3(c) and
3(d)] in Eq. (25). Furthermore, while the calcula-
tion is easier than in the unitary gauge, where the
W-boson propagator is (—g,, + 9,9,/M w)/(q?
—My?), the Ward-Takahashi identities are obeyed
by only a part of the proper vertex. It is a piece of
a diagram with a W boson which causes violation
of the identity for the proper vertex.

Our calculation comes at a time when the mass

2479

of the top quark—if it exists—is clearly not negli-
gible with respect to My, and one can investigate
processes which are sensitive to it.!° Furthermore
tests of loop corrections to the unified theory of
weak and electromagnetic interactions of quarks

are becoming feasible; these corrections as tested
through an electromagnetic (or a strong) probe,

where the subject of our investigation. Applica-
tions of our general result to physical processes
will be published elsewhere.'*

y
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APPENDIX A: n-DIMENSIONAL
ALGEBRA AND INTEGRALS

The Dirac algebra in n dimensions (€=4—n) is as follows:

7’,‘7/”=nl ’
YFYVYFZ(G_Z)YV ’ (Al)
YuVWVa¥aV ¥ =—2V2VaVy+ €YYol »
{ V57 }=0 (u=0,1,...,n—1);
for discussion of the last identity see Ref. 20.
We also use
€ 2 ,
r £y =:+I‘ (1)+0¢(e),
(A2)
A—f/2=1—~§-1n,4 +0(&),
and the Feynman parametrization
1 1 % aN_2
—— =I'(N d day - - day_
aa, - ay ( )fo alfo @ fo N-1
L — . (A3)
[a1ay _1+ax(ay _,—an_)+ - - ay(1—ay)]
We will now calculate the general n-dimensional loop integral,
ng  Guu, " 4
INa)= [ 24 Tk hy (A4)

Q)" (g*+2q-P—M?* "~

In fact we use it here only for «=2,3 and N=0,1,2. The integrals for these values appear in numerous
places in the literature. Nevertheless, we present the general result for readers who would like to verify our
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calculation in the unitary gauge where integrals up to I(6,a) are needed. The results for up to N=4 can be
found in Passarino and Veltman (Ref. 2), and it agrees with our general compact form in which the pole
structure is transparent [see Eq. (A9)].

We first use the identity

d'g e Quy  (—1)%p? e d a |"
f 5 = f P pa—-l—n/Z o e—pA , (AS)
(2m)* (g°+2g-P—M*)* (27)"T(a) Y0 (2p)" oP
where
A=M*4+P? (A6)
and
a " 8 8 3
= | = e (A7)
ap | ~ 8P, P, 0P,
Then, generalizing the derivative relation
N
A | g (ggx)Near? > N(N_l)_' — (iV.—Z] +b) (A8)
dx 7=o JjW4ax?y
we finally obtain
(= D)% — DVT(a—n/2) Q) (—1y AV v
I(N,a)= - IpY =4y, ...
(Noar) (27)'T(a)A*=""2 o @=n/2—1) - (@a—n/2—j) | 2 { i
(A9)
where [N/2]=0 for N=0,1 and 1 for N=2,3 etc. and
{g/PN Y ],,1 . ..,,N=all permutations of g - - - gP--- P, (A10)
where there are j g’s and (N —2j) P’s. For a fixed N and j there are (3;)(2j — 1! term in T3/ S P

APPENDIX B: EVALUATION OF INTEGRALS IN =,

The renormalized off-diagonal self-energy is given in Eq. (13), with the coefficients given in Eq. (14). Us-
ing the functions f,h,1,¢ as written in Eq. (15) we can now calculate all the terms in the numerators of Eq.
(14).

We first define the integrals

1 A 1 A 1 A;
I;= fo daaln—Aj, I;= fo daalnA—j, I;= fo daalnz; s (Bla)
1 A 1 A 1 A;
5= [, daln s, J;= A dalny, Jy= A daln, (B1b)
where A is given in Eq. (8) and )
AizA(p2=mi2)=MW2a+m2(l—a)—m,-za(l—a) , (B2a)
A=A =mP)=My’a+m*(1—a)—m;*a(l—a). (B2b)

Then we define

K—— 8 B
C2eMyt B3
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and obtain
f—fj=—2KMy*;—m’KI;, f—f;=—2KMyl,—m’KI,, fi—fj=—2KMyI;—m’KI; ,
h —hj=—Km;m;I;, h —h;=—Kmym;I;, h;—h;=—Kmim;l;; ,
v—y;=Km;m%;, y—y;=Km;m*J;, ;—;=Km;m?J; ,
¢—¢j=Km,-m2Jj, é—¢;=Km;mJ;, ¢ —d; =Km,-m2J,-j .

(B4)

The integrals I and J are easily obtained in the p,m;%,m jz,m2 <<My? limit. We now present the com-
plete expressions (i.e., no small momenta or masses assumed) for I and J

1+x 1+4+x T4xy; 1+x,;
Ii=l —xlzln ! —XZzln 2 +x1+X, +x1,i21n Li +x2,,‘2ln 2L —X1,i—X2i|>»
2 X1 X X1, X2,i
14x 14x 14x; 14x,;
IJ-=.1~ ._.x12]n ! _.x22]n 2 +x1+x2+x1j21n~——li+x2j21n——-—%i—x1j—xzj ’
2 X1 X ’ xl,j > 2,j ’ ’
14xq; 14+x,; 14x,, 14-x,;
I,]=% —xl,izln Li —xz,,-zln 2 +X1,i+x2,:+x1,j21n L xz,jzln 4 —X1,j—X2,j | »
X1,i 2,i 1,j X2,j
(BS)
1+x 1+x 14x,; 1+4+x
Ji=x1In 1 +x5In 2 —xp,n L —x,;ln Rtz
X1 X2 X1,i X2,i
1+x 1+x I4x,; 1 i
Jy=xiIn—— 4 x,ln——> —x, In—— _x, In X2y
1 2 X1,j Xx2,j
14x; 14x,; 14x; 14x, ;
Jijle,,-ln—l"+x2,iln 2 —x;;ln Ly —X,,jln X2
X1, Xy X1, X2,
with
_l—a—b+[(1—a—b)*—4ab]'"? 1—a —b—[(1—a —b)*—4ab]'"?
x1 = N x2=
2b 2b ’
. 1—a —b;+[(1—a —b;)*—4ab;]'"? l1—a —b;—[(1—a —b;)*—4ab;]'?
L,i— 2bi sy X2,i= 2bi ’ (B6)
l—a —b;+[(1—a —b;)*—4ab;]'"? l1—a —b;—[(1—a —b;)*—4ab;]""?
X15= i+ ’ - il : A= (B6)
2b; 2b;
and
2 2 2 2
m p m; m;
a= , b= , b= , b= .
My T My T My T B7)

From Egs. (B4) and (B5) the coefficients in Eq. (14) are determined and X, is obtained without approxima-

tions.

APPENDIX C: R§ HAS
NO COUNTERTERMS

In this appendix we prove that in the KM model
Rg, the part of the proper flavor-changing elec-
tromagnetic vertex which does not obey the Ward-
Takahashi identity in the ’t Hooft —Feynman

T
gauge, has no counterterms. In Eq. (35¢) T,I: =0
and there is no right-handed counterterm. To
prove that there is no left-handed counterterm we
have to show that Tﬁ ¢ [Eq. (35d)] is independent
of the intermediate mass m and therefore vanishes
when summing over intermediate quarks:

>.Uu U,I-. We prove it here for m;>=m;? (but
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with i=£j for the flavor of the external quarks).
The proof for general masses follows similar steps
but is longer and will not be presented here.

We have to show that [integrate Eq. (35d) over
ay for m*=m j2 and drop m %-independent terms]

1 2(1—a,)—mi(1—a,)
fo da, m; a,)’—m a,

My*(1—a,)+ma,—m’a,(1—a,)

+2(1—a, In[My*(1—a,)+m’a,

—m%a, (1—a,)] (C1)

is independent of m?2. Define

a= b= (C2)

’
My?

and change variable to x=1—a,. Then we have
to show that

L b;x3—ax
fo *1x +a(l—x)—bx(1—x)

+2xIn[x +a(1—x)—b;x (1—x)] (C3)

is independent of m?=aMy?, where the m2-in-

dependent term 2x InM w?, was dropped from the

integrand. By defining x; and x, as the roots of

the polynomial x + a (1—x)—bx (1—x), the in-

tegral in Eq. (C3) can be rewritten as

f Idx 1 L
0

X —Xq X —X)

1
X1—X2

a
x3———x
b;

+2x Inb; +2x In(x —x) +2x In(x —x,)

(C4)

which is equal to — —;—, thus completing the proof.

APPENDIX D: CONSTRAINTS
FROM WARD-TAKAHASHI IDENTITIES

In the unitary gauge the W-boson propagator is

(_guv+q;tqv/MW2)/(q2_MW2) ’

]

there are no unphysical scalars and there is one R¥
diagram [Fig. 3(a)] and one A* diagram [Fig. 3(e)].
Furthermore, the Ward-Takahashi identity is
obeyed, i.e., k,I'* is proportional to Z(p —k)
—2(p), where I'* is the unrenormalized proper
vertex.

In the ’t Hooft —Feynman gauge only part of
the unrenormalized vertex obeys the Ward-Taka-
hashi identity. There is a part of I'* denoted by
RE in the text, which comes from adding a part of
the diagram in Fig. 3(a) (R}, in the text) to Figs.
3(c) and 3(d) (denoted by R§y), that causes I'** to
violate the identity. We will now consider the con-
straints imposed on

TF=T¢_RY, (D1)
which satisfies

k,Tr=e,[2(p —k)—3(p)] . (D2)
This equation is actually equivalent to two equa-
tions since both R} + A%y and RE + A% satisfy
an equation similar to Eq. (D2), but with an index

W, S on Z(p —k) and Z(p), respectively. Let us
write

TH=RELA*, (D3)
where
RM=R*—RE (D4)

and decompose R* and A* as specified in Eq. (51)
with coefficients AX,BR for R* and 4},B? for A*
(i=1,2,...,13). Remember that these are un-
renormalized coefficients, but that all—except
those with i =6 (i.e., the coefficients of y#L and
yHR)—are equal to the renormalized coefficients.
Now since R* «< ey, and A* < e;=e; +eyy, it is con-
venient to define the reduced coefficients

af=ep 'A%, BR=ey'BR,
A LA oA oA (D5)
a; z(e,‘+eW)_ A,' s Bi =(e,-+eW)_ Bi .

Then using Eq. (51) we obtain

k,‘f““z { [(e; +eW)a’1\+eWaf]k-pp +[(e; +eW)(a9+a?)+eW(a§+a§)]Fk2
+[(e; +ew N ad+ad)+ep(af+aR)hp-k +[(e; +ep)a +ad)+ew(al + a1k

+[(e; +ew)al +epallk+[(e; +ep )N al+ab) +ep(af+af) kk?

+[(e,~+eW)a§‘+eWa§}kp2+[(e,~+eW)a’1‘0+eWafo]kp
+[(e;+ewlat+ewablkp JL +{af—BP, af >BF IR . (D6)
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From Egs. (D2) and (12) we have

k, B¢ =e,[(f—fIPL +(h —h)pR —FHL —hkR +(y—P)L +($—$)R] , (D7)
where £, h(p?), ¥(p?), d(p?) are given in Eq. (15), and f=f[(p —k)?], h=h[(p —k)*], b=4[(p —k)?],
¢=9¢[(p —k)*].

Therefore, (1) A}y and B, are zero for all the parts of T'*, except for R, since there is no kp term in Eq.
(D7). (2) Only A¢ and B¢ require renormalization, since only the coefficients of KL and AR are infinite in
Eq. (D7). (3) By comparing Egs. (D6) and (D7) and by equating the coefficients of e; and ey, we find that
the reduced coefficients obey the following constraints:

atk-p+(ad +adk*=—atkp—(a;+ad)k*=F—f,
Blkp+(B2+BSk>=—Bik-p — (B +B)k*=h—h ,

(ad+adkp +al+(ad +aP)k2+adp?=— (R +adkp —ak— (@ +aPDk?—afpi=—F,
—(BS+B)kp—BE —

(BY+BYkp +BE+(B+ BN+ Bp?=

(BY+ BNk —BEp2=—h ,

(afi+afk?+atkp=—(af +aR)k*—alkp=9—y,
(311\1‘*-51‘3)]‘24'311\2’( = “(Bfl +Bf3)k2“ﬁfzk p=¢—¢.

These equations hold for the reduced coefficients
of R* and A%, and of R¢ and A%. In these cases
we have in Eq. (D8) for the W contribution

tively.
We now relate the counterterms in the proper
vertex function to the self-energy:

f 16 __1n4 > _l’"+1 I‘mm‘: p"f—TL’}/“L +TR']/,‘R . (Dll)
_ 8 H We define
h =0 a G
.5 (D9) ru,renZFu,ren—Ry . (D12)
= i
f=f= 16gn-2 o daaln—, This part of the proper vertex satisfies the Ward-
_ _ : Takahashi identity for the renormalized quantities,
h_h=¢—1/)=¢——-¢=0, i.e.,
and for the S contribution k+f ,ren=€i[ Zren(p —k)—Zpen(p)] . (D13)
Fo_igm? _ig’m? f do A From (D13) and Eq. (13), we find
2
32 My i’ T, =—eC (D14)
2 1 <
h= ‘€ m'mjz daa —2-—1n 3 +I and
32r'M 0 € 4mu
Tr=—eD, (D15)
= ig*m
f=f= 325'2M 2 f daaln—, where C and D are defined in Eqs. (14a) and (14b).
(D10) If we separate the contributions to self-energy
)
_ ig“m;m; 1 from W and S so that
_h= daaln—,
327°M,,? Jydaaln c=c¥+cS, (D16)
_ Zm;m? 1 =p" 4+ DS, (D17)
V—p=— 8 mjmz odalné , b +
327 My we then obtain
_ igtmm? 1 R A
F_o= 3;21;{ - f da1n§ , TiY fey=—To" fey=C¥

where A, A are defined in Egs. (8) and (45), respec-

R A
T, few=—T.%/e;=
(D13).
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R A
TRW1/6W=—-TR W/91=DW ’

R A
TRS/€W=—TRS/EI=DS .

These relations have been verified as a check on
our calculation.

We now show the equivalence of results of our
renormalization scheme to those computed by add-
ing only unrenormalized diagrams. A flavor-
changing electromagnetic transition g;—q; + 7 is
given by the unrenormalized vertex:

Vi=ri+3],+3,, (D19)
where

S\ =—e3p—k)p—k—m)"'y,, (D20

33 =—ejvup —m;)"'Zp) (D21)

Rather lengthy but straightforward algebra shows
that

ij —rrij ren ren
V[LI, ren I on-shell = [F;{, ren T u,1 + 2;l,,2]on—shell

ij i
= ij., ren | on-shell = Vu |0n-shell . (D22)
|

Thus,r‘;{_ren on-shell is equivalent to the sum of a
rather large set of diagrams involving proper ver-
tex diagrams of Fig. 3 as well as self-energy di-
agrams with photon emission on the external legs.
Computation of I‘Z,,en is rather simple because of
the constraint k#T';;"=0 on-shell. Note that both
V, and V), o off-shell are gauge-dependent quanti-
ties, but on-shell they are gauge independent.

APPENDIX E: THE ON-SHELL
DECOMPOSITION OF
THE VERTEX FUNCTIONS

In Eq. (51) we defined a general decomposition
valid for each term [see Eq. (49)] in VX,. Itis
easy to show that when the quark 7 (the incoming
quark) is on-shell, then the decomposition into 26
functions turns into a 16-functions decomposition
as follows:

[A3Kp* + A 4Rk +(Ag+Biom; +Agm®) YF+ A7y k> + Agy Pk p

+(—Bsm;+Ay)yPR +(Bym; +A1y)p¥ +(Bym; +2Bsm; +A413)kF]L

+[B3Kp* + Byffk* 4 (Bs+A \gm; +Bym;*)y* +ByyPk*+ ByyPk-p

+(—Asm; +B“)y“k+(A1m,-+Blz )p“+(A2m,-+2A5m,- +B13)k#]R . (E1)

When the outgoing quark j is on-shell we obtain

(A +A3+245)kpH + (A + A DRK* +(Ag +Agm;* — A om; )y *
+(As+A7— AV +( =245+ A5 +240)y Pk p +(—mAs+A 10 +A1 )y ¥
+(Aymj+2410+A)p +(mjd;+2mijAs—24,0+A13)k 1L
+[(B+B3+2Bs)kp" + (B, + By Kk* +(Bg+Bym;>—Bom; )y*
+(Bs+B;—Bo)y*k>+(—2Bs+Bg +2Bo)y"k-p+(—m;Bs+Bo+ By, )y*k
+(Bymj+2Bo+B1y)p* +(m;By +2m;Bs—2B o +B3)k*]R . (E2)

When both i and j are on-shell, we find a decomposition into six functions multiplying p,.k,, and v, for

the left and the right part of the vertex,

+

—+

-+

B
—+—B“mj +B7k2+78(m,-2—mj2+k2)

(=Bsm;j+Big+B)m;+(—As +A9)m2+ 4, +Am; +A4.k*+

[(By+B3+2Bs)m; —Aym;+A13—24111p* +[(By+By)m; —Aymj+ A3 +24,, Jk*

As

2 (m,-z—mjz—{—kz)

y“JL

[(4,4+A43+245)m; —Bsm;+ B, —2By p* +[(A, +A4)m; —Bym; + B3 +2B Jk#

(——Asmj +Ay+A11)m; +(—Bs+ By )m,-2+36

y*IR . ‘ (E3)
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We can reexpress the last equation in terms of y#, o**k,, k" instead of y*, k¥, p* by using

Kk io*'k, vFm; vEm;

ML ==L .
)4 5 + 2 L+ > R+ > L,

k* ioc"k, v¥Em; vtm;

PR=—R R /
p ) + ) + 5 L+ > R .

(E4)

In the limit of small external masses and momenta one recovers the results of Ref. 10.
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