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It is shown that the compositeness conditions by themselves do not ensure the complete
equivalence of the Yukawa-type interaction with the corresponding four-point interaction.
In our study of the corresponding situation in the context of the Lee model versus the
separable-potential model, we find in the limit in which the bare Yukawa coupling con-
stant becomes infinite, the finite-energy wave functions calculated from the two theories
coincide. It is shown, however, that although the finite-energy spectra of the two theories
are the same, the Yukawa theory has additional spectral contributions at infinity. It is
further demonstrated that it is only by removing all contributions from the spectrum at
infinity that the two theories can be made essentially identical. It is therefore suggested
that the proofs of the equivalence of the four-fermion interaction and the Yukawa-type
interaction need to be reexamined.

I. INTRODUCTION

The possibility of a close connection between a
renormalizable Yukawa-type interaction and the
nonrenormalizable four-spinor interaction was first
suggested by Houard and Jouvet' in the context of
the soluble Lee model and the separable-potential
model. In their pioneering paper, Nambu and
Jona-Lasinio demonstrated that it was possible,
starting from a four-fermion interaction, to obtain
a collective bosonic state that effectively coupled to
the fermions via a Yukawa interaction. Since then,
a number of authors have considered the possibility
of const'ructing Yukawa-type theories starting from
a single quartically self-coupled fermion field,
thereby reducing the number of fundamental fields

in interaction. The interesting possibility that the
resulting Yukawa theory admits a gauge type of
interaction has been considered in the context of
quantum electrodynamics since the early sixties.
Also, in recent years, there nave been several at-
tempts to derive non-abelian gauge theories start-
ing from an appropriate four-fermion theory. The
possibility that the Higgs fields are composites of
fermion fields has also been considered.

The condition for the equivalence of the renor-
malized four-fermion and Yukawa-type Lagrangi-

ans, it is widely believed, is that the effect of the
bare boson field in the Yukawa theory vanish.
This can be realized by the vanishing of certain re-
normalization constant Z;, of the corresponding
Yukawa theory. %e note that the sense in which
the equivalence is demonstrated is that the renor-
malized Green's functions of the two theories are
shown to coincide to all orders in perturbation
theory.

It has been suspected that direct comparison of
the forms of the two Lagrangians and a one-to-one
correspondence of the Feynman diagrams of the
two theories may not be entirely satisfactory
demonstration of their equivalence. Recently Ra-
jaraman has questioned the validity of some of
these "proofs" basing his arguments on the con-
sideration of two systems each with a finite num-
ber of degrees of freedom. He concluded that the
compositeness condition Z =0 led to a renormal-
ized coupling g =v Z go

——0, i.e., the equivalence
may, almost, be realized for free field theories.

The nonrenormalizable four-fermion interaction
and the renormalizable Yukawa-type interaction
intuitively appear to be of intrinsically different
character. The purpose of this paper is to study
the sense in which these two types of theories have
been stated to be equivalent, and to point out the
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limitations of such equivalence proofs. For this
purpose we consider the corresponding situation
for two soluble models, viz, the Lee model
(Yukawa-type theory) and the attractive sepa-
arable-potential model (four-point interaction).
The two theories are clearly distinct since the ma-
trix elements of the Hamiltonian in the basis of
bare states are clearly different irrespective of the
existence of any untraviolet cutoff and of the
strength of the coupling. In this paper, we study
the extent to which these two nonidentical theories
can be considered equivalent and also the mechan-
ism by which the Lee-model interaction can be
transmuted into the four-point interaction.

We proceed by first showing that it is possible to
realize the compositeness conditions Z =0 for an
interacting theory in the strong-coupling (SC) liin-

it, defined by introducing an ultraviolet cutoff on

the integrals and taking the bare coupling to infini-

ty. The cutoff may then be taken to infinity. In
the cutoff theory, however, the spectrum of the
Lee model develops additional contributions
beyond the cutoff; these move to infinity in the SC
limit. These are absent in the separable-potential
model, cut off in a similar manner. We have ex-

plicitly shown that in the SC limit, these additional
spectral contributions do not contribute to the
finite-energy S-matrix elements or scattering am-

plitudes, i.e., at finite energies, the scattering am-

plitudes and the S matrix calculated from either
the Lee model or the separable-potential model
coincide in the SC limit. We emphasize, though
that the Hamiltonians of the two theories are dif-
ferent, even in the SC limit.

To elucidate the mechanism by which the Lee
model may be transmuted into the separable-
potential model, we made a detailed study of the
Hamiltonian matrix elements of the two theories in
terms of the "base basis. " We find that the Lee-
model Hamiltonian can be written as a sum of two
parts, one arising solely from contributions of
those eigenstates whose energy remains finite in the
SC limit, and the other from those whose eigen-
values move to infinity along with the coupling.
Moreover, in the SC limit, we find that when the
latter contributions are explicitly omitted, the Lee-
model Harniltonian reduces essentially to that of
the separable-potential model. Thus, although the
finite-energy scattering amplitudes and S-matrix
elements for the two theories are numerically the
same in the SC limit, the Hamiltonians of the two
theories are distinct and the two theories are clear-
ly distinguishable. Only when the spectral contri-

butions at infinity are removed does the Lee model
get transmuted into the separable-potential model.
Some of our preliminary results were reported in
an earlier paper.

The plan of this paper is as follows. In Sec. II
we discuss the solutions and Hamiltonian matrix
elements for the separable-potential model. Section
III is devoted to the corresponding study for the
Lee model. It is shown that in the SC limit the
scattering amplitudes and S matrices for the two
theories coincide. The explicit removal pf spectral
contributions to the Hamiltonian that arise due to
the presence of the cutoff is carried out in Sec. IV.
It is demonstrated that the Lee model then
transmutes into the attractive separable-potential
model. We conclude in Sec. V with some general
remarks. Some useful mathematical formulas are
listed in Appendix A. The explicit solutions to the
Lee model with an ultraviolet cutoff are discussed
in Appendix B. A demonstration of the complete-
ness of the physical states is outlined in Appendix
C. In Appendix D, we show that the equations of
motion for the Kallen-Pauli amplitudes can be ob-
tained from those for the overcomplete amplitudes
defined in Sec. III provided the latter satisfy the
constraint relationships discussed in the same sec-
tion.

II. THE SEPARABLE-POTENTIAL MODEL

The system described by the attractive
separable-potential model consists of two fields as-

sociated with the X and 0 particles, interacting via

a four-point contact interaction. The Hamiltonian
for the system is given by

&= f d'k ka "(k)a(k)

—f d k h(k)X a "(k) f d lh(l)Xa(l) .

All fields are quantized as bosons. In Eq. (2.1),
and in the rest of this paper, it is assumed as a
matter of notation that all momentum integrals are
cut off at an upper value of momentum

~

k
~

=L.
We consider, for simplicity, the 0 particle to be
massless and also ignore any recoil energy of the N
particle.

The theory, as is well known, decomposes into a
countable number of disconnected sectors labeled

by the eigenvalues of the operators K~ and. Y'&

defined by
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Ma= J d k a (k)a(k)

Y~ ——XN. (2.2)

The lowest nontrivial sector is characterized by
V& ——1 and Mg ——1.

In what follows, we use
~

& to denote the eigen-
states of the free Hamiltonian (defined as the bilin-
ear part) and

~
&&x to denote those of the total

Hamiltonian. The entry within the ket denotes the

state under consideration and also the eigenvalue in
the case of the free Hamiltonian eigenstates while
k denotes the eigenvalue of the corresponding
states for the total Hamiltonian.

It can be easily checked that the Hamiltonian
matrix elements for the N0 and 1V00 sectors can
be written as

(NOk
i
H NO( & =k5(k —1 ) —h (k)h (t) (2.3)

and

(NOkOl
l

H
I
NOk'Ol'& =(k +l)[5(k —k')5( 1 —1 ')+5(k —1 ')5( 1 —k')]

—[h(k)h(k')5(1 —1')+(k~1 )+(k'~1')+(k~1 )(k'~1')] . (2.4)

These equations will be used later for the compar-
ison of the "transmuted" Lee model with the
separable-potential model.

In terms of the function px(k) defined as

lim D(z) &0.
z~0

(2.10)

The monotonicity of D (z) ensures that the bound
state, if it exists, is unique. Also, the fact that

px(k)=(NOk iNO»x, (2.5) lim D(z) =1

the equation of motion in the NO sector can easily

be seen to be

(&—k)pg(k) = —J h (k)h (l)pg(l)d3l . (2.6)

The solution for the scattering states can be readily
obtained from Eq. (2.6) to be

px(k) =5( A, —k )—h(k)h(l) 1
(2.7)

A, —k+ie D+(g)

together with the continuous and monotonically
decreasing nature of D (z) for real z ensures there is
no real zero of D(z) for z )L, i.e., there is no
bound state beyond the cutoff. It is well known
that D(z) has no complex zeros In ou. r considera-
tions, we will assume that there is a bound state 8
of mass M (0. Choosing this state to have unit
norm, we write the solution as

with p (k) = [—D'(M)]' (2.11)

and

D(z)=1+ Jd k
h (k)
z —k

(2.8) Finally, from Eqs. (2.7) and (2.11), the eigen-
states for the N0 sector of the separable-potential
model can be written as

D+-(A, ) =D(A, +i@) .

By writing the equation of motion as

D(A, ) J d'k h (k)px(k) =0,

~

NO»x ——J d'k px(k)
~
NOk &

for the scattering states and

1

& »M = J d'k p~(k)
l
NOk &

(2.12a)

(2.12b)

we see that the discrete eigenvalues are given by
the roots of

D(z) =0 . (2.9)

It is clear that D(z~ —oo )~ 1 and that D is con-
tinuous for real zE( —oo, 0). Noting that D'(z) &0
in the same domain, it is evident that a necessary
and sufficient condition for a bound state below
the N0 threshold is ~8k, i) =k((NO

~

a(i)
~

&&x (2.138)

for the bound state. In obtaining Eqs. (2.12) we
have made use of the completeness of the bare
eigenstates.

%e now turn our attention to the solutions of
the separable-potential model in the %00 sector.
In anticipation of the discussion in the next sec-
tion, we introduce the amplitudes
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and

Qdi)= ((& ~~(I)
~

)) (2.13b)

and

(A, —M —l)Qq(I) = —h(1) f d3p h (p)Qg(p) .

The equations of motion for these amplitudes can
be readily obtained by considering the action of the
Hamiltonian on the states a (I)

~
NB)) k and

a (I) ~8))M. We find

(A, —k I}Q—g(k, I)

= —h (I) f d p h (p)Q&(k,p) (2.14a)

(2.14b)

These equations are of the form of the equation of
motion (2.6) in the lower sector. The solution to
these can be readily obtained. The spectrum ad-
mits NBB scattering states for 0 & A. & 2L and 88
scattering states for M &A, &M+L. The corre-

sponding solutions are written below.

%88 scattering states

With gt+ g2
——A, , 0 & g), g2 & L,

Qg(k, I)=5( g )
—k )5((2—1 }+5( g2 —k )5(()

—1 )

h (l)h(gp) 1 h (l)h (gi)
5(g) —k }— 5(gq —k }

A. —k I+is—D+(g, ) A, —k I+i E—D+(g, )
(2.15a)

and

Qg(I) =0 . (2.15b)

I

and

QpM(k, l) =0, (2.17b)

BO scattering states

Let A, =M+(. Then

h (l)h(g) 1

g —I+le D+(g)

and
(2.16a}

~
))g= 2 f d'kd'I= g(k, I) -~NBI, BI) (2.18a)

with

The normalization is chosen so as to ensure unit

norm for the bound state.
The eigenstates of the separable potential can be

written in terms of the bare states
~
NBI, BI ) as

Qg(k, l)=,~2 5(g —k) .
[ D'(M)]'~' A, —k —I

(2.17a)

(2.16b)

We see from Eq. (2.16a) that there is a bound

state in the 80 channel at X=2M, since at that
point a nontrivial solution is possible in the ab-

sence of any driving term. The corresponding
solution can be readily obtained to be

(k)
~2 h (k)

[—D'(M)]' M —k

:-q(k, l)= f p~(k)Qq(p, l)d p

+pM (k)Qg(l), (2.18b}

where in obtaining the last equation we have made
use of the completeness of physical states in the
%9 sector.

The bare basis components for the various eigen-
states can be readily worked out from Eqs. (2.18)
and our solutions presented earlier. Vfe find

h (k)h (g)) h (k)h (gp)5(g) —I )
:-g(k, I ) =5( g )

—k )5( gg —1 )— 5((2—1 )—
(g) —k)D+(()) (g~ —k)D+(g2)

h (k)h (1)h (g) }h (g2) +(k~1)
(gp —k )(g) 1)D+(g) )D+(g2—)

(2.19a)
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for the ~N88))» states,

(k i)
1 . h(l)

~
-

k)
1 h(g)h(k)h(l) 1 1

(k I) (219b)
[—D'(M)]' M —l [ D—'(M)]'i D+(g) (g —k) (M —l)

for the
~

88))» states, and

~2 h (k)h (I)
D (M)]'" (M —k)(M —I)

(2.19c)

of the bare states,
~
N8k ) and V), as

~
)),= f p»(k)

~

N8„)d'k+ a»
~

V)

with

(3.3a)

for the discrete state at A, =2M.
We will show in subsequent sections that the Lee

model, with suitable spectral contributions re-
moved, becomes effectively equivalent to the
separable-potential model discussed in this section.

III. THE LEE MODEL

In addition to the N and O fields, the Lee
model' involves a third field, V, interacting with
the N and O fields via a Yukawa type of interac-
tion. NO scattering thus occurs through an ex-
change of a V particle. The Hamiltonian for the
system is given by

p»(k) = (N8»
~

))» (3.3b)

and

(3.3c)

(3.4a)

and

()(,—k)p»(k) =gpf (k)o» . (3.4b)

From Eqs. (3.4a) and (3.4b) we see there is a
scattering-state continuum from A, =O to A, =L.
The corresponding solutions to these equations are

The equations of motion for the Kallen-Pauli com-
ponents p»(k) and o» can be written as

(Amp, —)cr»=gp f d'k f (k)p»(k)

H=mpV V+ f d kka (k)a(k)

+ f d kgpf(k)[V Na(k)+ VN at(k)] .

(3.1)

gof(~)
a+(A, )

gof (k)g»
p»(k) =5( A, —k ) +

k —&+le

(3.5a)

Again, all the fields are quantized as bosons. The
Lee model also breaks up into a countable number
of disconnected sectors labeled by the eigenvalues
of the operators. t I and. f'2 defined by

1 -~ v+"'~ x

with

=—Gqk

a(z) =z —mp —gp d k f (k)
z —k

(3.5b)

(3.6)

with

'~ 2 "~ V+"~ 8
(3.2) and a+ (A)=a(A+-i e.).

It is well known that the discrete states are given
by the roots of the equation

, &"v —v~v a(z) =0 . (3.7)

The lowest nontrivial sector, the NO or the V sec-
tor, is characterized by. V&

——.I 2
——1, while the

next higher sector referred to as the NOO or VO

sector is labeled by V& ——1, .f:
2
——2. In this section

we present the detailed solutions for these two sec-
tors.

lim a(x))0. (3.8)

By noting that lim„„a(x)= —Oo, a'(x) )0, and
that a(x) is continuous for x E [—Oo, O], it can be
concluded that a necessary and sufficient condition
for the existence of a discrete state at A, =M] ~0 is

The NO sector

The eigenstates of the Hamiltonian in the NO
sector of the Lee model can be expanded in terms

As in the case of the separable potential, we as-
sume that go and rno are such that a discrete state

~
VI )) with an eigenvalue MI does indeed exist.

To avoid the complications of discrete states in the
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continuum, " we also assume that f(k) has no
zeros.

Also, from the facts that a(x) is continuous for
x )I. and that lim„+„a(x)=+ 00, we see that a
necessary and sufficient condition for a discrete
state to exist at A, =M2 &L is

lim a(x) (0 .

2
mp gp (3.11a)

a(A, ) =(A.—Mi )

(k —Ml )(A.—k)

Noting that a(A, ) defined in Eq. (3.6) can also be
written as

aM =~Z( (3.9a)

Since f (k) is assumed to have no zeros, the above-
mentioned condition is indeed satisfied since the
last term in Eq. (3.6) diverges logarithmically to
—oo as x~L+. Hence, unlike in the separable-
potential model, there is an additional discrete state
beyond the cutoff. ' We denote it by i

V2)). We
will subsequently see that in the SC limit, it is the
presence of this state that is responsible for the
difference between the Lee model and the
separable-potential model.

The solution to Eq. (3.4) for the case of bound
states is

we get

O=a(Mz}

=M —M 1 —g dk
(k —Ml )(M2 —k)

which implies

M2 gp ln the SC llmlt . (3.11b)

1
Z

2
Sp

(3.11c)

Also, from Eq. (3.10) we can easily see that in the
SC limit,

gof(k}
pM, (k) = ~Z; =F'(k) .

l

(3.9b)
and

(3.11d)

Here, the normalization factor Z; is defined by
—1f (k)d k

(Mi —k )

We note also that for finite A, ,

1

Sp
(3.lie)

1

a'(M; }
(3.10)

and

a(A, )-gp (3.11f)

Z; plays the role of the renormalization constant
that relates the bare state V) to the physical state

~

V;)) in the sense that
i (Vi Vi))

~

=Z;.
Before proceeding with the calculation of the

matrix elements of the Hamiltonian, we consider
the behavior of certain relevant quantities in the
SC limit. This limit is defined by first introducing
a momentum cutoff on the integrals, and then tak-
ing the bare coupling to infinity. The cutoff may
then be taken to infinity if required. Our results,
however, do not depend on whether the cutoff is
taken to infinity or not. We also require that the
mass of the discrete state

i V| )) is held at a finite,
preassigned value Mi &0. Then, from

f (k}d kO=a(M| ) =Mi —mp —gp
1

0~k -(go)' (3.11g)

Lastly, from Eq. (3.9),

F'(k) -(gp) (3.11i)

also in the SC limit. We point out that since a(A, )

has a zero at A, =Mi, and a'(Ml }=I/Zi,
a(A, )-(gp) in the neighborhood O(1/gp ) of Mi.
This observation will play an essential role in the
discussion of the strong-coupling behavior of the
discrete state below the ViO threshold in the VO

sector of the Lee model. We note also that al-

though M2 and mp both move to infinity in the
SC limit,

M2 —mo=go d k —(gp) . (3.1lh)
f'«) 3 o

Mp —k

we see that in the SC limit, in order to keep M&

fixed, the bare mass mo has to be adjusted accord-
ing to

and

F (k)-
Ro

(3.1 lj)
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and

I v, »=~z,
I

v&

+ f d'k F'(k)
I
Nek & (3.12a)

For the purpose of comparing our solutions (3.5)
and (3.9) with those of the separable-potential

model, we write

being composed of' an X and a 0 particle. We now
show that in the SC limit, Eqs. (3.13a) and (3.13c)
reduce to Eqs. (3.12b) and (3.12a), respectively. To
see this, we first note that for finite A, ,

f (k)d k
a( A)= ,A, m—p g—p

A, —k

s mo go f f (k)2—

+ f d kGxkl Nek& .

In the SC limit, Eqs. (3.12) reduce to

I
v, »=' f d3kF'(k)INe„&,

and

(3.12b)

(3.13a)

(3.13b)

2

= —M, 1+ f f d'k, (3.14)

where the last equality follows because mp/M2 =1
as may be easily seen from Eq. (3.11h). With the
identification of h (k), the form factor of the
separable-potential model with (go/QM2)f(k),
Eq. (3.14) can be written as

INe»] =' f d'«]„k
I
Nek & . (3.13c) a()],) = —M2D()], ), (3.15)

Here, = denotes equality in the SC limit. Thus,
we see that in the SC limit, the finite-energy eigen-
states

I V] » and
I
Ne»~ have no contributions

from the bare state
I

V& whereas the state
I

V2 »
is, in fact, coincident with the state

I
V&. This

leads us to interpret
I

V2 » as the renormalized V

particle with its mass shifted from its original
value mp by a finite amount to M2. The state

I V] » may then be regarded, consistent with the
compositeness condition Z] ——0 being satisfied, as

where D(A, ) was defined in Eq. (2.8). Then, from
Eq. (3.13a) it follows that

lv]»= f d k, INek&
1 gof«)

[a'(M] )]]~2 M] —k

s d3k 1 h(k) Ne
[ D'(M, )]' '—M —k

(3.16a)

whereas from Eq. (3.13c) we obtain

go' ()) k

=' f d k 5(A, —k) —
I Nek & .

D+()],) (A, —k+ie) (3.16b)

A comparison of Eqs. (3.16) and (2.12) shows that
in the Ne sector the finite-energy eigenstates of the
Lee model coincide with those of the separable-
potential model in the SC limit provided the form
factors are suitably chosen. As a result, the finite-
energy scattering amplitudes and the S matrix as
predicted by the two theories coincide in the SC
limit. This follows since these depend only on the
form of the eigenstates. Explicitly, for the Lee
model, the S matrix takes the form

sxx ——(Qv'e, out
I
Ne, in »]]

( V
I
&

I
Nek & =gof(k)

(Nek
I

H
I
Ne] & =k5(k —1 ),

(3.18)

I

We point out, however, that in spite of the fact
that the finite-energy state vectors and S matrix
coincide in the SC limit, the spectra of the two
theories are clearly different since the state

I
Vz »

is present only in the Lee model.
Moreover, the Lee-model Hamiltonian matrix

elements

(vlH
I
v&=m, ,

' )g)],—v).
a (A, )

(3.17) are different from those of the separable-potential
model [see Eq. (2.3)]. This is a direct consequence
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The VO (%88) sector

As in the case of the lower sector, we denote the
eigenstates of the complete Hamiltonian by

l ))x,
with A, labeling the eigenvalue and the entry inside
the ket denoting the state under consideration. We
also denote the discrete states with eigenvalues A~
by

l AJ )).
The eigenstates of the Hamiltonian can be ex-

panded in terms of the bare states
l

VOk ) and

lNOkOI) as

l
»~= f d «~(k)IVOk)

+-, f d'kd'1 px(k, l) 1 NOkOI) . (3.19)

of the difference in the spectra of the two theories.
In fact, we will show that the difference in the
Hamiltonian matrix elements of the two theories in
the bare states basis comes precisely from that part
of the spectrum that is present in the Lee model
but not in the separable-potential model. To
reiterate, in the XO sector, although we have
shown that the finite-energy scattering amplitudes
and S matrices for the two theories are the same in
the SC limit, the theories in question are clearly
nonidentical since the respective Hamiltonians
differ even in this limit. We shall see in the next
section that to make them identical, all spectral
contributions to the Lee-model Hamiltonian that
arise due to the extra state

l
V2)) have to be re-

moved. (We recall that these did not contribute to
the finite-energy scattering amplitudes or the S
matrix in the SC limit. ) Then, the Lee-model
Hamiltonian is transmuted into that of the separ-
able potential, and the two theories become truly
equivalent. This, as we shall see, holds for the
N00 sector of the model as well.

The equations of motion for the Kallen-Pauli com-
ponents

and

are

q,(k)=«Ok
l »&

px(k, l)=(NOkOI
l

))x.

(X—mp —k)11jg(k) =gp f d3p f(p)px(k, p)

and

(A, —k —1)gg(k, 1)=g f (l)qx(k)

+gpf (k)gx(1) .

(3.20a)

(3.20b)

k((NOl a(1)
l

))x=gg(k, l),
((v, lN'vl ))„=x,',

(3.218)

(3.21b)

(3.21c)

k((NOl N V
l
))g=xx(k) . (3.21d)

For brevity, we have suppressed the degeneracy in-
dex for the %06I scattering states. By considering
the action of the Hamiltonian on each element of
the aforementioned overcomplete basis, the equa-
tions of motion can be written in the form

As has been suggested by Bolsterli' who originally
solved this sector of the Lee model but without
any cutoff, this system of integral equations is
most conveniently solved by introducing an over-
complete set of basis vectors, a "(k)

l
V; )),

a (k)
l
NO))I, V N

l V;)), and V N
l
NO))~. Ac-

cordingly, we introduce the amplitudes

(X M, 1)y,'(1)=g,—f (l)X—,',
(A, —k —l)gx(k, l) =gpf (l)xx(k),

(A, —M; mp)xx'=—gp f d 1 f(l)gx'(1) 2~Z;gp f d k f—(k) Q~ZJPx'(k)

(3.22a)

(3.22b)

—2V Z;gp f d k d 1f (k)gi*gg(l, k) (3.22c)

and

(A, —k mp)x~(k) =gp —f d 1f(1)gx(k, l) —2gpgk f d p f (p) g ~Z&gxj(p)

2gogk f d'p—d'sf(p»)g, '6(e,p») (3.22d)
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It is important to note that the amplitudes intro-
duced in Eqs. (3.21) are not linearly independent.
This is a reflection of the fact that the vectors
a (I)

~

V;)) and a (1) ~NO))», though oblique, form
a basis. By writing the vectors V N

~

V;)) and
V N

~

NH))» in terms of the above-mentioned ob-

lique basis, the functions X»' and X»(k) can be ex-

pressed in terms of the functions P»'(1) and $»(k, l)

If A+2M&, 2M', or M& +Mq, Eqs. (3.24c) and
(3.24d) can be solved for X~' and Xz(k). Using
these solutions (we will consider the exceptions
later), together with Eqs. (3.24a) and (3.24b) in Eq.
(3.24e), we obtain

and

X»'= f d p g ~Z~P»J(p)F'(p)
J

+ f d Pd PF (P)g 0 (qP)

X,(k)= f d'p G,*, g~z, .y»J(p)

+ f d pd & G»Jgq6(&») .

(3.23a)

(3.23b)

with

and

I»-+ —2 f d'k ~g» i
2»-+»la-+(A, —k) .

There are, therefore, two possibilities for obtaining
discrete eigenvalue solutions to the system of Eqs.
(3.22), viz. ,

The full content of the Lee model is realized by
solving the equations of motion (3.22) subject to
the constraints, Eqs. (3.23).

%e proceed by first obtaining all possible solu-
tions to the system of equations (3.22) and then
ruling out those that do not satisfy Eqs. (3.23).
The equations of motion are solved by first elim-

inating the functions P»'(1) and $»(k, l) from Eqs.
(3.22c) and (3.22d) using Eqs. (3.22a) and (3.22b)
and then solving these for the functions X~' and
X»(k). The details are presented in Appendix B.

%e n1ay now turn to the analysis of the condi-
tion for the existence of discrete states. For a
discrete state at A, =A, we have from Eqs. (3.22a)
and (3.22b) that

or

~A —M
1+2+Z, ' +I~=0

a(A —MJ )

YA
——0.

(3.25a)

(3.25b)

2

f d'k-
a-+(A, —k)

(3.26)

As can be seen from Eq. (3.24c), the second is a
possibility only if A=2M&, 2M2 or M&+M2. As
mentioned previously, we will consider these cases
later.

The condition, Eq. (3.25a), can be rewritten in

terms of the function K~ defined by

and

gof (1

gpf(1)YA(k)
P~(k, l) =

(3.24a)

(3.24b)

Zl Z2
(A —Zmp) + —Kp ——0 .

a(A —Mi ) a(A —Mz)

(3.27)

and

with

a(A —M; )gp' = —2~Z; Yp

a(A —k)Xp(k) = —2g» Y~,

Y~ =go f d'pf(p) g V Z, gd(p)
1

+go f d'P d'ef(p»)g, *0~(q P)

(3.24c)

(3.24d)

(3.24e)

Using these, the last two equations of motion can
be written in the form

[See Appendix A, Eq. (A15).]
%e now analyze the possibility Yz ——0. As can

be seen from Eq. (3.24c) this is possible only if
A=2M', 2M2, or Mi+M2. Also, from Eqs.
(3.24d) and (3.24b), we have X~(k)=P~(k, l) =0.
Finally, if A=2M' or 2M' (let us say 2M& for de-

finiteness), we see from Eqs. (3.24c) and (3.24a)
that Xz ——PA

——0. Then Eqs. (3.24e) and (3.24a)
lead to the null solution. For A=M&+M2, it is
simple to check that the relation

' 1/2
M2 —~o

XA Xp
Z2 M1 —mo
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implied by Eq. (3.25b) together with Xz(k) =0 and

Eqs. (3.24a) and (3.24b) constitute a nontrivial
solution to Eqs. (3.22). This solution, however,
does not satisfy the constraint equations (3.23) and
hence is unacceptable.

The set of admissible eigenvalues is further re-
duced by noting that the solution [see Eqs. (3.31)]
corresponding to A=2mo again does not satisfy
the constraints, Eqs. (3.23). The set of possible
discrete eigenvalues of the Lee-model Hamiltonian
in the VO sector is, therefore, given by the roots of
the equation

Zl Z2
q(A):— + —KA ——0.

a(A —M&) a(A —M2)

(3.28}

02 +g g2 01

gk a+(A, —M~ )gk'

a+(A, —k) 1/Z;

gof ( l)Xk'

I

Pk(k, l) =5( g )
—k )5( gg —1 )

+5(g) —1)5((2—k)

gpf (1)Xk(k)
+

A, —k —I+i@

(3.30b)

(3.30c)

(3.30d)

Before proceeding to locate the roots of Eq. (3.28),
we present the solutions to the system of equations
(3.22) corresponding to different possible states in

the Ve sector of the Lee model.

VH scattering states

In terms of the quantity g; =A, —M;, we have

z; ~z,g(+~z,g~
(3.29a)

a (g;) g+(A, )

Discrete states

We first present the solutions for the discrete
states. The conditions for their existence will be
subsequently discussed. For a discrete state with

eigenvalue A [note that it follows from the previ-
ous discussion that A+2M&, 2M2 or M &+M2,
also, since f(l) never vanishes for 0&l &L, it fol-
lows that A lies outside the continuum between 0
and 2L],

with

gg =g~ e(L —g;)e(g;),

gof (l»k'
Pk'( 1)=5(g —1 ) + 1+ie —' (3.29b)

Xk(k) =~Zi5(pi —k)+ V~Zq5($2 —k )

gk [a+(k )&k' gof(4 )1—
a+(A, —k) ~Z;

and

A =C1

1/2
Z2 a(A —M))

+A C )
Z) a(A —Mp }

gk a(A —M, }

a(A —k ) ~z,
gof (l)

(3.31a)

(3.31b)

(3.31c)

(3.31d)

with

f(g; ) =f(g; )e(g; }e(L g;)—(3.29c)
gpf (1)XA(k)

(3.31e)

and

gof (1)~k(k)
Pk(k, l) =

A, —k —l+i e

NOH scattering states

(3.29d)

The normalization c is determined by the condition

((A
~

A)) =1 .

We find (see Appendix B)

2KA

g'(A )a(A —M, )

Write A, =g, +(„0(g„g,&L. Then,

2~Z,.

a+(A, —M;) )1+(A, )
(3.30a)

X
1

1+(Z2/Z~ )a(A —M& )/a(A —M2)

(3.31f)
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and

y,(t) =v z, y, '(I)+v z,y, '(I)

+ f d'pg,*A(p, I) (3.32a)

By writing the Kallen-Pauli components in
terms of the overcomplete-basis components as

(a) If x & 2M~, a(x —k) &0, and hence, from Eq.
(3.26) K„&0. Also, a(x —M&) &0 and
a(x —Mq) &0. As a result, each term on the
right-hand side of Eq. (3.28) is negative, and hence,
there are no eigenvalues for x &2M]. A necessary
and sufficient condition for there to be a discrete
state at x=A], with 2M] &A](M], is

1(jk(k, I) =Pk'(k)F'(t)+Pk'(k)~'(l)

+ f d p G~kpk(p, l), (3.32b)

Z2 Z]
+M)+ a(M) —Mp) ~(0 )

(3.33)

it can be verified that our solutions satisfy Eqs.
(3.20) discussed earlier.

Having presented the solutions that are possible
in the Vjg sector of the Lee model, we now turn
our attention to investigating the existence of
discrete eigenvalues. As already discussed, these
are given by solutions of

g(x) =0 .

The search for real zeros of rI(x) rather naturally
breaks up the domain of possibilities into three
parts, viz. ,

For the case of the Lee model without a cutoff, the
condition for the existence of a discrete state below

the V9 threshold is the inequality (3.33), but with

Z2 ——0.' lt is amusing to note that if such a state
exists in the absence of any cutoff, (3.33) mandates
its presence in a cutoff theory. The eigenvalue,
however, shifts to an algebraically lower value due
to the cutoff. There are no other discrete states for
x &0.

It is interesting to note that in the SC limit,
A]~2M]. To see this, we first note that in the
SC limit,

and

(a) x &M~,
\

(b) x &Mp+L,

a(Ai —Mp)-gp 2

The bound-state condition g(A&) =0 then readily

yields

(c) 2L &x &Mq .

The last is possible only if M2 & 2L. Since we are
interested in the SC limit, in which event 2L
«M2, this case is clearly of interest. We exam-
ine each of these, in turn.

a(Ai —M~)
-go

a(A) —M, )

i.e., n(A~ —M~)-(gp) and not as gp as might be

expected from naively counting powers of go as in

Eq. (3.11fl. It then follows from the equation

a(A~ —M~ ) =(A~ —2M~ ) 1+gp f d k
f'«)

A) —M) —k M) —k

that A&~2M&+O(1/gp ) in the SC limit.
(b) We now turn to the examination of discrete states beyond the cutoff. It can be easily seen that Eq.

(3.28) has not roots for x &2M&. We now consider the possibility of a root at x such that

Mz+L &x &2M&. To this end, we rewrite Eq. (3.28) as

g(x) = z1 z2 3 Igk I

'
+ + f d'k =O.

o.(x —M
&

) a(x —M& ) a(x —k)
(3.34)

We first note that g(x)~ —oo as x~ 2M& from below. Moreover, recalling that a(L+) diverges and not-

ing that a(Mz+L —M&) and a(Mz+L —k) are both non-negative, we have from Eq. (3.34) that

q(Mz+L ) & 0. Finally, by writing r)(x) in the form

Z] 2Z] Z2 Z2 2Z] 2Z2
g(x) = + + + d'I

I gI I

' +x —2M] x —M] —M2 x —2M2 x —l —M] x —l —M2

d,kd, I gk I'I gI I'
x —k —l

(3.35)
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we see that zl(x) is continuous and monotonically decreasing in the domain under consideration and hence

passes through a single zero. There is, therefore, one discrete state at Az, with Az&[Mz+L, 2Mz]. It is

easy to see that the difference, Az —(Mz+L ), remains finite in the SC limit, since in this limit, Eq. (3.32)
redu ces to

rl(Az) = 2Z ] +2 d'I1

A2 —M )
—M2 A2 —2M2 A2 —M2 —I

Z1 2zlzz Zz 3 z
2Z1 2zz

3 3 Igk I

'
I gi I

rl(M2I= + + + I d'1
I gr I

' +dkdl
M2 —2M )

—M] —M2 M, —I —M, —l M, —k —l

It follows then that zl(Az) =0 can be satisfied only if Az is finitely removed from Mz. (Recall Az &2Mz. )

(c) Finally, since Mz always exceeds 2L in the SC limit, the domain 2L &x &Mz has also to be examined
for possible roots of Eq. (3.28). For 2L &x &M~+Mz, a(x —M~I and a(x —Mz) are both negative, whereas
K„&0. As a result, ri(x) &0, leading us to conclude the absence of a discrete state in this domain. We now
turn to the possibility of discrete states in the domain M~+Mz &x &Mz. We note from Eq. (3.35) that
rl'(x) &0 in this domain and that zi(x) diverges to + oo as x~ (M~+Mz)+. We now show that zi(Mz) &0,
so that zi(x) remains positive in the whole domain.

From Eq. (3.35), we have

Also, we have

2ZJ Zp Z2 , I gz I

'
+2Zp d I—M) —M2

&0 (3.36b)
M, a(O-)

since Zz, Mz, and a(0 ) are all positive. Finally,
since M2 p 2L in our present considerations, we

note that those terms in Eq. (3.36b) that have not
been included on the left-hand side of Eq. (3.36c)
are all Positive, i.e., zl(Mz) &0. We are thus led to
conclude that there is no discrete state for
M&+M2 &x &M2.

To summarize, the spectrum of the Lee model in

the VO sector consists of (i) an ZOO continuum
from A, =O to A. =2L, (ii) a V~O continuum from
A, =Mt to A, =M&+L, (iii) a VzO continuum from
A, =Mz to A, =Mz+L, and (iv) discrete states at A~

and A2 with 2M~ &A~ &M~ and M2+L &A2
&2M2. In the SC limit, A~~2M& whereas A2

remains finitely removed from M2+L.
This spectrum is illustrated in Fig. 1.

(3.36a)
I

The eigenstates can be written in terms of the
functions t})k'(1), pk(k, 1) without any mention of Xk'

or Xk(k) because the vectors a (1)
I

V; )) and
a (1)

I
lVO))k form a complete set. It can then be

directly verified using our solutions together with
the SC behavior of the various quantities discussed
earlier in this section, that the states

I
V& 8)),

ZOO)) and the bound state below the threshold
(these would be the only eigenstates in the absence
of any cutoff) do not have any contribution from
the bare V particle in the SC limit, i.e., 1(tk(l) van-
ishes for these states. Moreover, for these states,
gk(k, l) has no contribution from the pk (1) term in

Eq. (3.32b). (Note that this term is the contribu-
tion of the state

I
Vz }).) In fact, the solutions [Eqs.

(3.29), (3.30), and (3.31)] for the
I

V~O)), I
ZOO))1,

and
I
Az)) states in the SC limit take the forms

gof(l) f(A, —M, )

(g) —1 )a( A. —M ) )

and

gof (1} 1
pk(k, l)=', 5(g~ —k) for the

I
V~O))state,

X—k —1 a'(M)}

y, '(1)='O,

Pk(k, l) ='5( g )
—k )5( gz —1 )+5(gz —k )5( g) —1 )

gof(1} f(ki) - - f(0z)+ . 5(gz —k)+ 5(g~ —k} for the
I
ZOO)}k state,

k 1+ie ,—a+—(g, ) a+(gz)



2104 CHIANG, CHIU, SUDARSHAN, AND TATA

N88

V)8
I M i I

2M1 M M)+ L 2L M2

Ap
I U' jl I

I ~ /I 1

M~&L 2M'

FIG. 1. The spectrun of the Lee model in the 2VOO

sector.

and finally,

s gpf v 2

Mi —l a'(Mi )

and

P~ (k, l)='0 for the
~

A~)) state.

Once again, we see using Eq. (3.15) and identifying
the form factors k (k) and gpf (k)/QM2 that in
the SC limit the solutions for these states reduce to

the corresponding solutions Eqs. (2.16), (2.15), and
(2.17) for the separable-potential model, i.e.,

P~'(1) ='Q~(l), P~(k, 1) ='Q~(k, l), and P~ (l) =0. At

this point we remind the reader that A& ——'2M&.
The state

~
A& )) is identified with the bound state

of the 8 and 0 that occurs in the separable-poten-
tial model. We are thus led to interpret it as a
bound state of the V& and the 0 particles in the
Lee model.

As with the case of the lower sector, since the
wave functions for the finite-energy eigenstates of
the Lee model and for the separable-potential
model become identical, we are led to conclude
that the scattering amplitudes and the S matrix for
the two models are the same at finite energies, i.e.,
the agreement is not due to some fortuitous ac-
cident in the lower sector.

We now turn our attention to the matrix ele-
ments of the Hamiltonian of the Lee model ~

Direct computation of these from Eq. (3.1) yields

(VOk (H
~

VO() =(mp+l)5(k —1),
( VOk ~H

~ NOpOq) =gpf(p)5(k —q)+gpf(q)5(k —p),
(NOkO/

~

H
~
NOpOq ) =(k +l)[5(k —p)5( 1 —q)+5(k —q)5( 1 —p)] .

(3.37a)

(3.37b)

(3.37c)

Once again, we see that although the finite-energy
wave functions, scattering amplitudes, and S rna-

trices calculated from the Lee model and the
separable-potential model coincide in the SC limit,
the Hamiltonian matrix elements definitely differ.
As with the case of the lower sector, the transmu-

tation of these to the Hamiltonian matrix elements
of the separable-potential model so as to make the
two theories essentially identical, requires that the
spectral contributions to the Hamiltonian, from
that part of the spectrum which arises due to the
cutoff, be explicitly removed. This transmutation
mechanism forms the subject of the next section.

I

separable potential. Thus, the compositeness con-
dition Z] ——0 does not ensure complete identity of
the two theories. In this section, we demonstrate
that if the spectral contributions of these extra
states are explicitly removed, the bare V particle
decouples from the theory and the Lee model be-
comes essentially equivalent to the separable-
potential model in the SC limit. (This limit is re-
quired to ensure Z~ ——0.) We have carried out our
calculations for the NO and the %00 sectors so as
to guard against the possibility that the "transmu-
tation property" is accidental in the lower sector.

IV. THE TRANSMUTATION OF THE LEE MODEL
INTO THE SEPARABLE-POTENTIAL MODEL

In the previous sections, we have concluded that
although the finite-energy scattering amplitudes
and S matrices for the Lee model and the
separable-potential model are identical in the SC
limit, the spectra of the two theories are clearly
distinct since the Lee model develops spectral con-
tributions at infinity which do not arise in the

Dynamical rearrangement of the Hamiltonian

(x'
i
H

i
x ) = g z(x'

i
z)) ((z

i
x ), (4.1)

where H
~

z)) =z
~

z)). Again, for brevity, the de-

generacy index is suppressed. The wave functions
(x

~

z )) for the NO sector are given by Eqs. (3.12)

We denote by
~

x ) the eigenstates of the free
Hamiltonian and by

~

z )) those of the total Hamil-
tonian. Then, using the closure relations we write
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while those for the N00 sector can be calculated
using our solutions together with Eqs. (3.30).

We have performed a rather lengthy calculation
to verify that the dynamically rearranged right-
hand side of Eq. (4.1) indeed reproduces the matrix
elements listed in Eqs. (3.18) and (3.37) for the %8
and VO sectors, respectively. Extensive use has
been made of the compendium of integrals in Ap-
pendix A.

The transmutation of the Lee model

As discussed above, the dynamical rearrange-
ment cannot, and does not, alter the content of the
Lee model. We now show that if we take the SC
limit, and explicitly exclude from the sum in Eq.

(4.1) all spectral contributions that have their roots
in the presence of a cutoff, the Lee model is essen-

tially reduced to that for the separable potential.
In the NO sector the excluded part of the spectrum
consists of the isolated point at M2 whereas for the
VO sector the excluded parts are the discrete state
beyond the cutoff together with the

~
V28&& con-

tinuum. We remind the reader that in both sec-
tors, the excluded contributions move to infinity in

the SC limit. The Hamiltonian thus separates into
two parts, each of which consists exclusively of
contributions from the parts of the spectrum that
remain finite in the SC limit or from those parts
that move to infinity in the same limit.

We now consider the lower-sector case in some
detail. Let us first concentrate, for definiteness, on
the matrix element

V ~H I
V&=M, &V

I
V, &&&& V,

I
V&+ f d'pp&vllV8&&J p&&X81 V&+[M, &V

I
V, &&&& V, I

V&].

(4.2)

In Eq. (4.2), and in what follows, that part of the matrix element which arises from the spectral contribu-
tions at infinity is enclosed in the square brackets. Using Eqs. (3.5) and (3.9) these can be readily evaluated

to yield

M, Z, + f d p ~gz ~

p+[M2Z2]=M&Z&+ f dpp —
+ +[M2Z2]3 2

L 1 1

2i no '~ (p) ~+(p)

=M, Zt — f dp +[M2Z2]
1

2i ~ r a(p)

=M)Z) M)Z) M2Z—2+m—0+[MpZ2] =mo —M2+[M2], (4.3a)

and

& V
~

H
~
%8k & =0+ [gof (k)] (4.3b)

&%8k
~

H
~

%81 & =k5(k —l )—go f(k)f(l)
M2

where I is the contour illustrated in Fig. 2. We
remind the reader that the symbol, =', denotes
equality in the SC limit.

In a similar manner, we readily obtain

the square brackets), the V particle decouples from
the N and 0 particles. Then the Lee model and the
separable-potential model, with the identification
of the form factors gof (k)IQM2 and h (k), be-
come effectively identical. We emphasize that the
removal of the additional spectral contributions is
an essential step in this demonstration since, as is
obvious from Eqs. (4.3), if this is not done the

[go'f (k)f (l) l

M
(4.3c)

tZ

We thus see from Eqs. (4.3) and (2.11) that, at
least in the lowest nontrivial sector, in the SC lim-
it, when the spectral contributions due to the single
state at infinity are removed (these are the ones in

I/
M 2

FIG. 2. The contour I that occurs in Eq. (4.5a) of
the text and Eq. (A16) of Appendix A.
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Lee-model matrix elements are reproduced as
should be the case.

We now show that this "strong-coupling"
transmutation can also be done in the VO sector of
the Lee model. To see this, we have once again to
isolate all the spectral contributions that arise due
to the cutoff. Once again, these move to infinity
in the SC limit. The separation of these contribu-
tions is most simply achieved by noting that the
sum in Eq. (4.1) consists of quantities of the gener-
ic form

g zA, B,',
where A, and B, are any one of P,~(k) or $,(k, l).
Using the equations of motion (3.22) the above
sums can be reduced to linear combinations of the
form

(4.4)

where C, and D, are any one of P,J(k), $,(k, l), X,J,

or X,(k). Before evaluating these sums we use the
relations in Eqs. (3.23) to eliminate the functions

X,' and X,(k) from the sum in (4.4). The isolation
of the spectral contributions that arise due to cut-
off is simply achieved by separating from the sum

in (4.4) all terms with eigenvalues z that move to

infinity in the SC limit, i.e., those due to the

~
V28)) scattering states and all the discrete states

beyond the cutoff. We have explicitly verified that
the contributions of the a (k)

~
V~ )) and

a (k)
~

EO))~ components of the states "at infinity"
to the sum (4.4) vanish in the SC limit. Those
from the a "(k)

~

Vz )) component of the finite-

energy states
~

V~8))q,
~

iV99))x, and
~

A~)) also
vanish in this limit. That this occurs can be readi-

ly seen by merely counting the leading powers of
go in the solutions presented in Sec. III and using
these to compute the go behavior of the sum (4.4).
In doing so, particular care needs to be taken in

dealing with the discrete state at A& below the V]0
threshold, since as we saw in the last section,
a(A& —M~) —(go) rather than go as might be ex-

pected by simple power counting. The reason for
this seemingly anomalous behavior, of course, is
that A&~2M& in the SC limit.

The fact that the above-mentioned contributions
vanish facilitates the removal of the spectral con-
tributions at infinity to the Hamiltonian matrix
elements since this is equivalent to dropping all

Px (k) contributions from the sum (4.4) after I~'
and Xx(k) have been eliminated. These reduced
sums can then be evaluated' using Eqs.
(A6) —(A14) of Appendix A. We thus obtain in

the SC limit

( Vg
~

H
~

Vg/) =( o
—M2)5(k —l )+[Mz5(k —l )],

{V'9$
l

H
l
&'9a ( i ) =0+ [gof (k ')5( k —l ') +gof (l')5( k —k') ]

(4 5a)

(4.5b)

{+(lk()l
I
H

I
NHa'Ol'~ =(k +l)[5(k —k')5( 1 —1')+5(k' —1 )5(k —1 ')]

gof (k)f (k')5( 1 —1 ')
+(k~ 1 )+(k'~1')+(k~ 1 )(k'~1 ')

M2

gof (k)f (k')5( 1 —1')
+ +(k~ 1 )+(k'~1')+(k~ 1 )(k'~1') .

M2

(4.5c)

We remind the reader that the terms in the square
brackets are those that occur from the spectral
contributions that arise due to the cutoff. We see
once again that when, and only when, these are re-
moved that the bare V particle decouples from the
bare X and 6 particles and the Lee model and the
separable-potential [see Eqs. (2.11)] model become
effectively equivalent.

At this point, it seems appropriate to delineate
the role of the ultraviolet cutoff in the transmuta-
tion of the Lee model into the separable-potential
model. Irrespective of the existence of any cutoff,
the finite-energy S-matrix elements and scattering
amplitudes calculated from the two theories coin-
cide in the SC limit; the Hamiltonian matrix ele-

ments, however, are always different. (Note that
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the presence of a cutoff does not alter these. ) The
two theories are thus clearly distinct and since, in

the absence of a cutoff, there are no additional
states in the Lee model that are not present in the
separable-potential model, we see no obvious way
in which one can be transformed into the other by
omitting suitable contributions. We also remark
that the equivalence proofs existing in the litera-
ture confine themselves to demonstrating the
equivalence of the Green's functions (or equivalent-

ly, scattering amplitudes) without any reference to
the Hamiltonian. These proofs, it is therefore sug-

gested, may not be regarded as complete.
To summarize, we have explicitly shown in the

two lowest sectors of the Lee model that the condi-
tion Z& ——0 by itself does not ensure its equivalence
with the model of the separable potential. To see
the additional ingredient required to make the two
theories identical, we introduce an ultraviolet cut-
off on both theories. This causes additional states
to appear in the Lee model but not in separable-
potential model. It is only when the spectral con-
tributions due to these additional states are expli-
citly removed that the two theories become effec-
tively identical in the SC limit. The latter is, of
course, needed to ensure the compositeness condi-
tion Z& ——0.

the strong-coupling limit are both essential in-

gredients.
In the last few years, some authors" have sug-

gested the renormalizability of the four-fermion in-

teraction, basing their arguments on the
equivalence of the four-fermion theory and the cor-
responding Yukawa theory. Our investigation of
this alleged equivalence, at least for the soluble
models, shows that the transmutation of the Yu-
kawa type of interaction to the four-point interac-
tion occurs only when certain contributions from
the spectrum of the Yukawa theory are removed.
We have also checked this transmutation property
for the case of the Lee model wherein the N and 0
fields are quantized as fermion fields to ensure that
the transmutation process is not a characteristic of
Bose fields. The results of this investigation will

be reported elsewhere. ' To conclude, we note that
if a scenario similar to the one discussed here also
prevails in the case of relativistic field theories, the
present proofs of equivalence and the resulting
conclusion that some four-fermion type of interac-
tions may be renormalizable needs further exam-
ination.
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APPENDIX A

In this appendix, we list some formulas which
are useful in deriving many of the results presented
in the text. The scattering states are normalized as

(NOg NO))=5(k —1},
(ve,

l
ve, ) =5(k —1), (A2)

(XOg0(
l
Nog Hi ) =5(k —k')5(1 —1')

+5(k —1')5(1 —k'} .

(A3)

The discrete states are normalized to have unit
norm. From the above, the completeness relations
take the form

I
v) ( v

I
+ f d'A:

I
&|}k) (+~k

I

=~
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f d'k
I

VB„&«B„
I

/ —, f d kd 1
~

NBkBI)(NBkBI
~

=I (A5)
f, d'klg, 1'~(k)= —,. f

(A16)

in the XO and VO sectors, respectively.
In what follows, we list certain integrals which

have been extensively used in the text:

where 1 is the closed contour defined in Fig. 2.
Finally, the discontinuity

a+(k) a(—k)=2mif (k),
(A6)

(A8)

f d k F'(k)FJ(k) =5 1
—(Z;ZJ )'

f d k~gk~ =1—Z~ —Z2,

f d'k Gpk G,*k =5( p q) —g,g~- ,

f d kF'(k)Gpg ———~Z;gq,

f d k gkGkrp = ~Z)F'(p) ~&~F (p), (A10)

where

fdkf(k) . = fdkf (k)

APPENDIX 8

(A17)

f d3k Gq~Gk =5(p —q) —F'(p)F'(q)

—F'(p)F'(q),

f d k gk Gyp(k+1) = —g (Mt+i)~Z;F'(p)

(Al 1)

In this appendix we present, in some detail, the
method of obtaining the solution to the system of
equations (3.22) for the various states of the Lee
model.

+gof (p),

f d3k Gk~Gk (k+1)=(p+l)5(p —q)

(A12)
VH scattering states

From Eqs. (3.22a) and (3.22b) we can write
—g (M;+ l)F'(p)F'(q),

(A13)

gof (1»~'
Pg'(1) =5(( —1 )+

(;—1+i@
(8 la)

f d'k ~g„~'(k+1)=—g [(M;+l)Z;]
l

+mo+I . (A14)

and

with

gof (1)Xg(k)
g k, l)=

A. —1 —k+ie ' (Bib)

Also, the spectral functions I~ and E~ defined in

the text are related by g;=A, —M, .

Substituting these into Eqs. (3.22c) and (3.22d) one
easily obtains

—(A. —2mo)K~+2(Z] +Z2) . (A15)

We complete our compendium of useful results by
pointing out that many momentum integrals occur-

"-ring in the text can be written as contour integrals
of functions, analytic in the cut k plane as

and

a+(g;)X~'=f(g; ) —2~Z, Y

Here

a+(A, —k)Xg(k) = —2' Yg .

(82a)

(82b)

Yz=gof d k f(k)[~'Z)A'(k)+VZzPx (k)]+go f d kd 1f(k)gI Px(1~k)

f(g; ) =f(j; )B(g; )B(I- —g; ) .

In terms of
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gg =gg 8((;)9(I.—g;),

the solution to (82b) can be easily written as

+ gl, [a+(g; )Xg' —f(g; ) ]
Xg(k) =~Z)5(()—k)+QZ25((2 —k)+

a+(A, —k) ~Z;
(83)

where we have written Y~ using Eq. (82a). Using (Bl) and (83) and the definition of Y~, Eq. (82a) reduces
to the system of equations

a+(g))(1+Ig )+2zi~t
2(zizp)' Ag+,

2(Z, Z )' Ag+ 'X ~

'
f(g, )(1+I+)—2~Z, I

a+(g, )(1+I,+)+2Z,~;, X&' f(k)(1+I~ ) —2V &~rv

with

r,= g ~z,(f.
J

(84)

This can be readily inverted to obtain

(~—2mo)(1+Ix )[—Zig IP+(k)+Z2f(ki) —2(zi»)' f(k) —f(ki)a+(k)&z 1

x~' ——

(A, —2m o )( 1+I~+ )rl+(A, )a. +
(g& )a+ (g2)

(85)

can be obtained in a similar manner. A straightforward manipulation of this leads to the solution stated
in the text.

NBB scattering states

Once again, from Eqs. (3.22a) and (3.22b) we can write

gof ( l)Xz'

A, —M; —i+is
and

gof (l)Xg(k)
pg(k, l)=5(g) —1 )5(gq —k)+5(g2 —1 )5(g) —k)+

A, —k —i+is

(86a)

(86b)

with A, =g&+gz. Again, in terms of the quantity Y~ defined as before, Eqs. (3.22c) and (3.22d) take the
orm

a+(A, —M~)X~'= —2~Z; Y~,

a+(&—k)X~(k) =gof (gi)5((2 —k)+gof((2)5(gi —k) —2gk Y~

The solution to Eq. (87b), using Y~ obtained from Eq. (87a), can be readily written as

a+(A, —M~ ) Xg'
Xg =g g 5( gg —k )+g g 5( g )

—k ) +gk
a+(A, —k) Z;

Also, as in the case of the
~

VO)) states Eqs. (87a) lead to the system of equations

(87a)

(87b)

(88)

a+(A, —M) )(I+Ig )+2Z)Ag+ M

2(Z, Z2)' Az ~~

2(z zz)'"~~—~, x~'
' '2~z, r„

a+(A, —M2)(1+Ig )+2Z2Ag ~ Xg 2~Z21 ~
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with gpf (I)Xp(k)
P~(k, I) = (Blob)

1 x =f(0i)g g, +f(0z)g g,
Also from (3.22c) and (3.22d) we readily obtain

+gg, gg, (Ag+, +A( ) . (89)

The solution to (89) reduces to that stated in the
text.

a(A —M; )Xq'
a(A —k )Xz(k) =gk

QZ;

(811)

Discrete states

Since the left-hand side of (811) is independent of
i, we see that

As discussed in the text the discrete states are
characterized by the roots of the equation

1 /2
Zz a(A —M))
Z) a(A —Mz)

(812)

and

gpf (I)Xp'

A —M; —I
(810a)

rl(A) =0 .

The solution to the system of equations (3.22), for
A+M&+Mz, can be readily obtained by first writ-

ing from Eqs. (3.22a) and (3.22b)

Also, from Eq. (Bl1),

gk a(A —M i )XA'
Xp(k) =

a(A —k)
(813)

It can be easily shown that this reduces to

The normalization constant 7A' is, of course, fixed
by the requirement

gXw*Xz'+ f d'pXA(p)XA(p)+ g f d'k pp(k)pA'(k)+ f d'k d'I g(l, k)p~(l, k)=2 .
1

For A+M&+Mz, Eq. (814) leads to the normalization, Eq. (3.2gf), stated in the text.

(814)

APPENDIX C

In this appendix, we show that it is possible, using the explicit solutions presented in the text to reproduce
the results one would expect simply on the grounds that the physical states form a complete set. This would
serve as an independent check of these solutions. As an illustrative example, we consider

g (( Vz
~

a(k)
~
))xz((

~

a "(I)
~

Vz)) =(( Vz
~

a(k)a "(I)
~

Vz)) =5(k —1)+Fz(k)Fz(I) (Cl)

with A, running over the entire spectrum of the
Hatniltonian. The left-hand side of Eq. (Cl) can
be written as

(C2)

l

simplicity.
We first note that from Eqs. (3.29), (3.30), and

(3.31) it follows that

16 (k)-

where A,
~

runs over the part of the spectrum that
remains finite in the SC limit, and X2 over the
remainder, i.e., the sum over X2 contains contribu-
tions from the V20 continuum eigenstates and the
discrete state

~
Az)). Here, we verify Eq. (Cl) res-

tricting ourselves to the SC limit for the sake of

in the SC limit when the state
~

))z is any of
1

~
V~0))x, , ~%00))z,, or

~

A&)). Also, since the

right-hand side of Eq. (Cl) —1/gpz in the SC limit
we restrict our demonstration to the same order.
This is not to say Eq. (Cl) is not exactly valid, but
only that we restrict our demonstration to terms
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ri(z)a(z —M2 )
ri(z) =

2

(C3)

—1/go for the sake of simplicity. We thus evalu-

ate the left-hand side of Eq. (Cl) by retaining only
the second term of the expression (C2).

We first define the function g(z) in terms of the
function g(z), defined in Eq. (3.28) as a+(z —M2)

2(z —2M2)
8z ='1 —Z2

We thus get

(C4)

We note that the numerator of Eq. (C3) is non-

singular since Az) M2. The function ti(A, ) can be
written in the SC limit, using the representation
Eq. (3.35) for g as

Z2
g+(x) —q (x) =' — [a+(x —Mz) —a (x —M2)] .

2(x —2M2)
(C5)

In terms of this newly defined function ri the solution PP'(k) for the Vz0 continuum can be written from
Eqs. (3.29) as

(C6)

The contribution of the VqH continuum to the sum in (C2) can be written as

I dA, Pg (k)Pg *(1)=5(k —1 )—
M2 2(k l+i e)(k ——M, +i e) &+(M, +k)

Z2f (k)f (l)go' 1

2(l —k i e)(l —M— 2 i E) ti (M—~+i)

go'f«)f(l»~ I 2" 1di,
l& (g~ —k I e )(g2 M—~

—i e)—((~—l + i e )

1 1

q+(x)
(C7)

The right-hand side of Eq. (C7) can be readily evaluated using the method of contour integration and noting

g has a zero at A2 such that

2(A2 —2M2) ='Z2a(A2 —M2) .

We then get

dA, $g (k)(hx (1)='Slk —1 )+F (k)F (l)+
M2 A2 —Mz —k A2 —M2 —I 2 A —2M2 ~' Az

We now show that the last term in Eq. (C9) is can-
celled by the contribution of the discrete state

~
A2)) to the sum (C2). We proceed by noting that

the normalization
~

c
~

defined in Eq. (3.31f) can
be written as

In deriving this, use has been made of the bound-
state condition q(A2) =0 to eliminate KA . Then,

using Eqs. (3.31b) and (3.31d), we readily obtain

go' (k) (l)

(A2 —M2 —l )(Aq —M2 —k )

Z)a(A2 —M2)

Z2a (Ap —Ml ) g'(A2)
(C10) 1 1 1X—

2 (A —2M, ) & (A, )
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where we have made use of the bound-state condi-
tion, Eq. (CS). We thus see that this indeed can-
cels the last term of Eq. (C9), thereby verifying Eq.
(Cl), at least in the SC limit. The consistency of
other matrix elements with the solutions presented
in the text can be checked in a similar manner.

P2'(l) =~Z; lljg(l )

+ dpF p pip

+ f d'pGk, A(l p),

(Dla)

(Dlb)

APPENDIX D and

~2,'= f d'p F'(p»)A(p), (Dlc)

In this appendix, we prove that the overcomplete
basis equations of motion, (3.22), together with the
constraint equations are equivalent to the equations
of motion, (3.20), for the Kallen-Pauli amplitudes.

To this end, we first write the amplitudes intro-
duced in Eqs. (3.21) in terms of the Kallen-Pauli
amplitudes as

&2.(k)= f d'pGa, 6(p) . (Dld)

It is simple to verify that Eqs. (Dl) are equivalent
to Eqs. (3.32) together with the constraint condi-
tions (3.23).

To derive the equations of motion for the
Kallen-Pauli amplitudes, we first rewrite Eq.
(3.22c), using Eqs. (Dla), (Dlc), and (3.32a) as

(A, M~ —mo)—f d'pF'(p)$2„(p)+~Z; f gof(p)$2(p)= f d'ld'pF'(p)$2, (lp) .

By writing (A, —M; —mo) on the left-hand side of Eq. (D2a) as (A, —M; —mp+p —p), Eq. (D2a) can be
rewritten as

f d pF'(p) (A, —mp —p)ll2(p) —gp f d l f(l)li2(l p) =0.

In a similar manner, we can rewrite Eq. (3.22d) in the form

f d p Gl (~—mo —p)A(p) —go f d'lf(l)A(l p)

(D2a)

(D2b)

(D3)

Multiplying Eq. (D3) by Gk& and integrating over k we have, using Eq. (All) together with Eq. (D2b), the
required equation of motion

—pW2(p)=g f d'lf(l)6(l p) . (D4)

To derive the equation of motion for g~(k, l), we rewrite Eq. (3.22a) using Eqs. (Dla) and (Dlc) together
with the definition of F'(p) as

f d p[(A, p l)F'(p)$2„(1 p—) g—o~Z;f (p)$2(l, p—)]

=gof(l) f d p F'(p)Q (2)p~Z;(Amo l)p , —(2l) —~—Z;(mo —M~)llj2(l) . (D5a)

Again, starting from Eq. (3.22b) and carrying out the same procedure that was used in obtaining Eq. (DSb),
we get

d3 2

f d p(A, p l)ll2(l p)G~~=g—o f—d p f(l)$2„(p)G~& —gk —a (k) —g, ' f "
q, (i) .

Then, using Eq. (D4) and the fact that a(M;) =0 on the right-hand side of Eq. (D5a), we readily obtain

f d p F'(p)[(A, —p —l)li2(l p) —gpf(l)$2(p) —gof(p)$2(l)]=0. (D5b)

Rewriting the last term on the right-hand side of Eq. (D6a) as

(D6a)
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gof(p)gtf d'pg of(p) 5(k —p)+ lb'(l)= f d'pgof(p)Gtypg(l),

we readily see that Eq. (D6a) takes the form

f d'p Giy[(A, —p —l)ttg(l, p) —gof (l)gg(p) —gof (p)tt)„(l)]=0 . (D6b)

Then, from Eqs. (D5b) and (D6b) we obtain the equation of motion for gx(l, p) in exactly the same manner
that we obtained Eq. (D4).
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