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Equations of motion of a non-Abelian charged spin particle in a Yang-Mills field
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The equations of motion of a non-Abelian charged spin particle are derived from
energy-momentum conservation and covariant charge conservation following the moment

method of Papapetrou.

I. INTRODUCTION

In a recent paper! the laws of motion for a
pointlike non-Abelian charge were derived from
energy-momentum conservation and covariant
charge conservation following a procedure first in-
troduced by Mathisson.? In this paper we shall ex-
tend these results for a particle with spin and
SU(2) electromagnetic moments. We shall follow
the moment method of Papapetrou,® which has
been used recently* in the analysis of pole-dipole
charged particles with electromagnetic moments in
an electromagnetic-gravitational field. The method
will also give the volume integral of the energy-
momentum tensor and of the current, and of their
first moments.

II. FIELD EQUATIONS AND LAWS OF MOTION

The field equations for SU(2) gauge theory are
given by
=7J,, (1
with

F,,=0d,A,—0,A,—A, XA, . (2)

Three-dimensional vector notation is used for the
degrees of freedom referring to the local isospin
and X denotes the cross product.

As a consequence of the field equations (1) the

current J, is covariantly conserved, i.e.,
D] ,=3"T,—A"X7,=0. 3)

We introduce now the energy-momentum tensor
of the gauge fields F**,

Tl = 30" FO-F - P F, )
with the metric »*¥=diag(1,—1,—1,—1) in Min-

26

kowski space. From (1) it is easily shown that T,
satisfies the equation

3Tt =—Fp T, (5)
We introduce now the matter-symmetric
energy-momentum tensor T#" by the requirement
0, TH=F",-J. (6)

From (5), this is equivalent to the statement that
T*" is such that the overall energy-momentum for
the system matter-gauge fields is conserved,

3,(TH +T)=0. )

From (3) and (6) we shall derive the equations of
motion for a particle with charge and spin follow-
ing the moment procedure of Papapetrou.’ We
consider an extended system with reference point
X(s) with velocity u’=dX'/ds and we shall take
moments of T#¥ and J" about this point, up to
first order. By demanding that the dimensions of
the system tend to zero around X“%(s) at the very
end of the calculation, this point will give the
world line of our pointlike charged spin particle.

From (6) we have the equations

A XPT™)=TH 4+ xFFY - T, (8)
aa(x“xBT"“’)=xBT“”+x”TBV+x“xﬂF.Va-3“ .
9)

Integrating Egs. (6), (8), and (9) over the three-
dimensional space volume for ¢t =const of our sys-
tem, then

d v _ Pva, T
= [ T"av=[F*Tav, (10)
%fx#T"VdV: [ rav 4 [ xvFeTd av

(11)
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and
d BTOvi1/ Buv, Bv
= [ x#xPTav= [ xPreay + [ xeTPay
+ fx“x'sifv"iadV.

(12)
Next we write
xH=XH"48xH (13)

with X*=¢, that is, x°=0. Substituting Eq. (13)
in (11) and using (10) we obtain

dLﬂ Ov Li, nov,
o J T [ axrrvay
= [ Tmav+ [ sxFFT 4V . (14)

Next we substitute Eq. (13) into (12) and use
(11), and afterwards use (13) again for x? and use
Eq. (14). Neglecting second-order moments of TH¥
one gets

f ox BT°"dV+ f SxHTOdV

= 6x3T‘“’dV+ [ axrTPay . (15)
Now we expand F**(x) around X,
Fx) =F"%(X) + 8xPgF"*(X)+ - - - ,  (16)

where 33=03/3X%. Introducing Eq. (16) in (10)
and (14) one gets to first order in 8x¢

L [ 1oav=F, [ Teav+a8, [ exPicav,
(17)

dax+*
dt

f T°"dV+— [ sxrT™av
= [ T"av+F, [ sxti%v . (18)
We introduce now the notation (u°=dt /ds)
MP=y° [ TPy, M*P=_u° [ sxeTPay
(19)
and
N’“zuof—f"dV, ﬁkaz~u°f6xk7“dV.
(20)
Note that

M%B—0o, N%—0. 1)

Also,
s ﬁo 0 3j ﬁjo j10
:szJdV, d=~"—“u0 —‘—‘fS)CJdV

(22)

are the SU(2) charge and electric dipole moment,

respectively.
With u*=dX*/ds, Eqgs. (17), (18), and (15) be-
come

d M»

T =Fe NN (23)
u
”MOV d M;LOV wv B Nua
u® _g u0 =M*—F'"N**, (24)
BOv pov
unM LS VIR VS (25

+uf
u

Before we go on with these equations we derive
those that follow from (3). From this equation we
have

3,(x T )=T%+x"A"X T, (26)
and
3, (x%xFT")=xPT+x TP xxPR"X T,
27)

Space integration of Eq. (3) and of (26) and (27)
gives

% [3%v= [ & xTav, (28)
% [ x3%av= [ v

+ [xAxTav, 9
Bi°= [ xPieav+ [ x<Tav

+ [xxPA, xT¥av . (30)

Now we proceed as before. We use (13) in (29)
and make use of (28), then in Eq. (30) first for x¢
and afterwards for x? and make use of (29) each
time. Next we expand AY(x) around X%

AY(x)=AY(X)+8xP3gA X)+ - - - . (31)

Keeping only terms to first order in 8x we ob-
tain, in the notation (20), the following set of equa-
tions analogous to Egs. (23) —(25):

—3pA, X NP, (32)
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iR L NT _Re & xNe (33)
uo ds uo v ’

@ WP g
LN LN = NP L NP (34)
u u

Substituting the value of N* obtained from Eq.
(33) in Eq. (23) one gets

d |M>” -, N
ds | 4° Fo—3
o = B,
= F, N2 —9,F, - NP —”—ON""}
u u
—KBXF:V ,ﬁaﬁ . (35)

Aiming to obtain a covariant derivative for F
we express N in the last term of (35) in terms of
NP2 with the help of Eq. (34). The last term of
(35) becomes

o o = S - B_,
A X, NP=_(KgxF,) {Nﬁ“—”—ON““]
u
280
+ | N XAy [ B, 36)
u®
Equation (35) can now be written as
v
%:Q-F"aua—DﬂFv jeb, (37)
where
Oov Nya0
p'= Mo +F, NO (38)
u u
is the generalized momentum,
330
0=+ LA NP =G xd (39)
u u
is the generalized SU(2) charge, and
- N B_,
JHP=NPr ZN"0 (40)
u®
Using Eq. (34) we can see that j % is an an-
tisymmetric quantity,
=5 (N N%)  —(u NP —u PN .
2u°
(41)
From Egs. (40), (41), and (20) we have
jO=—N=y° [ 6xT%V=ud", (42)

which is the electric dipole moment of the system

1981
in its rest frame and
Sy 1 mi e
Ve —— | (8! =8x7T0)dV
J 2u0 f
+5wid—uid , (43)

which reduces to the usual nonrelativistic magnetic
dipole moment in the particle rest frame. Note
that from (40) and (42) we have

pa_ vap 4P
NPe— ja 0] (44)

To obtain the spin equation we interchange p
and v in Eq. (24) and subtract the resulting equa-
tion from Eq. (24) itself. Keeping in mind that
M" =M™ we obtain the equation

d - -

ut 3o u” 0 v v o, I
FM v—'—u—OM “+:1;S” =F", N“a——F“a'N @,
(45)
where
SHv_ MVO;L_M;LOV
u0
= [ (BxFT™—8x"T")aV (46)
is the spin of the system. Note that
p00
sio— M [ sxnray . 47
u®

As shown in Ref. 4 S*” is a tensor and by the
same argument there used for the usual J#
current moment, _] 8 is also a tensor.

Using Eq. (35) and recalling (38), Eq. (45) can be
written as

daskv
ds

=pru’—p ut + P T —F, T,
(48)

This is the final covariant form of the spin equa-
tion. By the tensor character of S**, F*% and J%
we conclude that p* is a four-vector. Setting v=0
in Eq. (24) we can express M =M™ and conse-
quently p* in terms of M%. We have from (24),
(47), and (44)

-

dst +F° j

7 N
MHO= 2 (O _FO, ) 4 2
u

(49)

and introducing this in Eq. (38) we have
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o -, =
p“:mu"—}—%—}-F{’a-J“"—F“q-Jao, (50)

where
m_____oi__ 1 _}—}0 a0
u® 0
=L [ Ty —F°,.d (51)

is the total mass of our system. Note that
pl=mu®. (52)

As p* is a four-vector m is a scalar.

Next M* and MM are expressed in terms of
the dynamical (tensor) variables. Introducing Eq.
(49) in (24) we obtain

mwo
M"”:u“p”—%ﬁio +Fo j%, (53)

where use has been made of Egs. (44), (50), and
(51).

Next we concentrate on Eq. (25). This equation
gives MP* in terms of the spin by the following
procedure.® Add to Eq. (25) the equation obtained
by exchanging 3 and v and subtract the equation
obtained by exchanging 1 and v. A sum, M#
+M™8 will be present in the final equation that
can be expressed in terms of MP®= —4°S%, The
final result is

MPWY = — 2(SPry Yy 5Py
B
+ 2 (uHSY 4 uS%) . (54)
2u
From here we have
M3#0=_.%(Sﬁl‘uo-ysmu“-{—uﬁsﬂo) . (55)

Taking this result in Eq. (53) we obtain

1 ds¥

B Y
M up+2 ds

u”

—osH- B gov | e T (56)
0 a '

41
2
Equations (56) and (55) give, respectively, the
volume integral of T#" and of its first moment in
terms of the dynamical variables of our problem.
Consider now Eq. (33) and concentrate on its

last term. Using Egs. (40) and (2) this term can be
written

3pA, X NPY= —(Fp,+ApxA,) |

dAV NY
. 57
r X 0 (57
From Egs. (33), (40), and (39) we also have
o od §O o
a__ .. Q, e T va
N*=u*Q+ ds 40 +A,X ", (58)

Substituting Eqs. (57) and (58) in (32) and using
the Jacobi identity for Aﬁ, A,,, and _] together
with the antisymmetric character of this last quan-
tity one obtains the equation

D(—j da u® Bv

—=— Aq = —F J 59

Ds ds xQ= By X (59)
where Q is the SU(2) generalized charge defined in
Eq. (39).

Equations (37), (48), and (59) generalize the
equations for a point spinless particle obtained in
Ref. 1.

Using (39) and (42), Eq. (58) can be written as

_D j° - -,
=u%g— A, (60
quS u0+ X ] )

I’(Ia

Equations (60) and (44) give, respectively, the space
integral of the SU(2) current J® and of its first
moment in terms of the electromagnetic dipole mo-
ment tensor _]
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