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The structure of the affine space is generalized by assuming that the change in a vector
upon parallel transportation is given by terms containing not only a three-index symbol,
but a one-index symbol as well. The relation between the affine connections and the
metric tensor is established by the requirement that the length of a vector remains con-
stant under parallel transportation. The one-index symbol is then taken to be proportion-
al to the electromagnetic potential, the curvature tensor is derived, and its contractions
are presented. The field equations are derived from an action principle which is formed
from scalars derived from the curvature tensor. Maxwell’s equations in curved space are
obtained and gravitational field equations are obtained that differ from the Einstein equa-
tions by the presence of a term bilinear in the electromagnetic potential. It is shown that
this term may represent the attractive force capable of balancing the repulsive stress of a

sphere of charge.
I. INTRODUCTION

Attempts at the unification of gravitation and
electromagnetism have been made ever since the
advent of Einstein’s general theory of relativity. A
review of these attempts will not be given here, but
most of these theories share the idea that Einstein’s
original theory must in some way be generalized to
“make room” for the electromagnetic field. The
Kaluza-Klein five-dimensional theory and Ein-
stein’s nonsymmetric metric tensor theory were
motivated by just this reason. In the Weyl! unified
field theory a four-vector was introduced as a
geometric object the effect of which manifested it-
self as a change in length of a vector under parallel
transport. When this four-vector was taken to be
the electromagnetic potential, a self-consistent
geometrization of the electromagnetic field was es-
tablished. However, the change-in-length concept
seemed to lead to nonphysical consequences.” In
this paper a four-vector is introduced into the af-
fine connection, which subsequently will be taken
to be proportional to the electromagnetic potential;
however, the concept of constancy of length upon
parallel transport is retained. Owing to the formal
(but not physical) similarity to the Weyl theory,
comparisons will be made in a few places in the
following sections.

As motivation for the present theory consider
that the fundamental concept underlying gravita-
tion is geometry. This is immediately evident from
the starting point of general relativity when the af-
fine connections are defined; the effect of gravity is
to change the components (but not the length) of a
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vector when it is parallel transported around a
closed path. Following this idea, it is assumed
here that the effect of electromagnetism manifests
itself in an analogous manner. Specifically, it is
assumed that there is a change in the components
of a vector, beyond that due to a purely gravita-
tional field, which is given by terms linear in a
one-index symbol. Thus, the electromagnetic field
has a similar geometric foundation as the gravita-
tional field.

In Sec. II the aforementioned ideas are stated in
mathematical terms and the structure of the affine
space is investigated without regard to the metrical
properties of space. In Sec. III the relation be-
tween the affine connection symbols and the metric
tensor is established by the requirement that the
length of a vector does not change under parallel
transportation. The results of Sec. II are then
rewritten for this case. In Sec. IV the field equa-
tions are derived from an action principle which is
built from scalars formed from the generalized
curvature tensor derived in Sec. III. Maxwell’s
equations are then derived by varying the action
with respect to the potential, and the gravitational
field equations are derived by varying the metric
tensor. These equations differ from the usual field
equations by the presence of an additional term bi-
linear in the potential. Finally, a short comparison
between this and the Weyl theory is given.

II. THE AFFINE SPACE

Following the preceding ideas, a four-vector ¢,
is introduced, the effect of which is to generalize
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the form of the change of a vector 64 under
parallel transportation. As a guide to the form of
this generalization, it is assumed that the effects of
¢, on 847 are structured in an analogous way to
that of the gravitational field. Specifically, it is as-
sumed that in addition to a term containing a sym-
metric three-index symbol Ay, 4#dx", which con-
tains the gravitational part, there are terms linear
in the products of 47, dx”, and ¢, [see (1)]. Thus,
the interpretation may be made that ¢, acts as a
one-index symbol (it is, however, defined to be a
vector) describing the change of a vector upon
parallel transportation due to some agent other
than the gravitational field. It is further assumed
that 847 is given by terms that do not explicitly
contain the metric tensor. This last assumption,
although not logically necessary, is in keeping with
the idea that 84 ¢ can be defined devoid of the con-
cept of a metric space. Thus, in this section gen-
eral relations are derived that are valid for any ar-
bitrary relation between the metric tensor and the
symbols of the affine connection.

With these ideas in mind, the most general form
for the change in a vector upon parallel transporta-
tion is given by

847 = —QF, AFdx" |
= —(AY,+a85¢, +85,)4 dx” , (1)

where €17, defined in terms of A, and ¢, by (1),
will be defined as the generalized affine connec-
tion, and a is a dimensionless constant (there is no
need to write another constant in the last term be-
cause it is absorbed in the definition of ¢,). The
condition to be imposed later is that (1) reduces to

the usual equation
84%=—T,,A"dx", (2)

where I, are the Christoffel symbols, if and only
if ¢, =0 (this condition will be used in Sec. II).

With (1), one can define a generalized covariant
derivative, denoted by a colon, as

A% =A%+ QG A" . (3)

Requiring that 49, transforms as a tensor defines
the transformation rule for the generalized affine
connection. It turns out that, since the last two
terms in (1) are vectors, the transformation rule for
the Ay, is the same as that for the Christoffel sym-
bols. In the next section, when a connection with
the metrical space is made, it will be manifestly
evident that 47, is a tensor.

The curvature tensor will be defined by the
mathematical form of the statement that if a vec-

tor is parallel transported around a closed curve,
then 847 is zero if and only if the curvature tensor
is zero. To obtain an explicit form of this tensor,
first the covariant derivative of a vector along a
curve is defined, using (3), as

DA =A"dev =ﬂ+Q”VA”dxv ,

dr dr dr ® dr

which is the obvious generalization of the ordinary
covariant derivative along a curve. Parallel trans-
port is defined such that DA°/dr, evaluated along
some curve x#(7), is zero. Thus, from (4) one has

4)

"dao=— [(Ag,AFdx"+adPpedx”
1 T
+A%,dx") . (5)

For small displacements, i.e., x*(7)—x*(1,)—0,
sz and ¢g are expanded in a Taylor series about
x#(Tl ):

Apx(7))=Ag(x(1)))

+€PAL, plx(T )+, 6)
o, (x(7))=¢,(x(7}))
+€Pp, gx(r )+ -+, @)

where e#=x#(r;)—xA(r). Using (6) and (7) in (5)
to obtain 4°(7) to first order in €® one has

A%(T)=A%(1) = [ AL T)AM(T))e" +ad B(1))p gl e
+A0(T1)¢V(T1 )Ev] . (8)

Equations (8), (6), and (7) can now be used in (5) to
obtain an expression for the change in 4 valid to
second order. Considering further that the path is
now closed this yields

A4T=LR7, AP xrdx” ©)
where
R ayvp = Cayvp +a 8;( ¢p:v+ ¢p¢v)
—a 8:( ¢y:p + ¢p,¢p) + SZ( ¢p:v— ¢v:p)
(10)
and ¢,., is defined by
¢p:v:_—:¢p,v— ¢BA£‘V~_ (a+1 )¢u¢v
[see (18)] and also
COuwp=— Al p+ Aoyt AgpAgv— AgvAgp :

(1n

The tensorial nature of R7,,, follows from the
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tranformation rule for the AZV. It is evident that,
in the case ¢,=0, R, reduces to the ordinary
Riemann curvature tensor.

Although the contracted forms of R°,,, will be
used only after the metrical connection is made,
for completeness the generalized Ricci tensor is
given, calling C,,=C’,,, and C=g""C,,, one has

R,,=R,,,
= /.Lv+3a(¢y:v+¢,u¢v)+¢p,:v—¢v:p (12)
and, for the generalized curvature scalar,

R=g"R,,=C+3a,*+3ad,d" . (13)

III. THE METRICAL CONNECTION

With the exception of (13), all of the preceding
work was presented without regard to the metric
tensor. At this point a relation between the affine
connection (), and the metric tensor will be estab-
lished.

The metric tensor is defined, as usual, by the
equation

dszzgwdx"dx". (14)

The contravariant form is defined such that
g"°g,, =65 From this it follows that the metric
tensor may raise and lower indices.

It is now assumed that the scalar product of two
vectors is invariant when they are parallel trans-
ported along a curve, i.e.,

%(A”Bp)zo : (15)

It is pointed out that this is not a logically
necessary requirement and that relaxation of (15)
would lead to a generalized Weyl geometry. How-
ever, with (15) the concept of constancy of length
is retained and the apparently nonphysical conse-
quences of the Weyl geometry are avoided. Using
(4) in (15) and performing the usual tensor manipu-
lations one obtains

A= I‘ﬁv—gbuﬁ‘;—cbvﬁﬁ— (a—1)¢%g,, (16a)
and
szzrzv+(a —1)4)#53—(0-—1)4108,“' ’ (l6b)

where the T', are the usual Christoffel symbols.
It can be noted from the above equation that, while

Ay, is symmetric in its lower indices, Qy, is not.

Also, from (16a) one can see that if @ =0, then the
relation between Aj, and Iy, is that which could
be obtained through a conformal transformation if
Ay, represented the entire affine connection. This
is not the case, however, as can be seen from (1).
Thus, the possibility of an equivalence with the
Weyl theory is prohibited.

Equations (16) give the fundamental relationship
between the affine connections and the metric ten-
sor. Furthermore, (15) may also be used to derive
a formula for the generalized covariant derivative
of a covariant vector field. Writing

d
L 4°4 )= 17
P ( 0)=0 a7

for parallel transport along a curve one obtains, for
arbitrary A7, using (16),

Aa:v:Aa,v‘—Ap'Q’(;v . (18)

This notation was used earlier, for convenience [in
(10)], but only with the requirement of constancy
of length can it be called a covariant derivative.
The covariant derivative of higher-rank tensor
fields may be found by writing the tensors as prod-
ucts of vectors. For example, writing 7,,=4,B,,
one easily finds that

Tay:v = Tap,v - TB;LA (Brv - TUHA 51' - 2¢v TU;L
_a(¢aTvu+¢yTav) . (19)
Applying (19) to the metric tensor one finds

8ouw =g0;¢;v=0 ’ (20

an important result, which shows that the metric
tensor commutes with generalized covariant dif-
ferentiation as well as with ordinary covariant dif-
ferentiation.

Since the relation between the A, ¢, and ',
is known, it is useful to rewrite some previous re-
sults in terms of I';, and @, alone. Using (16) to

eliminate A;,, (1) becomes
847 = —Atdx"Tj,+(1—a)A¥$,dx°
—(1—a)¢’4,dx" . 21)

The condition stated earlier is now imposed that
8A4° reduces to the ordinary form, i.e., to (2), if
and only if ¢,=0. Obviously the “if”” part of the
statement is true, but if a =1, even if ¢,40, 84°
reduces to the usual form. Therefore, it is required
that as~1. With this condition, (21) establishes the
very important point that ¢, gives rise to a change
in a vector upon parallel transport that cannot be
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represented by the gravitation field alone. Thus it
is postulated that ¢, is associated with a field oth-
er than the gravitational field. Specifically, it is
assumed that ¢, is proportional to the electromag-
netic potential and that a second-rank tensor, pro-
portional to the electromagnetic field tensor, is de-
fined by

vaE¢y,v—¢v,p (22)

(letting ¢, =q1,,, where q is a constant and ¥, is
the actual potential, then F,, is g times the actual
electromagnetic field tensor). It is worthwhile to
mention that in (22), ordinary covariant or general-
ized covariant differentiation may be used, the re-
sult being the same.

With (22), it is interesting to note that it is the
potential of the field, and not the field itself, that
manifests itself via the change in a vector. This is
not, however, surprising when one considers the
v as the potentials of the gravitational field (of
course, in the gravitational case, derivatives of g,
appear as well). With these ideas in mind, there-
fore, it is not at all unreasonable that the potential
effects the change in a vector, and therefore the
curvature of space. This point will be discussed
further in Sec. IV.

The effects of gravity and electromagnetism can
be nicely separated by using (16) to eliminate T,
from the equations of Sec. II. Equation (18), with
(16), becomes [from here on, for convenience, let
¢, be redefined to absorb the constant 1—a, i.e.,
let (1—a)d,—d,]

Aa:v=Aa;v +¢aAv_¢BABgav . (23)

Using (16) and (23) in (10), one obtains, after some
manipulation,

R aOVp =R 09vp+ 8:¢0zp - 8:¢0:v
+g0p(¢a:v+ ¢#¢I48$)
'_g9v( ¢a:p + ¢p¢”82) ’ (24)

where the presuperscript stands for the ordinary
Riemannian curvature tensor.® Consider, for the
moment, that °R%,,=0. It is evident that if space
is flat, i.e., if R%,,=0, then F,,,=0. Thus flat
space implies that there is no electromagnetic field.
The converse of this statement, however, is not
true. Space can be curved (R %,,70) even if the
electromagnetic field is zero due to the presence of
¢, in (24). Thus, the actual value of the potential
is needed in determining the structure of space and
the zero point may not be taken as arbitrary. This
result is not, surprising since, as previously men-

tioned, it is the potential, and not the field, that
determines the change in a vector upon parallel
transportation. The electromagnetic field is, of
course, still gauge invariant and unaffected by a
shift in the zero point of the potential.

The generalized Ricci tensor is obtained by con-
traction of (24). Calculation shows that R,,, van-
ishes identically and R%,,= —R,,. Therefore,
there is only one algebraically independent contrac-
tion, which is taken as

Roy =Ry,
:ORGV +2(¢U¢ag8v —¢9¢v ) '_¢a;agﬂv
_(¢6;v+¢v,6)_F6v ’ (25)

where °R ., represents the ordinary Ricci tensor
and (25) is written as a sum of its symmetric and
antisymmetric parts. For later convenience, (25)
has been written using ordinary covariant differen-
tiation. The usual scalar of curvature is obtained
by contracting Ry, with the metric tensor:

R=g"Rg,="R —64°.,+6¢4°0,, . (26)

It is remarkable that this is the same scalar as that
in the Weyl theory; however, the subsequent for-
mulations are different. As is well known, there
are many other curvature scalars that could be
formed from the curvature tensor and its contrac-
tions. The greatest virtue of the one used in (26) is
its simplicity, and the fact that the field equations
derived by using (26) in an action principle are of
second differential order. However, since g% is
symmetric, the antisymmetric part of Ry, vanishes
when R is formed. This would suggest defining
another scalar by multiplication of Ry, with a
second-rank, contravariant tensor, that is not sym-
metric. An obvious choice is F®. Thus, another
scalar R’ is defined as

R'=F%Ry,=—F%F,, . 27

Other scalars could be formed, e.g., R®R Ov>
which contains (27), however, (26) and (27) are
much simpler and they will yield gravitational
equations of second order: Therefore, these are the
scalars that will be used.

1V. THE FIELD EQUATIONS

The field equations will be derived from an ac-
tion principle with a Lagrangian density formed
from a linear combination of the scalars of curva-
ture previously derived. To account for the pres-
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ence of matter or charge, the term L =L, +L,,
will be included, which is defined in the usual way
by

(L, V=

Mom¥ =8) _ =g, 28)
5™

8L,V —g)

D T8 _pvTgjr, (29)
56,

where T, is the energy-momentum tensor of
matter, j, is the current density due to charge, and
A and B are constants. Therefore, the action prin-
ciple takes the form

8 [V—g(R+kR'+L)d**x=0, (30)

where k is a constant of dimension length squared.
Using (26) and (27) in (30), one has

8 [ V=g (°R +64,4° —kF*F,,
+¢%.,+L)d*=0. (31)

Taking the variation with respect to the metric ten-
sor, and assuming that the variations of g, and ¢,
vanish on a hypersurface surrounding the four-
volume of integration, one obtains (the ¢7., term
can be converted to a surface term which vanishes)

°R v — 78y R = —2Kk(TM 4-1,,,) —AT™2 |
(32)
where
Tiy=—F,Fyy+ 5 8urFagF**

and

(Guby— 38uvbod”) -

x| w

tuy

Equation (32) is what is usually taken to be the
correct gravitational field equation with matter
present, except for the new term ¢, on the right-
hand side. Taking the trace of (32) gives

OR = —6¢,¢% +AT™" . (33)
Using this in (31) one has
8 [V g (AT™ —kF*F,, +L)d*x=0 (34)

and, letting the variation be taken with respect to
¢, (assuming the matter terms have no explicit
dependence on ¢,,), this becomes

8 [V =g (—KkF¥F,,+L,)d*%*=0. (35)

Of course, this form is valid only when (32), and
therefore (33), is satisfied. Equation (35) yields

FM., — _Bjk/4k . (36)

Equation (36) represents two of Maxwell’s equa-
tions and the other two,

permutation{F,.,} =0, (37

follow from the definition (22).

A final point to be considered is the effect of the
Bianchi identities, which imply the covariant diver-
gence of the right-hand side of (32) must be zero.
In the presence of a material medium this could be
inferred as representing a coupling between matter
and charge. However, in free space the Bianchi
identities imply

=0 . (38)

However, Maxwell’s equations determine the elec-
tromagnetic potential only to within an additive
gauge term A ,. Thus the most general form of
the electromagnetic potential is ¢, +A ,. Using
this, (38) can be written in the form

(By + A FE=(FH AN +AY),, . (39)

Once ¢,, and therefore F*¥, are determined, (39)
can be solved for A ,. Thus, the effect of the Bian-
chi identities is to impose a certain gauge on the
electromagnetic potential.

This completes the derivation of the field equa-
tions for electromagnetism and gravitation. All of
Maxwell’s equations are obtained and the field
equations of general relativity are also obtained
with the modification provided by the presence of
t,y. As mentioned earlier, this term, bilinear in ¢,,
represents a contribution to the curvature of space.
This term may be viewed as giving rise to a gravi-
tational stress due to the energy of the electromag-
netic field, in addition to the usual stress of the
field itself. It is interesting to speculate that by
may represent the self-stress that holds a charged
particle together. To see this, neglect, for the mo-
ment, the energy-momentum tensor of matter.
Then the stress in the radial direction S, is given
by the 1-1 component of the energy-momentum
tensor in mixed form, i.e.,

S, =(T' ™ +¢1)) . (40)
Assuming ¢4,=¢€/r and ¢; =0 (i =1,2,3), and as-
suming g, is diagonal, this becomes

3 44
S, =—38"8 FuFi— 5 —duts . @1

Since the metric signature is (— — — +), it is seen
that the first term is the usual repulsive stress but
that the second term represents an attractive stress.



26 GENERALIZED AFFINE CONNECTIONS APPLIED TO A ...

Thus, the term ¢, could account for the forces re-
quired to hold together a sphere of charge.

In this paper, it has been the structure of space-
time and the field equations that have been exam-
ined so far. In developing the equations of motion
of a particle, it should be pointed out that the
equations

o
ddLs +QIpMY=0, (42)
which would be the obvious generalization ob-
tained by replacing normal covariant differentia-
tion with generalized covariant differentiation,
difffer from those obtained by assuming geodesic
motion defined by

8 [ds=0. 43)

However, charged particles in an electromagnetic
field do not follow along geodesics (the force term
ev"F°, must be added) and therefore neither (42)
nor (43), as they stand, could represent the correct
equation. This point bears further investigation
but will not be dealt with here.

Owing to some formal similarities between this
and the Weyl theory, it is worthwhile to make a fi-
nal comparison between the two. They are funda-
mentally different, of course, since in the Weyl
theory length is not constant under parallel trans-
portation while in this theory it is. Furthermore,
in the Weyl theory the Lagrangian density is made
to be gauge invariant whereas this theory is not
gauge invariant, and, a different Lagrangian densi-
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ty is used. The greatest similarity is that each
theory contains the term ¢,¢? in the Lagrangian
density and it is this term that gives rise to z,,.
However, the Weyl theory contains other terms as
well, and even with the special choice of the natur-
al gauge there are cosmological terms present that
do not occur here.

V. CONCLUSION

It has been shown that a generalized affine con-
nection gives emergence to field equations more
general than those of ordinary general relativity.
By associating ¢, with the electromagnetic poten-
tial and defining F,,,=¢, ,—¢,,,, all of Maxwell’s
equations are obtained. It is emphasized that the
Maxwell equations fall out naturally from an ac-
tion principle formed from scalars of curvature de-
rived from tensors of the generalized affine space.
Specifically, the term F*'F,, which was obtained
by contracting R, with F**, was not concocted
arbitrarily, but has its roots in the generalized af-
fine space.

In the limiting case of ¢, =0, the usual Einstein
field equations are obtained and, in the presence of
a gravitational field, the Maxwell equations of
curved space are obtained. The new feature intro-
duced here is the presence of ¢,,,. It appears that
this could represent a stress capable of balancing
the electromagnetic repulsion of a sphere of
charge.
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