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Two-variable expansions for nucleon-nucleon scattering
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Previously proposed two-variable expansions of scattering amplitudes are adapted to
the case of nucleon-nucleon scattering. The expansions can be interpreted as partial-wave

expansions of singlet-triplet amplitudes, complemented by an expansion of each partial-

wave amplitude as a function of energy in terms of basis functions of the group O(4).

I. INTRODUCTION

Two recent articles were devoted to two-variable

expansions of scattering amplitudes for particles
with arbitrary spins' (to be referred to as I and

II). The scattering amplitudes for a two-body
reaction were expanded in terms of known func-
tions of the center-of-mass-system (c.m.s.) energy
and scattering angle. In article I the expansions
were obtained by making use of the representation
theory of the homogeneous Lorentz group; they in-

volved both integrals and sums over O(3, 1) basis
functions and were applicable for infinite energy
ranges. In article II the expansions were made
discrete, i.e., a restriction was made to a finite en-

ergy range (from threshold to some chosen energy),
and the group O(3, 1) was replaced by the rotation

group O(4), so that the obtained expansions in-

volved sums only. The motivation for the entire

program was discussed in I and II; for references
to earlier and related papers we refer to a review

article.
The purpose of this paper is to adapt the

discrete O(4) expansions to the case of nucleon-
nucleon scattering and to relate them to the usual
formalism of phase-shift analysis at a fixed energy
(single-variable expansions). The obtained expan-
sions can then be directly applied to analyze simul-
taneously all nucleon-nucleon data over a large en-

ergy region. This is particularly pertinent in view
of current nucleon-nucleon experimental programs
at various accelerators, providing a large body of
spin-dependent data. The availability of a variety
of different methods of reconstructing scattering

amplitudes from the data is of utmost importance:
a direct reconstruction necessitates the performance
of a complete set of experiments at each energy
and angle. Ordinary phase-shift analysis only
makes use of data at one given energy. The closest
in spirit to the present approach is that of "locally
energy-dependent partial-wave analysis", where

the considered energy region is divided into several

subregions, in each of which the partial waves are
parametrized separately. Our approach builds in

some of the kinematics and makes use of orthogo-
nal sets of basis functions. This should improve
the convergence and stability of data fits. It is also
a uniform approach for all reactions and should
hence be relatively free of specific theoretical pre-
judices.

II. EXPANSIONS OF INITIAL-SPIN —FINAL-SPIN
AMPLITUDES FOR ARBITRARY SPINS

The expansions in I and II were performed for
helicity and canonical coupling amplitudes.
Nucleon-nucleon phase-shift analysis is usually
performed using singlet-triplet amplitudes. We
first provide some general formulas for this type of
amplitude, then specify to the case of two nu-
cleons. We use the notations and results of I and
II.

Consider the reaction 1+2~3+4 where the
particles have spins s; and spin projections 0.; onto
the third axis (i =1, . . . , 4). Let (s,o ) and (s', o')
be the total spin and its projection in the final and
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initial states, respectively. I.et T (a,8,$) be

the total scattering amplitude in the canonical
quantization for which a two-variable O(4) expan-

sion is given by formula (11) of II. The scattering
amplitudes in the initial-spin —final-spin formalism
are

M, ; (a,8,$)= g (s3cF3$404
I
so)(siois2o2

I
s'o')T. . . ,(a, 8,$),

4T ]0'2O30'4

and their partial-wave expansion is given by

2/' 1
M, , (a,8,$)=g [4m(21+1)]' . (lo' os—cr

I
Jcr')(1'Os'o

I
Ja 1'411' '(a)YI

ll'j 2j+1 (2)

where Ai,i, (a) are the partial-wave amplitudes. The Clebsch-Gordan coefficients and spherical harmonics
are as in Ref. 7, 8 and P are the c.m.s. scattering and azimuthal angles, and a is related to the energy. For
elastic scattering, when the initial- and final-state thresholds coincide, we identify

s —(m~+m2)
sinu= 0&a&-

sl —(m &+m2)

where sl is some maximal value of the invariant energy s =(p~ +pi), to be chosen as the specific applica-
tion requires.

The two-variable O(4) expansions are obtained directly from the results of II as

21' 1M ~, ~ (a, 8,$)=g [4~(21+1)]'
2

(lcm'
' oso'

I

—Jo ')(1'Os'o'I jo'')
irj (2j + 1)

XX(1Os&
I jJ )(1'Os'1 '

I
j&') g [(n+1)' v']T~";,"x—de (a)~Yi~ (8 0)—

(4)

where Tz~"j„are the O(4) amplitudes. They are constants and the entire energy dependence is contained in
the O(4) transformation matrices dj",i (a), discussed in detail in II. We can now perform the sum over 1' and
further simplify by introducing new basis functions

' 1jt'2

Fg,i'(a)= g . (10sjI,
I
jA, )dj";i (a)2j+1

satisfying the following orthogonality and completeness relations:

sin adaFj",i(a)F~",i (a)~= —
2

5 5„„,. 2 « „&, m (2j+1)(2s+1)
l

/

~ (n +1)2—

yg+1 2 gnvA pnv a' *=— + +
cz —a'

v= —min(js) n =max(js) 2 sin2a

as well as the symmetry relations

Fj",i "(a)=( 1) + 'Fj"("(a), —

+j~i(a)" =+j",i"( —a) .

Parity conservation implies A)t i, (a) =il( —I )'+'2 ji;(a) where il =rl ir12i)3i)4 is a product of all intrinsic
parities. In terms of the O(4) amplitudes parity conservation gives

I

Tjss'g' = 'g ( 1 ) Tjss' j'—
If the initial- or final-state particles are identical we have
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Ai, p, =(—1) Aar, or Al, r, =( 1) Al I' 'I+' J

i.e., for the O(4) amplitudes we obtain

(10)

The Pauli principle (e.g., for pp~pp and nn ~nn) or the generalized Pauli principle (a consequence of iso-

spin invariance, e.g., for np~np) implies

~n —v ~nvi jss' —A,
' i jss'A, '

00 1+s min( j,s) 00 4~
M...,.(a, 8,y) =

0' O'I j= ll —s
l

v= —min(js) n=max(js) J+2i+

Time-reversal invariance and unitarity lead to more complicated conditions on the O(4) amplitudes. The ex-

pansion (4) in terms of the functions (5) after summation over 1' reduces to
' 1/2

(lo ' —oso
i
jcr ') F~ (8,$)

&& [(n + 1) v] TJ"„'—F)",("(a )
~ . (12)

III. NUCLEON-NUCLEON SCATTERING IN THE
SINGLET- TRIPLET FORMALISM

Two reviews ' of the nucleon-nucleon scattering
formalism have recently been published and we

refer to them for the relation between different

types of scattering amplitudes, for formulas ex-

pressing observables in terms of amplitudes, etc.
We shall now specialize the expansions (12) to the

XX case. %e assume parity conservation, time-

reversal invariance, and the validity of the (general-

ized) Pauli principle, so that NN scattering is

characterized by five independent spin amplitudes.
The condition

AI,I, =( —1) Al, r,
s —s'

following from parity conservation and the gen-

eralized Pauli principle implies the absence of
singlet-triplet transitions. Singlet- and triplet-state
scattering can then be considered separately and we

put

Mss(a 8 0)™oooo(a8 0)

(14)

M (a,8,$)=Mi i (a,8,$) .

The entire scattering matrix can then be written as

where

M,b(a, 8,$)=M,b(a, 8)e'

and time-reversal invariance implies

(Moo —M i i +.M i |) sin8

+~2(Mo&+Mio) cos8=0 .

The expansion functions for singlet (s =0) states
are

di"(a) =Fi"oI(a)—
' 1/2

2t+ 1 (n —I)!
n+1 (n+l+1)!

X sin aC„+I(cosa),

where C„+I (cosa) are Gegenbauer polynomials.
For triplet (s =1) states we define

gji(a)= Fg iI(a) =— gj"1(a),„o 1 —( —l)J
2

hfdf(a) =FJ"i'I(a)= —( —1 p 'FJ",I '(a) .

For singlet states the O(4) expansion (12) reduces
to

Mii

Mote'~

Mioe ~ Mi ie

Moie
Mss(a, 8)=g g(n+1) Si"PI(cos8)dP(a)*,

I =0 n =I

Mi ie ' —Mope'

0 0

Mii

(15)

where Sl"= TI"opo.

For triplet states we have

(20)
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I (a,0,$)=g V4g(lo. ' —o lo-
~

ger ') YI~ ~(8,$)[(n +1) v—]TJ" FJ II(a)*,
jlnv

(21)

where TJ""= TJ"I"1 l(&j +1)
The expansions (20) and (21) can be interpreted as being the partial-wave expansion (2) in te~s of the

spherical harmonics Yl (0,$) supplemented by an 0(4) expansion of the partial-wave amplitude Al,l, (a)
as a function of energy. This expansion can be read off from formula (4). Specializing to the nucleon-

nucleon case and using the definitions (19), we obtain the following expansions of the singlet and triplet
partial-wave amplitudes:

A~mojo(a) = . g (n +1) S~"dj"(a)",
2j+1 „

(22)

Aj111(a)=,~ g g (I'Olcr' ~ga'')

X I (n+1) T~~g~~(a) +n(n+2)[TJ"' —( —1V 'TJ"' ]hJI(a)~ ] .

The sum over cr' in (23) can easily be performed for each special case to yield for the triplet states
' 1/2

(23)

lAI1I1(a) 2l+1 y n (n +2)[TI—1 Tl 1 ]hll(a)
n=l

oo

Al', I,'(a)= g ((n+1)'I (I+1)' 'Tl+1o+[2(I+2)] Tl+11 Igl+11(a)*
n =I+1

+n (n +2) I 2(l +1)' Tl+lo+[2(l+2)]' (Tlyl I+ Tl+1—1) ]hl+1l(a)

Allll (a)= X ((n+1) I WlTI 1o+—[2(l —1—)]' Tl" 11 Jgl" 11(a)*
(21+1) „

+n(n+2) I 2~lTI 1o+—[2(l —1)]—' (Tl"'1,+Tl"'») Ihl" 1I(a) ) (24)

1

[(21+1)(2l +5)]'~'

X g ( (n +1) [ —(l +2)' Tl+1o+ [2(l + 1)1'"Tl+11 ]gl+11(a)
n =l+1

+n(n +2)[ —2(1 +2) Tl+1o+[2(1+1)]' (Tl+, , +TI+,I) ]hi+11(a)*),

1

[(21+1)(21+5)]'~'

X g ( (n +1) [ (I +1)' Tl+1o+[2(l+2)1 Tl+11 ]gl+ll+2(a)
n =1+1

+n(n+2)[2(l+1) Tl+1o+[2(I+2)] (Tl+1 1+TI+») ]hl+11+z(a)*) .

Time-reversal invariance implies Al'+2111(a) =Al 11+21 (a) and this condition should be imposed as a con-
straint in any data fitting.

All expansions have so far been written for np scattering under the assumption of isospin invariance.
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Thus, relation (9) with g= 1 and s =s' has been used to eliminate terms with v= —1, but relations (10) were
never used. For identical particles, i.e., pp or nn scattering we have the additional condition

to be imposed in expansions (24).
Condition (25) implies that l is even for singlet states and odd for triplet ones and that we can put

/1 / —1 /1
nl nl nl

nl nl nl
Tl + ]] +Tl + ] ] =2Tl+ ]]

(26)

throughout (for I odd).
This completes the description of the O(4) formalism proposed for performing energy-. dependent phase-

shift analysis for np and pp scattering.
In order to establish the relation between our amplitudes A~,t, and the amplitudes R~,t, =R (lsjmj;

l's'j'mj }5JJ5, } used by Stapp et al. , we notice that their expansion can be written asJ JJ m m'

M, ; (a, 8,$)=(ik) 'ge ' "' '[~(2l'+I)]' (lo' —oso
~

Jo')
//'j

X (l'Os'cr '
~

jo')R}t,(, (a)rt (e,y) . (27)

Comparing with (2) we have

i (m/2)(1' —/) Zj+1
A)t t; (a)= R,t, (a) .

[(2l +1)(2l'+1)]' '

Using their notations for the nonvanishing partial-wave amplitudes, we have

1 / 1
~/o/0= . ~/~ ~/]/] = . ~// ~

2ik 2ik

Aj t, = R,, (j =I+1),1 2J+1
2ik 21+1

(28)

(29)

2ik [(2j—l)(2j+3)]'

IV. CONCLUSIONS

The kinematical part of our program concerning
O(4) expansions of scattering amplitudes is comp-
leted with this article. The next step is to turn to
dynamical questions, in particular the incorpora-
tion of electrodynamic effects, the treatment of
pion-exchange amplitudes and the analysis of vari-
ous models for NN scattering. Some work in this
direction for the scattering of spinless particles'
has already been performed, in particular in appli-
cation to pion-pion scattering. " The most impor-
tant envisaged continuation of this paper is to ap-
ply it to analyze existing' and forthcoming experi-
mental NN data, in hopes of obtaining the NN
scattering amplitudes as functions of energy and
angle from threshold to about 1 GeV. Earlier ap-

plications of O(4) expansions to data analysis con-

cerned particle decays like K~3~, g~3m, and

pn —+3~ annihilation at rest.
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