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The gauge formulations of various gravitation theories are discussed. They are based on the approach in which we
have the group Diff R * acting on x* and in which we attach to every x* a tangent space with the group of action H.
Group H does not act on x* and plays the role of an internal (global) symmetry group in the standard Yang-Mills
theory. The matter fields in the theory transform according to representations of H and are assumed to be scalars of
Diff R *. The full invariance group of the Lagrangian is then of the form H'® Diff R *. Here H'* is a local gauge
group obtained from H exactly as in the Yang-Mills theory. The approach has two characteristic features: (i) The
group H'** must be spontaneously broken in order to exclude redundant gauge fields (the Lorentz connections) from
the theory in a way covariant with respect to the gauge transformations. (ii) To different H there correspond
different gravitational theories, all invariant under Diff R * but differing in backgrounds. Thus if H is isomorphic to
the Poincaré group the corresponding gauge theory turns out to be equivalent to the usual Einstein or Einstein-
Cartan theory of gravity in the Minkowski space as a background. The other choices for H: considered in the paper
are the de Sitter groups and the conformal group. They yield the Einstein theory with a negative (or positive)
cosmological term in the corresponding de Sitter space and the Weyl or Cartan-Weyl theory (depending on

realization of the conformal group), respectively.

I. INTRODUCTION

As was pointed out first by Utiyama' in 1956 and
then by a number of physicists (see, e.g., Refs.
2 and 3 and the references therein), gravitation
theory may be looked upon as a gauge theory.
However, diverse answers can be found to the
following questions:

What is the gauge group?

What are the corresponding gauge potentials?

What is the form of the associated Lagrangian?

What about the metric tensor g, ,?

In order to summarize and clarify the situation
we recall first a few facts about the group struc-
ture of the standard Yang-Mills gauge theories.
The minimal Yang-Mills structure of these theo-
ries is fully determined by the group G of global
internal symmetry transformations. The fields
in the Lagrangian transform according to repre-
sentations of G and the Lagrangian is explicitly
invariant with respect to the semidirect product
of the groups '

Ky =G*Q P . 1)

Here G'° is an infinite-parameter group of local
gauge transformations uniquely determined by G,
and P denotes the Poincaré group. Note that Ky,
in general, may contain still another internal sym-
metry group (as a separate factor) and the confor-
mal or other space-time symmetry group instead
of P.

Many physicists have tried to treat gravity in an
analogous manner. Namely, they put G'°°=DiffR*,
the group of general covariant coordinate trans-
formations. This setting has led to several diffi-
culties which will be discussed later on and which

essentially arise from the fact that there is not
one but several finite-parameter subgroups in
DifftRr playing the role of G. As a consequence,
there is no unique recipe for how to obtain DiffR*
=G'"°. (In fact DiffR* can be obtained from its
many subgroups, e.g., by localizing the Poincaré
subgroup or the de Sitter one or even the Galilei
one.)

In the spirit of Ref. 4 we, therefore, advocate
another gauge approach (see also Ref. 5) in which
we have the group DiffR* acting on x* from the
very beginning and in which we attach to every x*
a tangent space with the group action #. The
group H does not act on v* and plays the role of
G. The matter fields in the theory transform
according to representations (even nonlinear) of
H and are assumed to be scalars of DiffR*. The
full invariance group of the Lagrangian is then
of the form analogous to (1.1)

K =H"°® DiffR*, (1.2)

where DiffR* plays the role of P in (1.1) and H'*®
is obtained from H exactly as G'* is obtained
from G. We show in subsequent sections that this
choice of K leads to the following two characteris-
tic features of the approach:

(1) The full group of global symmetries of the
theory (i.e., the stability group of the classical
vacuum) consists of generators which are linear
combinations of the generators from H'°® and
from DiffR*. This group coincides with the in-
variance group of the maximally symmetric solu-
tion for metric, i.e., the group of motion (or the
isometry group) of the background. It turns out
that it is uniquely determined by H. Different
gravitation theories correspond to different H’s.
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All of them are invariant under general coordi-
nate transformations but differ in backgrounds
characterized by H. The structure of H itself

is very restricted by requiring the theory to be
both Lorentz invariant and constructable outof g,,,
alone (expressed in terms of vierbeins). From the
first requirement we obtain that H must contain
the Lorentz group SOy(3,1). In fact taking the gen-
erators of the physical Lorentz group in the usual
form i(x*9” - x"8"*) + L" we see that the first term
represents the Lorentz generators from DiffR*
and the second one the Lorentz generators from
H. The gauge field corresponding to L,, will be
associated with the gravitation connections. From
the requirement that the gravitation theory should
be constructed from g, , (or vierbeins) we conclude
that still other generators have to be added to
those of SO,(3, 1) (in order to obtain vierbeins as
another gauge field.) The simplest choice is to
add the generators P, which transform as an
80y(3, 1) four-vector and commute with each other.
As a consequence, we obtain H isomorphic to the
Poincaré group P which leads to the gauge theory
equivalent to the usual Einstein theory of gravity
in the Minkowski space as a background. The
other choices for H treated in the paper are the
de Sitter group SOy(3, 2) [or SO,(4,1)] and the con-
formal group C. They yield the Einstein theory
with a negative (or positive) cosmological term

in the corresponding de Sitter space and the Weyl
or Cartan- Weyl theory (depending on realization
of C), respectively.

(ii) The group H'°° obtained from H must be
spontaneously broken (in the sense of Ref. 6) in
order to exclude redundant gauge fields (namely
the Lorentz connections) from the theory in a way

covariant with respect to the gauge transformations.

In this and subsequent papers all cases of H will
be studied in detail because of the recent revival
of interest in gauge-theoretic formulations of gra-
vity in connection with the supergravity theories.
Thus Sec. II of the present paper will be devoted
to the Poincaré case H=P, Sec. IIlI to the de Sit-
ter case H=S0,(3, 2),S0,(4,1), and finally, Sec.
IV to the conformal case H =C (with C realized
nonlinearly). [In the following paper we shall con-
sider the most nontrivial case where all transfor-
mations of C (special as well as dilatation) are
realized on the physical fields of the theory in the
purely linear algebraic way.] In this connection
let us mention that the Poincaré case has been dis-
cussed (in a spirit close to ours) in Ref. 4 and the
case H=S0(3, 2) has been considered in Ref. 7.
However, we hope that even in these cases we
emphasize here some new (and, it is hoped, cru-
cial) points which are usually overlooked in dis-
cussions.

-1

II. THE POINCARE CASE

If the group H is isomorphic to P, H is generated
by L, and P, satisfying the usual commutation re-
lations

[Z 4 Leal =i oy Lpe + Moo L 4

=MoL ge = NacLnd) »
[Lab!Pd]:i(ndea_nade), 2.1)
[Py, Py]=0

with diagn,, =(1, -1, -1, —=1). [The world (holo-
nomic) indices are denoted by Greek letters, the
vierbein (anholonomic) indices by Latin ones, and
summation over repeated indices is assumed. ]
As has already been mentioned the group H'® is
obtained from H as G'°® from G in the standard
Yang-Mills theory. Now assume that the matter
fields ¢,(x) are world scalars with the transfor-
mation properties under H'*® and DiffR* given by

GL (pt (x) = %aab(x)(Lab)tmtpm(X) )
(2.2)
5P¢:(9€) =0,

and
8P (x) ==X (v)3, @, (x), 2.3)

respectively. Here 9, =3/9x* and a®(x), 3*(x)
are arbitrary functions.

Notice that the action of the piysical Poincaré
group on ¢,(x) is obtained by setting

M x)=ct = x?, a®(x) =52620"", (2.4)

where ¢ and A are constants. Thus the physi-
cal Poincaré group does not distinguish the world
and vierbein indices.

The gauge fields on H are introduced as usual:

Lyp=90k),
P,~ellx)
with the transformation properties
el ()P, + 3P (0)L ;= AL (x) = h(¥)A, (x)h ™ (x)
+.—1h(x)au nx),
g

n(x)eptee, (2.5)

In the infinitesimal form transformations (2.5) are
given by

6,99 (x) =—a™(x)Q} ,(x) = ()2, (x)
_ 1 9, a®(x), (2.8)
g

6, el (x) =—a”™(x) e, (x) 5 (2.7)
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5129:,,(95) =0, (2.8)
8 pel (x) = Q" (x) ¢ plx) - éau c(x) . (2.9)

Here c¢%x) characterize the transformations gen-
erated by P,. The gauge fields transform with
respect to DiffR* as covariant world vectors (i. e.,
as d,):

8rel (x) == (x)3,el (x) — 3, ¥ (x)el(x) (2.10)
8202 (x) =2 (x)9,92%(x) — 3, ¥ (x)Qeb(x) . (2.11)

It is easy to check that the covariant derivative of
@,x),

D,04(0) =3,0,(x) +5 8N L) S 05x) , (2.12)
transforms with respect to H'* as the field ¢,(x)
itself, i.e., according to (2.2).

Now let us construct the covariant curls of the
gauge fields. First notice that the quantity

Ay (o) =0,4A,(x) - 3,4, (x) +iglA, (), A,(0)],
(2.13)

where the field 4, (x) with the values in the algebra
of H is defined in (2.5), transforms homogeneously
with respect to transformations (2.5), i.e.,

Al () =h(0)A,, (DR () .

The covariant curls of ¢?(x) and of @"(x) are de-
fined as projections of Au,,(x) on the generator P,
and L,,, respectively:

R,™(x) =2, Qgt(x) - 3,0:°(x)
- g[8, (x) - L) (x)], (2.15)
Ce,(x) =9, ellx) — 3,e7 (x) — gQ%(x) e,s(x)
+gai’(x)e,,, (x)

(2.14)

=9, el(x) - D, (x) . (2.16)

Their transformation properties follow from (2.14)
[or from (2.6)-(2.11)]. Here let us only note that
with respect to “translations” characterized by
cnlx) they transform as

B,R,,*(x) =0,
6,Ch, () =Rm(x)c,,(x) .

(2.17)
(2.18)

Now physicists usually interpret ¢2(x) as vier-
beins and Q%(x) as the connection and express
Q%(x) in terms of ¢?(x) and its reciprocal by set-
ting CZ (x) =0 (e.g., cf. Ref. 8). [Note that
some authors use the terminology e®(x)=vierbein,
Q%(x) = connection, e?(x)=translation gauge po-
tential, €2 (x)=rotation gauge potential.] In this
connection let us note two things.

(i) In order to have the reciprocal to any vierbein
ej(x) physicists have to assume that the 4X4 ma-

trix e2(x) contains the constant term ~6¢. How-
ever, since ¢ (x) is a field by definition its form
is determined by the solution of the corresponding
equation of motion. Thus to assume the particu-
lar form of eZ(x) from the very beginning is not
justified.

(ii) The constraint CZ,(x) =0 is explicitly nonco-
variant with respect to gauge transformations with
parameters c,(x). Consequently if we perform P
transformations, then in order to preserve Cj, (x)
=0 we also have to put R, (x) =0 so that e (x) and
Q;‘]’(x) reduce to a pure gauge. Otherwise, and it
should be especially noticed, Q%(x) evaluated
from C¢,(x) =0 does not transform under P trans-
formations according to (2.8) as it should have,
provided ef(x) is transformed according to (2.9).
In order to get rid of this difficulty various authors
have modified the transformation law of ef (x)
(2.9) (see, e.g., Ref. 9).

We think that instead of modifying the transfor-
mation law, etc., the correct and more natural
procedure consists of the assumption that the
group H=P is spontaneously broken down to its
Lorentz subgroup SOy(3,1). This automatically
solves both difficulties mentioned above.

A minimal way of breaking the Poincaré group
down to SO(3, 1) is via nonlinear realization of P
in the quotient-space P/S0,(3, 1) (see Ref. 6). In
our case this leads to the introduction of four
Goldstone fields y%(x) which transform with re-
spect to P transformations as

65v%x) =cx) . (2.19)

Fields y%x) play the role of coordinates in the
quotient-space P/S0Oy(3, 1) which is homeomorphic
to the Minkowski space. Thus to any x* we asso-
ciate an internal Minkowski space with the coordi-
nates y%(x) and with the group of motion P.

Now we shall introduce the Cartan form w? (x)
and w®(x) in the standard way®:
i

e PPa[3, +igA, (x) ] e = jw? ()P, + 5

w®(x) Ly

(2.20)

By using (2.14)-(2.18) and (2.19) we can easily find
the transformation properties of the forms w?(x),
w®(x). For instance we can find that they are in-
variant with respect to P transformations, i.e.,

Spwi(x) =0, B8pwi(x)=0. (2.21)

Their explicit forms in terms of e2(x) and Q%(x)
are given by

wi(x) = gn2(x) , (2.22)

wl(x) =3,y%x) +gel (x) — g2y, (x) . (2.23)

By using the redefined gauge field ¢ (x) instead of
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e; (),

2s (x) = e (x) = QI (x)yq(x) (2.24)
with the transformation properties

5p2l(x) =— éau cx), (2.25)

6,22 (x) =—a™(x)&,, (x) + 3, a®(x)y,(x), (2.26)
the expression for w?(x) becomes simpler:

wi (x) =3, 9%x) + g2 (x) . (2.27)

_We may also introduce new covariant curls
Cg,(x) and B ,%(x) by using the expression
Ca, ()P, +3R,, ()L,

= ¥ WP[C, (x)P+3R,, P (x)L,, ] P (2.28)
so that

Ci,x)=Cg, () =R% (x)y ,(x)
=D, wix) - D,w?(x),

R,%(x)=R,,%() . (2.29)

As can be easily checked these new curls are in-
variant with respect to P transformations.

The form w?(x) due to its transformation proper-
ties [a world four-vector with respect to index
and transforming with respect to index a only
under the transformations from SO{°(3,1)] can
be interpreted as a vierbein. Sincey?(x) represents
four independent fields, detdy®(x)/dx* # 0 and there
exists the reciprocal vierbein w"4(x):

wg (x) = w*® () =n"?,
w? () (x) =6} . (2.30)
Then the metric g,,(x) can be written as usual,

2, (%) =0l (N w,,(x),

(2.31)
g (x) =" (x)wilx) .
It can be easily seen that the condition
Ci,(x)=0 (2.32)

is invariant with respect to all symmetries of the
theory and consequently its solution

Q) = zl—g (" ()3, () = 3,00(x) ]

+ wp (D)) w"™(x) 3w, (x)

- (m —n)} (2.33)

certainly has the right transformation properties.
Geometrically C¢,(x) and R,,*(x) are a torsion
and a curvature, respectively, in the fiber bundle
space with the base homeomorphic to the Minkow-
ski space {x*} and with the fiber P/S0(3, 1)
homeomorphic to internal Minkowski space. The

condition (2.32) defines a connected invariant sub-
spaceinthe fiber bundle space with torsion equal to
zero and gives us the possibility to express connec-
tioninterms of vierbeins. Thus we see that we have
actually only one gauge field in the theory—the
tield wg(x) [or 2% (x)].

The simplest invariant of group K =P'*&DiffR*
which leads to the second-order equation of motion
for 2¢(x) is the scalar curvature

R =" (x)w*®(x)Rypp0(x) . (2.34)

The corresponding action is then the familiar
Einstein action in the vierbein formalism:

S=—1_ f d*x detwR, (2.35)

167G
where G is the Newton constant. The Einstein
equations are obtained by variation of (2.35) with
respect to 22 (x):

Ry, - 3w, R=0 (2.36)

or

Ruy '—%g;wR:O: (2.37)

where
Ry =w”’(®)Ryppey R=w""R,,, Ry =wiR,,.
(2.38)

Summarizing we have seen that the minimal dy-
namics associated with the group K = P'°°Q DiffR*
is the dynamics of the usual Einstein gravitation
theory.

Finally let us make several remarks:

(i) The expression (2.33) for the Lorentz connec-
tion was obtained by imposing (2.32) but can also
be obtained by variation of (2.35) with respect to
Q2(x) as an independent variable. However, if
the considered matter fields have spin then these
ways of exclusion of 2% (x) yield nonequivalent
theories (since the variation of the action will also
contain contributions from the matter field due to
Q dependence of the covariant derivative [see
(2.12)]. As a consequence Q% will contain beside
the pure gravitation part (2.33) also terms quad-
ratic in the matter field, thus C¢,(x)#0. By in-
serting the expression for 2 in the initial Lagran-
gian these new terms yield nonminimal interac-
tions and we get Einstein-Cartan gravitation the-
ory.10 However, this procedure of eliminating
Q2 is not necessary since it is not dictated by the
symmetry properties of the theory. It seems
natural to put (2.32) forever and to evaluate from
it %°(x) in terms of vierbeins and use this expres-
sion when the interaction with matter is switched
on. As we have seen the theory remains torsion-
less and the nonminimal interactions are not ap-
pearing.
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(ii) Let us clarify the role of the fields y*(x). If
we consider them as independent variables and
vary (2.35) with respect to them we obtain equa-
tions which are identically satisfied provided Eq.
(2.36) or (2.37) holds, i.e., there are no subsidi-
ary conditions on 22(x). The fields y%x) are ab-
sent in the Lagrangian and in equations of motion
as well analogously to Goldstone fields in the
spontaneously broken Yang-Mills theories. How-
ever, in contrast to the usual Yang-Mills theories
the fields y%(x) did not yield the Higgs effect (the
mass of 2?) because of the general covariance of
the theory. There are no bilinear combinations
of vierbeins different from the constant and invari-
ant with respect to both the gauge transformations
and general coordinate transformations. The
Goldstone fields ¢ in our approach are merely
used to redefine the transformation properties of
vierbeins with respect to the gauge group which
allows us to express covariantly the Lorentz con-
nection Q2%(x) in terms of 22(x).

Actually it is not necessary to treat fields y*(x)
as independent. We can put on y%x) the condition

yx) =52 (2.39)

at every x*. This condition identifies the internal
Minkowski space with the space-time, breaks the
symmetry with respect to the full group K = p'ec
@DiffR* and can be considered as a choice of
gauge. Although both P'°° and DiffR* do not pre-
serve (2.39), in their semidirect product K there
is an infinite-parameter subgroup K, which is the
invariance group of (2.39) and generators of which
are given as a direct sum of certain generators
from P'°° and DiffR*. The physical Poincaré sub-
group is one of finite-parameter subgroups of K.
By applying to (2.39) all symmetry transformations
we can specify for which constraints on param-
eters the transformations preserve (2.39). We
find

N (x) = 6% c(x) — 8% a®™(x)5, x° . (2.40)

Thus upon imposing (2.40) on parameters of trans-
formations the general translations of coordinates
and transformations in the tangent space are no
longer independent: translations of x* with the
parameters 6% a®"(x)5,,x" induce on external in-
dices of fields the SO(3, 1)-gauge rotations with
parameters a®™(x). The transformation properties
of ¢ (x) with respect to K, are given by

8 ,(x) =—c™(x)2 ,0,(x) + % a™ () (x 2, = %, )

+ Lmn]ab(pb(x)
(2.41)

(here x,, =1, x*). It is clear from here that K, is

obtained by localizing the transformations of the
usual physical Poincaré group. This is the local
group considered by Kibble.? By taking into ac-
count (2.39) the vierbeins become

(2.42)

The field &2 (x) transforms with respect to K ac-
cording to the law:

522 (x) =— éwmayw: (x) = é 3, V() wix)

wi(x) =62 +g28(x) .

- éa“" () wpp (x) (2.43)

with \"(x) given in (2.40). The transformations
(2.14) and (2.43) mix the tangent space and x-
space-time and therefore, with restriction to
them, it has no sense to distinguish the world and
vierbeinindices. This reflects simply the fact that
there are three equivalent realizations of K for
tensors. The passage from one to another is

the equivalency transformation and it is given by
contraction of one vector index with the vierbein
or its reciprocal.

The fields y%x) can be identified with x" from
the very beginning. This philosophy is advocated
in Ref. 4. In our approach we prefer to separate
the gauge and general coordinate transformations
in order to follow the parallelism with the usual
Yang-Mills theories and to see more clearly the
gauge structure of the Einstein theory of gravitation.

(iii) Finally let us remark that we can introduce
another natural symmetry group smaller than Kj.
This is connected with the following fact. As
seen from (2.43) the K, variation of the field &2 (x)
contains an antisymmetrical inhomogeneous con-
tribution ~a*"(x)0,,. By using this term we can
“gauge away” the antisymmetrical part of 22(x).
The invariance group of this gauge involves four
independent parameter functions c%x); however,
as shown in Ref. 11 its transformations are non-
linear in 2(,, (x). This group may be called the
minimal group of the Einstein theory. It appears
naturally if one treats the Einstein theory as a
simultaneous nonlinear realization of the affine
and conformal group.12

III. THE DE SITTER CASES

The de Sitter groups differ from the Poincaré
group in the form of the commutator of generators
P,, namely,

[P, P,)=~ixm*L gy » (3.1)

where A=+1 or -1 for SO,(3, 2) and SO(4, 1), re-
spectively. For definiteness let us consider the
case SOy(3,2), i.e., A=1. The gauge fields e?(x),
Q{fz’(x) transform with respect to P transformations
as
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802 (x) =m*[cx) el (x) - c¥(x)el(x)], (3.2)

5 pellx) = Q" (x) ) — éau () . (3.3)

The curls are defined by
C4,(x) =9, eflx) — 3,2 (x) — g (x) e, (x)
+gs(x) e, ,(x), (3.4)
R,,%(x)=23, 2:(x) - 2,92(x)
-glQe ()" () - @2, ()Q" (v)]
+gm’[ef (X)eu(x) -edx)el(x)].  (3.5)

We see that in comparison with H =P only the
curl of Q%(x) is modified. The transformation
properties of curls with respect to P are given by

6pCy, () =RIT(x)c u(x) (3.8)
5pRT()=m*[c™(x)Ch, (x) - c"()Cr, ()] . (3.7)

Thus again the condition Cj, =0 is not invariant
with respect to (3.6) and (3.7) and as a consequence
we cannot eliminate Q)'"(x) in an invariant way.

Analogously to the previous case we have to as-
sume that SO,(3, 2) is spontaneously broken down
to SO¢(3,1), i.e., we have to consider a nonlinear
realization of SOy(3, 2) in the homogeneous space
80,(3,2)/804(3,1). Now, because of (3.1) the
transformation property of y%x) with respect to
P, is essentially nonlinear. It is given in accord-
ance with Ref. 6 by

Py i P -1 /DyMmny ),
iV m P, =h(x)ew%c) “e( i/2u™ 90l , (3.8)

where «™(y, 1) is a definite function of group
parameters z(x) and fields y%x); »™ determines
transformations of non-Goldstone fields ¢ (x)

[@ being the SO(3, 1) index] to be of the form

P59, (x)=itu™ (y(x), 5N L,m) S 0p(x) . (3.9)

The explicit form of transformations is given in
Refs. 7, 13, and 14. The covariant forms are
defined as before, i.e., by

e Pala, +iglel (P, + 300" (W) L, [Fe"* "

L mn
_wLT (x)Lmn

5 (3.10)

=iwl (¥)P,+

Under transformations (3.2), (3.3), and (3.8) the
form w?(x) undergoes an SO(3, 1) rotation with re-
spect to index ¢ with the parameters u™ (y(x), 6h); the
form w™(x) transforms according to (2.6) with the
same parameters u™"(y(x), 64). The covariant
derivative is given by

D, @,(x) =2, @, (x) + %wﬁ'”(x)(Lm,,)abga,,(x) . (3.11)
The explicit form of w?(x) and w®(x) is rather
complicated (see Refs. 7, 13, and 14). For us
only that part of the forms which does not depend
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on gauge fields will be important. It appears that
instead of y%(x) it is better to use the parameters
2%x) cannonically related to y%(x), namely,™

tan%m\ff

() _9na 3.12
2%(x) =29%x) e (3.12)

We shall write
wf () =wox) + @8 (x) (3.13)

w®(x) = 0Px) + &P (x) ,

where 0% w”® denote the parts of the form
which are independent of the gauge fields. They
have the form™
w®%x) = alx)5 [w* *x) =a ™ (x)n*a], (3.14)
w0?(x) =—im*alx) (2%, 2° - 2%, 27, (3.15)
where
1
=TT T - 1
alx) 14+ 3m°z°(x) (3.16)

The terms @2, @ are proportional to the cor-
responding gauge fields and can be chosen as new
independent variables.

By passing from (3.4) and (3.5) to covariant curls
according to the general formula (2.28) and by using
the definition of forms w?, w® (3.10) we find

e‘il’“("’Pﬂ[Cﬁ,,(X)P)1+ R"’”(x)L e 1y %P

=Ca,(0)P, + 3RM™() Ly, (3.17)
where
Civ () =3, wilx) - 3,08 (x)
= W (X) w5 (%) + W (x)w,,(x) (3.18)
Riy(x) =3, wi"(x) — 9,0 (x)
- [wg (W d™(x) - W ()™ (x)]
+miwf (Dwnx) - wix)wix)].  (3.19)

The curls C¢,(x), R7%(x) transform independently
of each other like the covariant derivatives (3.11).

By setting C ,(x) =0 we can express w?{x) in
terms of w“( x) and reciprocal vierbein w"?(x) inthe
form (2.33). Noticethatthe structure of their clas-
sical parts wff”“ w{®®[(3.14) and (3. 15)] agrees with
this general form, i.e., torsion C“ is equal to
zero on these quantities, which réﬂects the fact
that the de Sitter space is torsionless. Taking
into account this remark we see that (2.33) gives
the connection between the gauge fields @§* and
@¢% which has no purely classical piece on 1ts right-
hand side (including of course explicit dependence
on w(M%).

It turns out to be useful for further discussion
to put

z2%x) =0624" .

This condition has as the invariance group a sub-

(3.20)
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group of the group SO¢(3, 2)!°°Q DiffR*, namely,
the infinite-parameter group K, of Sec. II. The
physical de Sitter group SOy(3, 2), which acts
simultaneously on x* and on SO(3, 2) field indices
and which via contraction m —0 goes to the physi-
cal Poincaré group, appears to be one of the con-
stant parameter subgroups of Ky. The group K,
acts on all fields except the gravitation field &2 (x)
according to (2.41). The whole vierbein

w[f(x)—'l_(_—lrzé" + @2 (x) (3.21)
transforms in it also according to the old law;
however, the transformation properties of the
gauge fields @¢(x) are in principle different and
this appears to be essential for the dynamical con-
tent of the theory.

Let us now construct the invariants. First let
us remark that the part of the curvature ﬁ,f,’,"(x)
which in form coincides with the Einstein curva-
ture tensor [denoted by *R¢™(x)] is covariant in
itself since the vierbeins w, w"? with respect to all
transformations from SOy(3, 2)'°° transform purely
homogeneously [according to the vector rep-
resentation of SO(3,1)]. One might think that
the simplest action will be the Einstein action
again, i.e.,

S= f d*x ISITTGdethR. (3.22)

However, since the “classical” part of vierbein
(3.21) does not reduce to 52 *const but is a function
of the coordinates x* (w(m“(x) =1/(1 +$mx*)62) in
density of action (3.22) there arises a tadpole term
proportional to the field @2(x). This is the rea-
son why the theory connected with (3.22) is poor,
i.e., it is not stable due to the possibility of vacu-
um transitions. [In fact, the action (3.22) is com-
pletely equivalent to the Einstein action (2.35).
After summing over all vacuum transitions the
tadpole term disappears while @¢(x) is shifted by

a certain function (analogously to the Higgs field in
the standard linear ¢ models). This function turns
out to be such that it cancels the x-dependent part
of w{™? in (3.21) leaving solely 6 in w4, Thus,
the Minkowski background is effectively restored.]
It turns out that this unpleasant term can be elim-
inated from the theory in a covariant way by adding
to R a cosmological term. The value of this term
is uniquely fixed by requiring the absence of a tad-
pole in the action,

’ E
S’/ = 16 e fdxdetw(R+6m) (3.23)

The corresponding equation of motion [obtained by
variation with respect to @2 (x)] has the form

"R,y — 38, R =-3m?g,,, (3.24)

where g, =w (x)w,,(x). It is not difficult to
check that the classical part of the vierbein (3.21)
is a solution of (3.24).

The corresponding metric guy has the form

1 .
uoli (x) = (o)a(x)wﬁ); = m—rf)-gnw . (3.25)

The maximal invariance group of (3.25) (the iso-
metry group) appears to be the SO,(3, 2) subgroup
of the group K.

Let us stress that the Lagrangian in (3.23) does
not coincide with the scalar curvature which cor-
responds to the tensor R7 (3.19) as can easily be
seen. But nevertheless this Lagrangian can be
expressed in terms of this tensor.” Up to the
topological invariant

= 1 - -
detw(ER * 6m2) = W €uvplEadeRuvub(x)Rp).Cd(x) .

(3.26)

Let us note that in Ref. 7 (3.23) and (3.26) were
derived differently.

Finally let us make a few remarks concerning
the group structure of the obtained theory and a
comparison with the previous case. In the gauges
(3.20) and (2.39) the full invariance groups of both
theories are the same group K,. The essential
difference of both theories consists in the differ-
ence of classical parts of the corresponding vier-
beins [1,, in the first case and a(x)n,, in the sec-
ond one|. This is the only trace of the different
choices of the initial gauge groups. The classical
part of the vierbein defines the background space
of the theory (“maximally flat space”), and its iso-
metry group coincides with the group of motion
of this space. This group appears to be the maxi-
mal group of homogeneous transformations of the
corresponding gravitation field (the full vierbein
minus the classical part). In the first case this
group was the physical Poincaré subgroup of K|
and, in the second case, the de Sitter subgroup
S0O((3,2). All other transformations from K,
(except those belonging to the mentioned sub-
groups) are realized on the corresponding gravi-
tation fields nonhomogeneously and are therefore
spontaneously broken. For instance the usual
translations act on @2 (x) in the following way:

8@ (x) == %@ — ImPd*(x)(xc)de . (3.27)
The transformation of the quantity 8,0} (x)6% be-
gins with the pure constant

1
5(8,@%068) = =SmPc,+ .

225 64 2 (3.28)

, this object plays the role of the correspond-
ing Goldstone field. Analogously, in the first
case SO(3,2) translations are spontaneously bro-
ken with 8,2 (x)5; as Goldstone fields (the higher
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derivatives of the gravitation field appear to be
Goldstone fields associated with an infinite number
of the remaining spontaneously broken generators
of the group K,). Thus although the full invariance
groups of both cases coincide the stability groups
of their classical vacua are finally different: the
first case respects the structure of the quotient
space K,/P and the second that of the quotient-
space K,/SO,(3,2). Notice that there is a clear
analogy with 0 models of standard spontaneously
broken symmetries where various patterns of
spontaneous symmetry breaking are connected with
various choices of potential. Notice also a
principal difference of the spontaneous sym-
metry breaking of the gauge group Pke, SO/(3, 2)
or SO,(4, 1) down to SO,(3, 1)*° and the cor-
responding spontaneous symmetry breaking of
K, down to the physical Poincaré or de Sitter
group. To the first type of symmetry breaking
there correspond the Goldstone fields y%(x) which
are finally identified with the coordinates x"

[via (2.29) and (3.20)] so that the spontaneously
broken character of the corresponding generators
P, manifests itself only in inhomogeneity of trans-
formations of x,. On all physical fields these gen-
erators are realized homogeneously and therefore
belong to the vacuum stability group of the theory
(the little group).

Finally let us emphasize once more that the
proposed gauge approach to gravity has an ad-
vantage since the choice of H!°® automatically
fixes the maximal invariance group of the classi-
cal part of the theory and simultaneously also a
type of background space in which the correspond-
ing quantum theory has to be constructed. This
group is isomorphic to H but, in contrast to it,
acts on x* as well as on field indices.

Joc
’

IV. THE CONFORMAL CASE

loc

The conformal group C(= SO,(4, 2)) can be con-
sidered as an extension of the Poincaré group P
by five generators K, and D. Its algebra is given
by (2.1) and by the following commutation rela-
tions (in comparison with the standard notation
our generators K, have the opposite signs):

(Lo, Kl =i(MymKa = Man Ks)
[Py, K,]=-2i(ngyD+Ly),
(K, K,]=0,

[Le,D]=0,

[P.,D]=~iP,,
[K,,D]=iK,.

(4.1)

The algebra of C has various subalgebras besides
that of P. For instance the generators 3 (P,

+m?K,) and L, form the Lie algebra of SO,(3,2),
the generators 3 (P, -m?K,) and L, form the al-
gebra of SO,(4,1). The operators K,, L,, gener-
ate the second Poincaré algebra. The generators
D,P, L, orDK,,6L, formtwoWeyl algebras.

The basic elements of the gauge theory based on
the full invariance group

K=CcgDiff R* (4.2)

are the gauge fields eﬁ(x) and Q% (x) (corresponding
to the generators P, and L, respectively) and the
gauge fields f4(x) and g (x) associated with the
generators K, and D. The transformation proper-
ties of these fields under C'°® are characterized
as follows: With respect to local L transforma-
tions the fields ej and fo transform according to
(2.6) and (2.7) and the fields f§ (x) and g, (x) as a
four-vector and a scalar, respectively. Transfor-
mations generated by P, have the following form:

0 p 2 (x)=2[c(x) £ 2x) =" () F L (¥)], (4.3)

0pep (x)=Q™x)c ,(x)+ c?(x) g, (x) -glr 9,c%x),

)
(4.4)
6pfulx)=0, (4.5)
8p 8, (x)=2c,(x)f%(x) . (4.6)
Notice that P transformations of e (x) and Q5 (x)

differ from (2.8) and (2.9). The transformation
properties under K, and D are given by

0 ()= 2[b%(x)el (x) = b°(x)e (x)], 4.7)
oge, (x)=0, (4.8)

B 2 ()= ()b ) = b%(x) g, () — é 8,5%(x),

(4.9)
O g, (x)=—2b%x)e, (x), (4.10)
6,80 (x)=0, (4.11)
6pel ()= ~t(x)el (x), (4.12)
5pflx)=t(x)f2(x), (4.13)
6p8,lx)= —é 8,t(x), (4.14)

where b%x) and ¢(x) are the corresponding gauge
functions.

The covariant curls are defined in the standard
way (2.13). They have the form

RI[L1=R};+2g(eff —enf)-2g(elfi—elfy),

(4.15)

R} [P]=C;,+g(eng, € g,), (4.16)
Ry [K]=0,f}-0,f) —g(Qlf ,, —°F up)

-g(fo8,~fr8), (4.17)
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R, [D]=8,8,-8,8,+2g(e, f ,—e,f,q), (4.18)

where R]7(x) and C}, ,(x) are defined by (2.15) and
(2.16). By replacing the gauge fields with the cor-
responding curls, i.e.,

sz—'vaab[L] ’ ez—’sz[P] ,
fﬁ-_'Rlaw[K] ’ gu‘Ruv[D] ’

n (4.3)—-(4.14) and by neglecting all gradient
terms we obtain the following transformation prop-
erties of the curls under the gauge transformations:

6pRI[L]=2(c"R% [K] -c"R™ [K]), (4.19)
6RZ [P]=R[L]c,+c’R,, [D], (4.20)
o,R;, [K]=0 (4.21)
0pR,,[D]=2c.R},[K], (4.22)
0xR,"[L]=2(b°R% [P] - b°RE [P]), (4.23)

d¢R;,[P]=0, (4.24)
Ok RLK]=RI[L]b, —0°R,,[D], (4.25)
Ok R,,[D]= - 2bR,, [P], (4.26)
opR,,®[L]=0, (4.27)
wlPl=—tRL,[P], (4.28)
wlK]=tR] K], (4.29)
5pR,.[D]= (4.30)
In Ref. 9 field eZ(x) is identified with the vier-
bein and the action is taken in the form

s=f awe e iR, [LIR, L], (431)

Expression (4.31) is explicitely invariant with-
respect to the general coordinate transformations
and to the local L and D transformations. On the
other hand (4.19) and (4.23) imply that expression
(4.31) is also invariant under the local P and K
transformations provided the following conditions
hold:

R§, [P]=0, (4.32)
RE,[K]=0. (4.33)
However, it follows from (4.20) and (4.21) that

conditions (4.32) and (4.33) themselves are not
covariant under the local P and K transforma-
tions (covariance is possible only in the trivial
case R}y [L]=0,R,[D]=0). Thus, from the
group-theoretical point of view, postulation of
(4.32) and (4.33) is not justified since these con-
ditions do not agree with the transformation
properties of the gauge fields.

In order to avoid this inconsistence the
transformation properties of the fields were re-
defined in Ref. 9 analogously to the Poincaré
case (cf. Ref. 15). The redefinition is based.

IVANOV AND J. NIEDERLE 25

on the following observation. Condition (4.32)

is invariant under all gauge transformations ex-
cept those generated by P,. Hence Qz” found
from this condition has the correct transforma-
tion properties with respect to K, L, and D
transformations. It follows from (4.23) that K
variationof curlRW“b[L] is equal to zerodueto
condition (4.32). Thus action (4.31) is invariant
under the local K transformations. Then it is
claimed in Refs. 9 and 15 that by properly mod-
ifying the local P transformations condition
(4.32) becomes invariant under P transforma-
tions. The redefined P transformations are of
standard form (2.10) and (2.11) but with the parame-
ters depending on the fields: X°(x)=(1/g)e(x)c,(x),
where e”(x) is the reciprocal vierbein. For instance

0pef(x)=—-a, X”(x)e‘;(x) - X(x) dpef (x)
= )+ Lo M) en ()24 () - 3,68 (0.
(4.34)

Let us stress that with such redefinition of P
transformations specificity of the conformal group
does not appear (the same procedure is applicable
for the Poincaré case®!®), It is clear that each
curl covariantly transforms through itself under
(4.34), and that condition (4.32) and action (4.31)
are explicitly invariant so that there is no neces-
sity of the supplementary condition (4.33). Fur-
ther, field fj(x) can be expressed in terms of the
other fields by using its equation of motion, i.e.,
Si(x) does not spread and action (4.31) reduces to
the well-known Weyl action. On this basis it was
concluded in Ref, 9 that equivalence of the Weyl
gravitation theory and the above-described gauge
theory based on the conformal group was proved.

However, as already mentioned in Sec. II the
approach using redefinition of P transformations
is rather artificial. Indeed, it is easy to show
that the modified local P transformations together
with the local L transformation and transforma-
tions (4.7)—(4.14) do not possess the original group
structure [e.g., the Lie bracket of two infinitesi-
mal variations (4.34) is not equal to zero but is a
complicated nonlinear transformation of field
e%(x)]. In other words, transformation law (4.34)
by its group structure has nothing to do with the
initial law of the local P transformations [although
both laws contain the inhomogeneous gradient
term ~ auca(x)]. Thus the trick used in Ref, 9
does not actually solve the problem with invari-
ance under the local P transformations.

Now we show that invariance under all symmetry
transformations of the theory can be obtained
without breaking the original group structure if,
analogously to Secs. II and III, the gauge group
H"™ = C°jg assumed to be properly spontaneously
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broken. Furthermore the vierbein will be identi-
fied not with ef,(x) but with a certain form depend-
ing on ef(x) and the other gauge fields. Finally it
will be possible to redefine the gauge fields in
such a way that their transformation properties
will be in accordance with the condition analogous
to (4.32) without any artificial modification of
transformation laws.

For this purpose first let us consider nonlinear
realizations of the conformal group C. It is clear
that in our nonlinear realization of C its subgroup
S0O,(3,1) has to be contained in the little group
and the generators P, in the quotient space. How-
ever, in contrast to the Poincaré case treated in
Sec. II, there exist two inequivalent nonlinear real-
izations of C satisfying this requirement, namely,

C/S0,(3,1) (4.35)
and
C/I®80,(3,1), I=¢e't™P

with the spontaneously broken generators
{P,,K,,D} and {P,, K,}, respectively. Note: All
transformations generated by K,, D, L,, form a
subgroup in C over which we can make factoriza-
tion, too. However, the standard method of non-
linear realization® (in particular the method of
construction of the Cartan forms) is not applicable
in this case since one of its very important as-
sumptions is violated (namely, all generators

are not orthonormal in the sense of the Cartan in-
ner product with respect to the algebra of the little
group). This case will be treated in a subsequent
paper.

(4.36)

A. The little group SOy(3,1)

Nonlinear realization (4.35) was considered in
Refs. 12 and 16. According to general rules it is
necessary in this case to introduce the Goldstone
fields y*(x), s”(x), and o(x) corresponding to the
generators P,, K,, and D, respectively, and to
define the Cartan form by means of the relation
of type (2.20):

G\ (9,s,0)(8,+igA,)G (3,5,0)=iw} [P|P, +iwi K| K,
i
+z‘w,,[D]D+§w;‘,b[L]La,, ,

(4.37)
where now
Gly, s, 0)= e,yawpaeisb(xm,,eia(x)z) , (4.38)
A, (x)=ef(x)P,+ [ (x)K, + &, (x)D
+3Q0(x) Ly, - (4.39)

If group C'° acts on cosets G(y, s, )as agroup of left
multiplications, forms w§[P]and w¢[K]undergoan
S0,(3, 1) rotation with respect to index g with the pa-
rametersdepending, in general, onthe Goldstone

fields. Form w,[D] is an invariant of group C*°.
The form w@[L] transforms as the Lorentz con-
nection, i.e., according to (2.8), with the same
parameters as the forms wj§[P] and w3 [K]. All
forms are invariant under the local P transforma-
tions. Form wj[P] has the structure

(4.40)

and, therefore, can be identified with the vierbein
and its part which contains the gauge fields with
the gravitation field. The form w®[L] can be ex-
pressed in terms of w‘L[P] and its reciprocal
w"e[P]= (w™)2[P] according to (2.23). The minimal
invariant Lagrangian is the Einstein Lagrangian
(2.35). The forms w?[K] and w,[D] do not play any
dynamical role and can be considered as external
matter fields. For instance it is possible to set
them equal to zero (which is an invariant opera-
tion). As a result, the gauge fields f% (x) and g, (x)
are expressed in terms of the Goldstone fields and
the field e (x) (the inverse Higgs effect'”).

In this sense, the gauge theory corresponding to
the realization of C!°® on the quotient space (4.35)
is identical with that based on the Poincaré group.
We can see it in more details by taking into ac-
count the following facts. As already mentioned
field y¢(x) does not completely have the Goldstone
properties since via (3.39) it can be identified with
the coordinate x* and, consequently, P, become
the generators of the usual translations which an-
nihilate the vacuum. At the same time fields s®(x)
and o(x) [after imposing (2.39)] remain the inho-
mogeneously transforming Goldstone fields, i.e.,
the spontaneously broken character of generators
K, and D is absolute. Thus we have the situation
typical for Yang-Mills theories associated with
nonlinear realizations of local symmetries—the
structure of invariants is completely determined
by the transformation properties of the fields
under transformations from the stability group of
the vacuum, i.e., the spontaneously broken part
of the local symmetry has no dynamical effect.
Furthermore, the Goldstone fields do not explicit-
ly occur in the Lagrangian and the gauge fields
associated with the generators from the quotient
space may be supplied with the invariant mass
terms (the Higgs effect). In our case we obtain
the invariant mass terms

(det w{{w*[Plws,[P](w? [K]w,,[K]6" +a,w, [K]wm{K])}

and

we[P]=8,y%(x) +ge% (x) ++

(det w)w*¢[Plw?[P]w, [D]w [D]

for the fields f%(x) and g(x), respectively. We
can construct also the correspondingkinetic terms.
In the Einstein theory they can be obtained by the
standard method, i.e., by making use of covariant
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derivatives (2.12) with w™[L] instead of Q™.

Note that we might associate x with generators
3(P =mK) or 3(P +m?K) instead of P and the
Goldstone fields s®(x) with orthogonal combinations
of P and K. In these cases we would obtain the
gravitation theories with cosmological terms
treated in the previous section.

B. The little group I®SOg(3,1)

Now we shall discuss the nonlinear realiza-
tion (4.36). Its stability group is the group
I® S0,(3,1) where I=¢#*P. As a consequence all
matter fields ¢,(x) are characterized by both the
index a and the number d,— the dilatation degree.
The former specifies the transformation proper-
ties of ¢, (x) under SO,(3,1) and the latter under D
transformations:

Opp, (x)=d,t () @ax) . (4.41)

The Cartan forms are introduced via the decompo-

sition

G1(y, s)(au +iA,)G(y,s) =iw;“{P]Pa +iw’u"[K]Ka
+iw, [D1D+ 5w [L] L,

(4.42)
where

a b
G(y, s)=et (%)Pg pis”(2) Ky

Under the local L transformations the forms trans-
form as usual and under the D transformations
according to

0,wie[P]= — ¢ (x)wi[P],
o wisK] =¢(x)wie[K],
6,0, [D]=-3,¢(x),
opwie?[L]=0.

Hence P has the dilatation degree d = -1, w!*(K]
has d=1 and w),[D] as well as w/*[L] have d=0.
The infinitesimal K variation of the forms is given
by the sum of their local L and D variations with
the parameters specifically depending on the Gold-
stone fields y%(x). Fields ¢,(x) transform under
the action of K, analogously. All forms as well as
the fields ¢,(x) remain invariant under the local

P transformations. The covariant derivative of the
field is defined by

(4.43)

Dl¢,(x)=8,0,(x)+d,’[D]g,
2 WIPIL] (L), (). (4.44)

We again interpret form ’*[P] as the vierbein. Its
covariant curl contains terms which depends on
w,[D], namely

+

Cis =plwi[P] - Djwie[P]
=9, w;¢[P] - 8, wi?[P]
~ et Ll), [P] — (@i[L]ws[P])

+ (Wi[Plwy[D] - wie[PlwL[D]) . (4.45)

The covariant curl of the form L coincides with
the Einstein curvature tensor (2.15) (with wi?®[L]
instead of £28°). By putting (4.45) equal to zero we
can express w;®®[L] in terms of w/?[P] and w.[D].
Thus we get w{?[L] inform (2.33) where 3, is replaced
bya, —w,[D]. Thoughthe curvaturetensorhasthe
dialationdegree equal to zero, the scalar curvature
has d=2 since the reciprocal vierbeinhasd=1. De-
terminantdetP transformsasa scalar withthed= -4
under (4.43). Thus the usual Einstein Lagrangian
is not invariant with respect to (4.36). The sim-
plest invariant gravitation Lagrangian is quad-
ratic in curvature

L™ (detw) R?. (4.46)
v

Instead of R? we can take, e.g., Ruy R"” or Ru,*’R.;
which analogously to R? are scalars withd =4.

Let us stress that tensor R (x) depends on w,[D]
in a very complicated way due to the condition

Cl% =0 postulated in order to exclude w‘:,”[L]. It is
natural to interpret w,[D] as a gauge field on the
commutative gauge group [ =e#®)?

Thus the gauge theory in which the quotient space
is (4.36) leads to the gravitation theory based on
the Weyl group/® P studied indetail in Refs. 18 and
19. The local K -transformations are spontaneous-
ly broken and are reduced to the local L and D
transformations and therefore have no dynamical
effect. We may again introduce the invariant mass
terms for the field f,

~detw’ [P]w**[Pw"®[P]wid K]wgs[K]
~detw’[P]g"° [Plwis[K|w}l[K],
so there is the Higgs effect for the field f&(x).
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