
PHYSICAL REVIEW 0 VOLUME 25, NUMBER 3 1 FEBRUARY 1982

Radiative decays of massive neutrinos
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General formulas are given for the decay rate v2~v~+y in the SU(2))&U(1) model for
neutrinos with a small mass. The emphasis is on distinguishing between the cases of
Dirac and Majorana neutrinos. Possible enhancements of the rate due to methods of elud-

ing the Glashow-Iliopoulos-Maiani suppression and due to charged Higgs bosons are con-

sidered.

If neutrinos are massive and if the mass eigen-

states are not degenerate, then it is possible to have
a radiative decay of the form v2~v&+y. The pos-
sibility that massive relic neutrinos from the big
bang might be detected as a result of this radiation
has been discussed recently. ' In addition, such
decays have been discussed in a variety of astro-
physical contexts. Formulas for the rate of these
decays have been given explicitly by Petcov and

by Goldman and Stephenson and can be derived
from the general results of Marciano and Sanda
and of Lee and Shrock. All these results are
given for the case of Dirac neutrinos whereas most
present theoretical ideas about neutrino mass yield
Majorana neutrinos. In this paper we discuss the
general case involving either Majorana or Dirac
neutrinos. Since the predicted rates within the
standard model are small, we consider some possi-
bilities of enhancing the rate.

In order to understand the differences between

the Majorana and Dirac cases, it is necessary first
to review the calculation for the Dirac case, which
we carry out in the Feynman —'t Hooft gauge. We
assume the standard SU(2) )& U(1) model with the
leptons in left-handed doublets and right-handed
singlets plus a single Higgs doublet. The relevant
diagrams are shown in Fig. 1. Because of the
Glashow-Iliopoulos-Maiani (GIM) cancellation the
transition moment vanishes in the limit that all
charged lepton masses are taken equal to zero. As
a result, the diagrams involving the unphysical P+
cannot be ignored even though the coupling of P+
is proportional to a lepton mass. This coupling
may be written

2(GF/V 2)'/ g v,—U, (ml, R m, L)l, p++H. c. ,—
a, a (1)

vaL g UaavaL (2)

For simplicity, we assume CI' invariance and
choose U« to be real. The helicity projection
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FIG. 1. Diagrams in the 't Hooft —Feynman gauge
contributing to the process v2~vi+y for Dirac neutri-
nos v2 and v~.

where mI, (=m„m„, etc.) is the charged-lepton
mass, m is the neutrino mass, GF is the Fermi
constant, and U« is the unitary matrix relating the
neutrino mass eigenstates v L (a = 1,2 . ) to the
weak eigenstates v,L, (a =e,p . )
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operators are R = —,(I+ys) and L = —,(1—ys).
With the approximation that m &&M~ and

m~ &~ m~ for all u and a, the transition ampli-
tude is given by

'2
36F 2 2 3

m2 —m&
(m, '+ m t')

m2

eGF

4~ZW .g U), U2,F(r, )

X g UtaU2ara
a

'5

XV)(p')(mqR+m)L)o~ e vp(p), (3) 30 eV

where r, =(mi, /M~), q =p —p', e is the photon
polarization, and

X (1+x')(U), U2, )',

3 rlnr
F(r} (1 r)-' ——,(2—&r+r )+—

This gives for the decay rate

2 2 2 3
QGF m2 —m )

(m2 +m) )
128~4

X QU„Up, F(r, ) '.

(4)

where x

=mt�/mz

and we have assumed in the last

line that only the term with r, =r~=m, /M~ is
significant. For our later discussion we note that
if the term in Eq. (1) proportional to the neutrino
mass m is omitted, the leading term in T is pro-
portional to r, lnr, rather than just r, .

A considerably larger decay rate becomes possi-
ble if we imagine' there are four generations with a
much heavier charged lepton 0. in the fourth gen-
eration. In this case to a good approximation we
set m, =m&

——m, =0 so that

g U&, U2, F(r, )=U& Uz [F(r ) —F(0)] . (8)

3 3F(r)= ——, + —,r . (6)

The first term in Eq. (6) does not contribute be-
cause of the GIM cancellation; as a result, the rate
is given by

For the case of three generations all the r, are very
small and we may approximate

The function [F(r ) —F(0)], which now is pro-
portional to the rate, is plotted in Fig. 2. Contrary
to the suggestion of Ref. 1 this function does not
peak near r =1. For values of r &&1,

3 lnr
F(r~) —F(0)= —, —

2fa

In the limit that r approaches infinity,

10

Ol

0
Ll

10

10

10
10 10 10 10

FIG. 2. Plot of [F(r)—F(0)]' vs r (note logarithmic scale on both axes).
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3GF 2 2'3
m2 —m]

(m2 +mi )(Ui U2 )
2 2 2

=(2X10 yr)

5

(1—x )

B

I
I

X2

X(1+x )(Ui U2 ) (10)

a=1 a=1

The rate is then four times as large as given in Eq.
(10).

We turn now to the case of Majorana neutrinos.
There are two differences to be considered. In the
first place, we must recalculate the diagrams of the

type shown in Fig. 1. In addition, however, we
must consider the question of how the neutrinos
acquire their Majorana mass. In the ease of Dirae
Dirac neutrinos the extension of the standard
model to include a mass is completely straightfor-
ward. However, a Majorana mass for the usual
doublet neutrinos corresponds to a violation of
weak isospin by one unit. Thus, starting with our
SU(2)XU(1)-invariant Lagrangian we must intro-
duce this violation of weak isospin in a consistent
manner. The simplest model is to add a Higgs
triplet to the theory in addition to the Higgs doub-
let. The details of this model are developed in the
Appendix. As a result of adding the Higgs triplet,
new diagrams involving physical charged Higgs
bosons occur (shown in Fig. 3) and we calculate

This limit is approached relatively slowly so that
for m =M~ the rate is still a factor of 9 below
the asymptotic value. This corresponds to one
method, but not a unique one, for eliminating the
GIM suppression. An alternative method' is to
add a fourth generation of neutrinos for which
both v L and v z are singlets with no correspond-
ing charged leptons. The Lagrangian then contains
a bare mass term

4 I~g v~1 vgR +H. C.
a=1

Combining this with the usual mass term obtained
from the Higgs vacuum expectation values one ob-

tains a set of four neutrino eigenstates given by Eq.
(2). The decay rate is given by Eq. (5) with the
sum over a running only from 1 to 3. In this case,
the first term in Eq. (6) dominates the sum so that

3 3

g Ui U2,F(r )= ——, g Ui, U2, =-, Ui U2

F 3. 3 Diagrams involving physical charged Higgs
bosi,~ contributing to the radiative decay of a Majorana
neu rino. There are additional diagrams where B+ and
I, are replaced by B and I,+.

~a g Uaa( vaL + lavaR ) (12)

(We use X instead of v just to remind ourselves
that the neutrino is a Majorana one now. ) In cal-
culating 72~X&+y, we will have to consider
separately the cases (a) i) = i)2/il &

——+1 and (b)

fj =T/2/7/~ = —1.
The next point to note is that for each diagram

of Fig. 1, there exists a second diagram in which
the W+, P+, and l lines are replaced by
W, P, and l . [It is understood in these dia-
grams that P

+—stands for the unphysical Higgs bo-
son; thus for the case discussed in the Appendix

these additional contributions.
We first limit ourselves to the diagrams of Fig.

1. An interesting question that arises is the cou-
pling of the unphysical Higgs boson proportional
to the neutrino mass, the second term in Eq. (1).
This term was originally derived for the Dirac
case; since the Majorana mass arises from a dif-
ferent mechanism, it is not immediately obvious
whether this term is present. As noted above, this
term plays an essential role in the calculation in
the gauge we use. However, since it is possible to
avoid this term altogether by going to the unitary
gauge, it would seem that this term must be re-
quired by gauge invariance. In the Appendix we
show explicitly how this term arises in the model
with a Higgs triplet.

We first consider the model with three fermion
generations. The Majorana mass matrix links

v,l, v&I, v,L to the right-handed antiparticles
(v', )R, (v&)R, (v', )R. Again, assuming CP invari-
ance, we can diagonalize the mass matrix by an
orthogonal matrix U. At this stage, however, some
of the eigenvalues may be negative. We call the
eigenvalues g~m~, where m~ is real and positive,
and g is +1 or —1. In order that the fields
describe particles with positive masses m, we de-
fine the mass eigenstates by the Majorana fields'
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Then in place of Eqs. (3) and (5) we have

eGF
T= —

2 g U], U2,F(r, )
4~Z~2 .
X(m2 —m])x](p')y50/q E X2(p),

(14a)

2 2 2 3
cxGF m2 m

64~4 m,
(m2 —m]) 2

X g U], Up, F(r, )

a
(15a)

The minus sign in Eq. (13a) corresponds to the re-

quirement that if we were calculating the diagonal
moment for a single Majorana neutrino we would
get the answer zero.

In case (b), Eq. (13a) should be replaced by

(m2R+m]L)+(m2L+m]R) =m2+m] .

(13b)

Then, in place of Eqs. (14a) and (15a), we have

eGFT= — g U], U2,F(r, )(m2+m])
4 2

XX](p')o~q~+Xz(p), (14b)

the P+ lines should be relabeled S+ as defined by
Eq. (Al 1)]. Such a contribution is absent in the
Dirac case because the right-handed neutrinos have
no weak interaction, but occurs in the Majorana
case since v ~ =v'~. The contribution from this
set of diagrams is proportional to (m2L+ m ]R),
but its sign with respect to the contribution from
diagrams in Fig. 1 will depend on the ratio g. (See
Appendix for details. ) As a result, the factor
(mzR+m]L) in Eq. (3) should be replaced in case
(a) by

(m2R+m]L) —(m2L+m]R) =y5(m2 —m]) .

(13a)

2 2 2'3
aGF m2 —m

& (m2+m])'
64~4 m,

X g U], U2,F(r, )
a

(15b)

For this case the limit m
&

——m2 corresponds to the
merger of two Majorana particles into a Dirac par-
ticle and the transition moment can be reinterpret-
ed as a diagonal moment for this Dirac particle.
However, this is not the normal type of Dirac neu-
trino employed in the first part of this paper but
rather one of the unusual varieties discussed by one
of us recently. "

The physical distinction between the two cases is
that in case (a) X2 and X] have the same CP prop-
erty, whereas in case (b) they have opposite CP
properties. It follows from CI' invariance that the
matrix element must be either of the magnetic di-
pole type o.~ or electric dipole O./pe, but not a
mixture of the two. ' If m~ &&m2, then for both
cases the rate is twice the rate for Dirac neutrinos.
However, as m~ approaches m2, the rate for case
(a) approaches zero, whereas for case (b) it ap-
proaches four times the Dirac rate.

For the case in which one of the neutrinos is
Majorana and the other Dirac, the formulas for the
Dirac case hold. However, if the heavier neutrino
is the Majorana there exists a second decay mode
X2—+v)+y with the same rate as g2 —+v)+y and
the total decay rate is thus a factor of 2 larger
than the Dirac case. Note that in the case m

~
——0

it is irrelevant whether v& is called a Dirac or Ma-
jorana particle.

It is now necessary to consider the diagrams of
Fig. 3 due to the exchange of the charged Higgs
boson 8+, the coupling of which is given by Eq.
(A23). The result is that in Eqs. (14) and (15) we
must replace F(r, ) by

F(r, ) F(r, )+f(p. ), p. =(m]. ~mB)

f(p) =(1—p) I(p —plnp —p)+tan a[—„p + —,p+ —,(I—p) 'p lnp]J,

(16)

where mz is the mass of 8+. With the limit
tan2a &0.065, which follows from Eq. (A27), the
second term can generally be neglected. For mz
infinite the decay rate is given by Eq. (15a) or
(15b), and we may refer to this rate as I „.We

I

then have, with p, =r, =p„=r„=0,
r F(r, )+f(p, ) —F(0)r„F(r,)—F(0)

and, with the approximation r, « 1, p, « ],
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If we add a fourth generation of neutrino with
it we can againno c argeh d lepton to accompany it, we g

'

ver the threeuse Eqs. (14)—(16) with a running over the
charged leptons. nI the contributions from dia-

in Fi . 1, the leading term —which is in-

t cancel nowdependent of lepton masses —does not c

(1+lnp, ) (19)
9 r,

Figure 4 s owsh s I /I as a function of mz or
M~ ——85 GeV. For values of mz between e

find that the contribution of the B+
diagram increases the rate by a factor o o

210.
s ~14)—(16)If we add a fourth generation, Eqs. ,

are unchange wid 'th the sum going over a including
If we neglect the contribu-the new generation o. we

~ ~

tion from the diagrams in Fig. 3, we get get a large in-
crease in the rate compared to the rate in the

This enhancement factor isthree-generation case. is
o of'ust the same as ath t in the Dirac case. On top oj

3 will enhance the ratethat, the diagrams in Fig. w'

by a factor o taine y
' r bb

'
d b replacing the subscript r by

=M, this in-o in q.E (18}. For example, for m~=Mii, h
wn increase is by a ac orf t r between 5 and 20, as show

rs wit a physi-Fi . 4. Considering both the factors, wit a p ysi-ig.
cal charged Higgs boson of mass 20 GGeV the rate
for m~=M~ is given by

5

r=(5X10 yr) 30,V
21 —1 2

(1 2)3

by the orthogonality of U. The contribution from
the diagrams in ig.F' . 3 always involves some actor

So for values of mz for which p, &g, ia-0 pa. 0, or v

e et thegrams o ig.f F' 3 can be neglected so that we g
same result as Eq. (11}:

g U„U [F(r, )+f(p, ]
a=i

2

This will give a rate

m2r=(2.5X10 ' yr)

5

X (1—x ) (1—i)x)~( Ui U2 ) (22)

In conclusion, we have discussed in this paper
~v + mustow e re

be modified from previous calculations us' gsin Dirac
neutrinos for the case of Majorana neutrinos.

it is necessary toWhen both neutrinos are massive, it i
s have thedistinguis wo

'
h t o cases (a) both neutrino

CP ro-same C prope y,CP rty (b) they have opposite prop-
erties. I we neef d consider only the diagrams o

E s. 14)e of Fi . 1, the results are given in Eqs. (

and (15); if m 1
——0, the cases (a) and ( give

same result which is twice the rate for a Dirac
neutrino. For the case of the usual three genera-

h lar er rates aretions, eth rates are very low; much arger
t of theossible if we extend the lepton content o epossi e i we

SU(2) X U(1) model either by adding ain a fourth gen-
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eration or by mixing singlet neutrinos with doub-
lets. There clearly are other possibilities of modi-
fying the standard model to get larger rates.

An important point we have emphasized is that
even if we give the mixing matrix and CP proper-
ties we cannot get an unambiguous answer for the
rate for the case of Majorana neutrinos. The basic
reason is that we need a well-defined consistent
theory from which the Majorana mass arises. To
illustrate this point we have used the theory in
which the Majorana mass arises from the vacuum
expectation value of a Higgs triplet. In this case it
is necessary to consider the contribution of the di-
agrams of Fig. 3 in addition to those of Fig. 1.
The final result then depends sensitively on the
mass m~ of the physical charged Higgs boson 8+;
for mz &M~, these diagrams are dominant and
the rate is increased over that given by eqs. (14)
and (15) by the factor shown in Fig. 4. It should
be emphasized that we are using the Higgs triplet
as an illustrative example; more attractive theories
of the Majorana mass, such as grand unified
theories, do not employ this mechanism. It may
well be in those theories that Fig. 1 does dominate
and that Eqs. (14b) and (15b) do provide a reason-
able estimate of the rate. This question is now
under study.
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thank the Aspen Center for Physics, where the fi-
nal revision of this paper was worked on, and G.
Karl for helpful discussions there. This research
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APPENDIX

A simple model' that gives a Majorana mass to
neutrinos is the standard model with a Higgs trip-
let H in addition to the usual doublet:

where

~ /

D,y=(a, —ig—'.A,' —' B,)y,
2 2

t -+,
D3 H=(83 ig— —A~. ig—'B3„)H .

2

(A3)

(A4)

Here, A3 and Bt„represent SU(2) and U(1) gauge
fields. r/2 and t /2 are the 2)&2 and 3 X 3 repre-
sentations of SU(2) generators, i.e.,

+i +j . +k
=«s'k2'2 "2 (AS)

and an exactly similar relation replacing z by t.
Thus, ~~, ~2, ~3 are the Pauli matrices and

010 0
t, =3/2 1 0 1, t, =~2 i

010 0

—i 0
0 —i

i 0

t3 ——2 (A6)

The symmetry breaking is determined from

0
0 . (A7)

U3/v 2

Mw $g (U2 +2U3

Mz'= —,(g'+g')(U2'+4~3') .

As usual, the Fermi constant is given by

GF 3/2g /8Ms——

(A8)

(A9)

Equation (A2) will also give couplings of the form

Now we will have to replace P by P'+ (P), and H
by H'+ (H ). We will omit the primes.

From Eq. (A2), we can now obtain the gauge-
boson masses

p, H=
@++
Il+
H'

(Al)

+H

where

S+=cosa tI)+ +sina H+

(Alo)

(Al 1)

(A2)

With the convention Q =T3+ Y, p has Y= —, and

H has Y=1.
In the unbroken theory, the derivative terms in-

volving these scalars are

(D Q) (DgQ)+(D H)t (DgH),

with

tana=v 2U3/U2 . (A12)

Equation (A10) serves to identify S+ as the un-

physical charged Higgs boson. The orthogonal
combination is the physical charged Higgs boson
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B+ of undetermined mass:

8+= —sinaP++cosaH+ .

The fermion content is
r

&a

(A13)

Note that X~ is an eigenstate of CP with eigenvalue
The factor ri must be included in (A19) in or-

der that the 7~ satisfy field equations for positive
mass. '

In terms of X the Yukawa couplings of the neu-
trinos with charged Higgs bosons can be written
from Eq. (A14),

and the CP-conjugate fields required by CPT in-

variance,

t:L .

In the unbroken theory, the Yukawa couplings of
the fermions are

~r = —gfafaLPIaR

~charged

a, ~2M' cosa

gal ~+ g ~ XaUaalaLH++H. c. .
~ a ~ 2M' SIQ!

(A21)

The coupling with the unphysical S+ of Eq. (All)
is thus

—g fabltlaR(l r2~ H)llfb'L+H. C. (A14)

ml, =f, U/2v 2 . (A15)

Majorana mass terms for neutrinos come from

Here, for convenience, we have taken a fermion
basis in which the charged leptons are diagonal.
From our assumption of CI' invariance, f„f,b are
real. By construction, f,b is symmetric. The
charged leptons get their masses from (P),

gX U, (ml, R —m L)I,S++H.c.,2M'

(A22)

which is just the form given in the text in Eq. (1).
The coupling with the physical Higgs boson B+ is

gX U a( m, t anaR+m c t oLlx}/, 8++H.c.
& 2M'

(A23)

where

~m g mabvaLvbR +H c
a, b

(A16)

The couplings with the 8' boson may be expressed
in an explicitly CP-invariant form as

~ g U (v Ly l,LWL +v Ry I,'RW3, )
2 a,a

g Uaamab( U }bP (3aPl)ama
a, b

(A17)

where g =+1 and m is a positive real number.
We then define the fields v L (Greek index),

VaL g UaaVaL

(A18)

+aR = ~ ~aa+aR

and the Majorana fields

C+a +aL+ Qa+aR .

In terms of X~, W~ is diagonal,

—Wm=pm X X

(A19)

(A20)

mab =U3fab

Using the orthogonal matrix U, we can diagonalize

@lab,

(A24)

g UaaXa(y laL WL +rial laR WL ) .
2 a,a

(A25)

The couplings with S and B can be written in a
form analogous to that of Eq. (A25) in which case
the S and 8 terms [terms mentioned as H.c. in

Eqs. (A22} and (A23)] also contain the factor qa.
It is now straightforward to see that the contri-

bution from the diagrams in Fig. 1 involves

r)l(m2R+m&L). The diagrams of the type in

Fig. 1 with I, , 8'+,S+,B+ lines replaced by
la, W,S,8 lines will contribute —q2(m2L
+m&R). Thus the factor (mzR+m&L) for the
Dirac calculation should be replaced by (omitting
an overall phase factor q &)

(mzR+m&L) q(mqL+mlR)—

=(m3 —pml)(R —qL), (A26)
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where g =g2/g&. The consequences are discussed
in the text.

In calculating the graphs with the exchange of
8+, the major contribution comes from using each
of the terms in Eq. (A23) once so that the result is
independent of tan+. There is a second contribu-
tion as given in Eq. (17) proportional to tan a;
from the data on neutral currents we can deter-

mine

w

~zcos0w
=0.981+0.037 . (A27)

Comparing with Eqs. (AS) and (A12), we get the
bound on tana mentioned in the text. The other
contribution proportional to cot a must involve
(neutrino mass) and so is assumed to be negligible.
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