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Polarization of recoil electron in elastic electron-deuteron scattering
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In the one-photon-exchange approximation for elastic electron-deuteron scattering, with

space-reflection and time-reversal invariance, three form factors are needed to specify the

deuteron current. In this paper the longitudinal polarization of the outgoing electron is

calculated in terms of these form factors for arbitrary polarization of the incident elec-

tron and arbitrary density matrix for the initial deuteron spin state.

I. INTRODUCTION

The ed elastic scattering cross section, for either
helicity of the incident electron and for arbitrary
initial deuteron spin state, was given by Gourdin'
in terms of the three form factors. The purpose of
this paper is to carry the theory on to get the long-
itudinal polarization of the recoil electron for arbi-

trary mixed states of the incident particles.
Other calculations of polarization effects that

have been made are as follows. Gourdin and Pik-
etty found the cross section for scattering by po-
larized deuterons and for production of polarized
deuterons from unoriented input particles. Espe-
cially, they compared the cross section for produc-
tion of longitudinally polarized deuterons with that
for transversely polarized deuterons. Maravcsik
and Ghosh discussed the scattering cross section
when the initial deuteron has spin component 0 or
+1 in the direction of the momentum transfer.
Several investigators studied the effect of the
time-reversal noninvariance on the vector polariza-
tion of the recoil deuteron.

The most recent experimental work has been
done by Arnold et al. and by Martin et al. on the
total cross sections up to a (momentum transfer)
of q = 155 fm . The only polarization measure-
ment which has been made was by Prepost, Si-
monds, and Wiik. They looked for the vector po-

larization of the recoil deuteron as a test of time-
reversal noninvariance with negative results.

One motivation for doing some kind of spin-

dependent measurement, and for calculation of
these effects, is to get complete information about
the scattering process. It is specified by three form
factors Gp, G&, and Gz. However, the cross sec-
tion for scattering of unaligned particles, with out-

put spins unobserved, serves to determine only G&

and (Go +G2 ). Some other measurement must be
made if Gp and G2 are to be determined separate-
ly.

In this paper we explore what information can
be obtained by observing the longitudinal polariza-
tion of the recoil electron. For high-energy elec-

tron scattering in one-photon exchange, the longi-
tudinal polarization of the electron plays a special
role. The cross section for scattering of a polar-
ized electron from any object (except another elec-
tron) with output spin unobserved depends on the
initial electron transverse polarization in a higher
order in (mass/energy) than on the initial longitu-
dinal polarization. Also the Mgller scattering is
more sensitive to the longitudinal polarization.
Consequently it is the longitudinal polarization
that is usually observed by a high-energy one-
photon-exchange scattering and it is this com-
ponent that we calculate below.

In general the density matrix for the spin of the
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initial deuteron depends on eight parameters. It is
conceptually simpler to consider axially symmetric
mixed states. They depend on only four parame-
ters, two of them being the direction of the axis.
Experiments in which the direction of the sym-
metry axis is varied can give decisive information
about the form factors. Consequently calculations
are reported below for the axially symmetric spe-
cial case as well as for the general density matrix.

The end result of the work reported here is a
general formula for final electron longitudinal po-
larization, as it depends on the initial electron
longitudinal polarization and the initial deuteron
spin state, in terms of the three form factors. As
one specialization of the general formula, for ini-

tial pure states of definite helicity the final states
are also pure with the same helicity. As another,
if the initial deuteron has no polarization in the
scattering plane, but otherwise has arbitrary orien-
tation, the final longitudinal electron polarization
is the same as the initial.

II. CALCULATION OF RECOIL-ELECTRON
POLARIZATION

A spin- —, particle is described by its momentum
e"=(e,e) and the polarization four-vector s" de-
fined to be (0, 1 ) in its rest frame, where 1 speci-
fies the spin state. (We use the notation of Bjorken
and Drell. ) The explicit connection between s"
and 1 is

s =(1 e)(e/m, )+ sr,
s =(1 e)(e /m, ),

(2a)

(2b)

where sr is 1 —(1 e)e, the transverse component
of 1 and of s, and e is a unit vector in the e
direction. The first approximation for s" is

( 1 e)e&/m, s r comes in in the next order, and the
neglected terms are of order m, /e .

Following the established discussion, ' ' we
write the matrix element for ed elastic scattering in
the one-photon-exchange approximation as

M); —— p Pufy„u;g j Q g;,
qq

where in the deuteron rest frame P is (0, g), and
the three components g; describe the spin state in

the representation in which the spin matrices are

(J; )jk
—— i e~jk— (4)

Here q is df —d; and D is df+d;. These form fac-
tors are related to the standard physical type, in

the notation reviewed in our previous paper, '
by

Go ——2M[(1+ 3 rj)Gg —32)GJ3

+ , rj(1+rj)Gc—]

The deuteron current consistent with Hermiticity,
time reversal, space reversal, and gauge invariance
ls

fcji G„g jJD——"+GJJ(q g"ji qjig" —)
—G,q.q~a~]2M' .

e(e 1)
m, (e +m, )

s =e-1/m, . (lb)

61 ——2MGg,

G2 ——( —, )2' M2)[Gq —GJ3+(1+2))Gcl ~

Here s.e =0 and s s = —1 . 1 ranges from zero for
an unpolarized state to —1 for a pure state. At
high energy

where 2) is q /4M, q denoting
~ q q ~

.
The density matrix for final lepton polarization

is then

T T

4

pf = 1+- yz 1+ (1+yy';)y„ 1+ [g
' (djdf/M )]Q~ji—p; Q,r„,

16 (q.q)' m, " m,
' "

m,

where we have used the completeness relation

P(m)g'~(m) =d d~/M g~ . —
rn =0,+1

The initial spin-one density matrix as discussed by
Mullin et a/. ' is

1 4
P 3+ 2 + 4QiJ( l~j+ J~ 3~IJ)

which in the representation of Eq. (4) becomes

l 1

pij 3 ~ij ~lelij 2 Qij2

The covariant deuteron density matrix pi" has
components (p'J, p J,p', p ) defined to be

(p,J,0,0,0) in its rest frame. Explicitly
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p,". '= , —(dt'd;"/M2 —gN") — d, P.pe»"

Q+V

Finally, the electron polarization four-vector is
found from

where the second term is negligible compared to
the first. It is straightforward to evaluate the

traces. The cross section is proportional to

1 84

TrpI = — ( 1; e;C+D)
2m, ' q4

(14)

sf —Tr( y ysp/ ) /TrpI

At high energy

(12) and the longitudinal component of electron polari-

zation is

Also

1+ —,(1+ ysjjj)
me

e;
(1—1; e;y5+ sjr yy5} . (13a}

4me

C+ 1; eD
1)'e) ———

1; e;C+D

where C and D are defined by

C =j'e&e„~efeI [g
' (did]—/M )]ICjjp; fl,r,

r

1+ y~y5 1+ = 2 yg 1+
me e e e D = —(ej&eI„g& e—; eI+eI„e;„)

(16)

8y
+2y~y5 1+

me

(13b)

Y [g
'—(dIdPM')]0" pp~~Q,"~ . (17)

In the laboratory frame C and D are given by

C=M rj(7) +rj)'~ cot 2
Ht(4GOG&+2'~ GiG2)P f 2''~ [1 +(—1 +r))tan 2

8]'~ Gj P.q],
D =M rj cot 2 0( Iq(rj+ 1) tan , OG —+i2(GO + 3 gGj +G2 )

—Qkj I rjG, fkfj+3(2)'j rj'~2[1+(I+g}tan , 8]'~ Gi G2fk—qj

+ [gGj +'q(1+jj)tan 28Gi + 2Gz +3(2)' GoG2]qkqj]),

(18)

where

e; /M+1f= —2e + q.8+1
A useful specialization to consider is when the mixed state has axial symmetry about some direction, say

A
t. In this case p and J t must commute so p can be written as

1
-+ 1pjj35jj+2P(Jj)jj+c(35jj tjfj)

where c is +( 8 QjjQjj
)'~ . From the requirement that the eigenvalues be positive one finds that the ranges

of the parameters are

(20)

—1&c& —, , i
P

i
& —,(1+c) .

The extreme value c = —1 occurs only with P =0. For it the. density matrix is simply

ps) =tr. tj.

1
—+

pjj i 5' +
2 ( J j)ij i jifj

A 1

corresponding to a pure m =0 state of J -t aligned about the t axis. The other extreme value c = —, may oc-

cur with a range of P values. One possibility is c = —,, P =+1,
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which describes the pure m =+1 state of J.t polarized in the +t direction. Although eight parameters are
needed to determine P; and Q,J, only four are needed to determine the axially symmetric states. They are
two for the direction of the axis +t, one for the strength of the antisymmetric polarization term P, and one
for the strength of the alignment term c.

Consider the case of the axis t in the scattering plane. Let P=Pt with P positive. Suppose t makes an an-
A A

gle p with f on the side toward q so that t q =sinp and t f=cosp. Then the formulas for C and D simpli-

fy to

C =M ri(r) +ri)'~ cot , 8P—I(4660~+2'~ G~Gq) cosp —2g'~ [I+(I+g) tan —,8]'~ 6& sinp},

D=M scot —,8( —,g(g+1)tan —,86~ +2(GO + —,gG~ +Gq )

(21)

+[g(1+q) tan —,86& + —,Gz +3(2) Go62]cos2p

—3(2)'~ g'~ [I+(I+ri) tan —,8]'~ 6&6& sin2PI) . (22)

III. DISCUSSION OF RECOIL-ELECTRON
POLARIZATION

The final result for the longitudinal polarization
of the scattered electron is Eq. (15) with the quan-

tities C and D given in terms of the initial deu-

teron density matrix by Eqs. (18) and (19) and

given for an initially axially symmetric deuteron

spin state by Eqs. (21) and (22).
It is seen immediately from Eq. (15) that, if the

initial electron has definite helicity, say 1;.e; =+1,
then the final electron state has the same helicity,
1 f.e~ ——+1, regardless of the initial deuteron spin

state. Thus nothing can be learned about the form
factors by watching the longitudinal polarization
of beams with definite helicity. Another uninfor-
mative case is when the initial deuteron vector po-
larization P is zero or perpendicular to the scatter-
ing plane. Then Eq. (18) implies that C =0 and

Eq. (15) that the longitudinal polarization is con-

served, lf ey
——1; e;.

Excluding the above special arrangements, a
measurement of lf e~ for known 1; e; gives C/B
from Eq. (15) and thus gives information about the
form factors. There are too many possibilities for
setting up an experiment to make a full discussion.
As an example of what kind of information could
in principle be obtained, suppose the initial deu-

teron state has axial symmetry, c =0, and has
nonzero P in the scattering plane at various angles

p. Suppose also that 1 f ef is measured as a func-
tion of P for a given fixed 1;.e;. The only depen-
dence on p is in Eq. (21). It is seen that C/D as a

IV. DISCUSSION OF CROSS SECTION

The scattering cross section, for arbitrary initial
spin states and with the final spins unobserved, is

do de 1 l ~l'C+&
dQ dQ Ns ~ pg cot —'g (23a)

where

do
dQ Ns

2

8';
cos —0

sin —,I9

X 0 . 211+2(e; /M) sin —,8
(23b)

(NS denotes "no structure. ") Evidently the cross
section could also be used to determine the C/D
ratio, as long as a polarized incident beam is avail-

function of p oscillates about zero with period 2'
and thus that 1 f ef as a function of p oscillates
about 1; e; with period 2m. At the points where
C/D =0 and 1 f.ef = 1; e;, P satisfies

6)(46O+2'~ Gp)
tanp=

2q'~'[I+(I+g) tan' —,8]'"6,'

so by observing this value of p one gets this infor-
mation about the form factors. The measurements
of cross section with unpolarized beams give G~
and (Go + 6& ) so this gives new information,
about the quantity (4GO+2' Gq).



25 POLARIZATION OF RECOIL ELECTRON IN ELASTIC. . . 65

able. When specialized to definite helicity,
l;.e; =+1, this result agrees with Gourdin' except

for some misprints. On his page 71, it should read

6& instead of G& in the equation for S, there
should be an additional factor of —in the equation2

1

for A3, and the factor multiplying Sr)(Go+ —,iIGz)
should be 62 instead of G& in the equation for
B) ) +B22 —2B33.

Scattering cross sections in case the initial deu-
A

teron is an eigenstate of J t, as first discussed by
Gourdin and Piketty, are included in the above
results. For example for an initial pure m =0 state
aligned in the scattering plane one uses Eqs. (23)
for the cross section, C and D given by Eqs. (21)
and (22) with I' =0 and c = —1. For an initial

(do ldII)o —(do/dII)i
~MC =

—,(d o /d 0)o+ , (d cr—/d0),
(24)

It is straightforward to express this parameter in
general in terms of the form factors by using Eq.
(22) for D. In this case P is n. /2 and c = —, for
m =1, c = —1 for m =0. The result in general is

pure m =1 state polarized in the scattering plane
I

one uses I' =+1, c = —,.
Moravcsik and Ghosh considered the scattering

cross section for unpolarized electrons incident on
deuterons in m =1 and m =0 eigenstates of J q.
They introduced the parameter

2GoGz+2 '~ Gz + —,2 'i
ted[1+2(1+ran) tan —,9]G~

G, '+ G, '+ —,t) [1+2(1+tl ) tan' —, tl]G, ' (25)

which coincides with their result when the terms
with the factors of g are negligible.

ACKNO%'LEDGMENTS

The work of H. S. Song was supported in part
by the Korean Science and Engineering Foundation

and in part by the Korean Ministry of Education.
The work was begun while R. Good was visiting at
Seoul National University, on leave from Pennsyl-
vania State University, under the SNU-AID Pro-'

gram of Basic Sciences.

M. Gourdin, Phys. Rep. 11C, 29 (1974).
M. Gourdin and C. A. Piketty, Nuovo Cimento 32,

1137 (1964).
3M. J. Moravcsik and P. Ghosh, Phys. Rev. Lett. 32,

321 (1974).
4I. Kobzarev, L. B. Okun', and M. V. Terent'ev, Pis'ma

Zh. Eksp. Teor. Fiz. 2, 466 (1965) [JETP Lett. 2,
289 (1965)];V. M. Dubovik and A. A. Cheshkov, Zh.
Eksp. Teor. Fiz. 51, 169 (1966) [Sov. Phys. —JETP
24, 11 (1967)];D. Schildknecht, DESY Report No.
66/30 (unpublished); V. M. Dubovik, E. P. Likhtman,
and A. A. Cheshkov, Zh. Eksp. Teor. Fiz. 52, 706
(1967) [Sov. Phys. —JETP 25, 464 (1967)].

~R. G. Arnold, B. T. Chertok, E. B. Dally, A. Grigori-
an, C. L. Jordon, W. P. Schutz; R. Zdarko, F. Martin,
and B. A. Mecking, Phys. Rev. Lett. 35, 776 (1975).

F. Martin, R. G. Arnold, B. T. Chertok, E. B. Dally,

A. Grigorian, C. L. Jordan, W. P. Schutz, R. Zdar-
ko, and B. A. Mecking, Phys. Rev. Lett. 38, 1320
(1977).

7R. Prepost, R. M. Simonds, and B. H. Wiik, Phys.
Rev. Lett. 21, 1271 (1968).

8F. L. Ridener, Jr., H. S. Song, and R. H. Good, Jr.,
Phys. Rev. D 24, 631 (1981).

9J. D. Bjorken and S. D. Drell, Relatiuistic Quantum
Mechanics (McGraw-Hill, New York, 1964).

' M. Gourdin, Nuovo Cimento 28, 533 (1963).
"V. Glaser and B. Jaksik, Nuovo Cimento 5, 1197

(1957).
' F. L. Ridener, Jr. , H. S. Song, and R. H. Good, Jr.,

Phys. Rev. D 21, 3080 (1980).
C. J. Mullin, J. M. Keller, C. L. Hammer, and R. H.
Good, Jr., Ann. Phys. (N.Y.) 37, 55 (1966).


