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Spin-dependent quark-quark interaction and baryon magnetic moments
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The magnetic moments of the baryons belonging to the low-lying SU(3) octet are computed using second-order
perturbation theory taking into account the effect of the spin-dependent interactions that are expected to arise in

quantum chromodynamics. The unperturbed eigenfunctions of the confining Hamiltonian are approximated by
harmonic-oscillator wave functions, and the flavor )& spin parts belong, in the limit of equal quark masses, to
irreducible representations of SU(6). In this basis we then calculate the mixing of the (56, 0+) ground-state wave
function with the orbital and radial excitations labeled by (56, 0~+ ), (70, 0+), (20, 1+), and (70, 2+). This mixing arises
not only from the spin-dependent interactions but also from the differences among quark masses. Finally we

comment on the contributions to the magnetic moments not taken into account in this work.

I. INTRODUCTION

pp =k(44„—pa)y

Pc+ = 3(4P„—P, )g

Ago=3(4P, —P„)y

V„=3(4~.—u„),
P c - = 3~ (4 W u

—P,) &

V.-- = 3(4P.—P a),

/co = s(2P „+2P a —P ~), Pcg =~~(Pu —9„) ~

(I)

To obtain these relations it is not necessary to as-

The magnetic dipole moments of the lowest-
lying baryons have provided a useful ground to
test ideas about symmetries such as (flavor) SU(3)
and (nonrelativistic) SU(6). In the limit of largest
symmetry, i.e., SU(6), one can express in terms
of the proton (or any other) magnetic moment the
magnetic moments of all baryon-octet members,
those of the spin--', decuplet, and all the allowed
transition moments between octet and decuplet. '
In the following we will limit ourselves to the octet
where the SU(6) relations are p~/p, „=-~ plus those
which are obtained' in the limit of SU(3): p~ =-, p „,

P, „-=P~-=—/J~ —P, P~p=P, ~ P~p= —
g P,

and p, «=2W3p, „. In other words, in the SU(3)
limit one needs two data to know all the octet mag-
netic moments, while in the SU(6) limit one datum
is enough.

Less constraining relations are obtained when

one takes into account the breaking of the above
symmetries. Let us first mention the results of
the symmetric quark model where it is assumed
that the quarks are in an S wave. Assuming further
that when two quarks are identical they are in a
spin-1 state then one gets the well known relations
between the quark magnetic moments p, and the
baryon magnetic moments'

sume that the quark magnetic moments are Dirac
moments or that the quark masses are equal. ' In
fact the assumptions that lead to (l) are equivalent
to the assumption that SU(6) is broken only by
quark-mass differences as will be clear from the
discussion in Sec. III. According to Eqs. (I), if
one knows three baryon magnetic moments one
can then predict the others.

On the other hand, if all one knows about break-
ing of SU(3) is that the symmetry of the strong-
interaction Hamiltonian is broken by an octet oper-
ator that transforms as the hypercharge, then the
above relations reduce to two sum rules4

,'(4, + P—)+O(e-, ) (2a)

(2 P 0+kP W 0 I"„) O+(~ ), (2b)

where &,. parametrizes the intensity of the breaking
of (flavor) SU(i).

One can say, however, that we know more about
the breaking of SU(3) Iand of SU(6)]. In fact, during
the last few years evidence has been accumulated
in favor of the colored-gluon quark-quark inter-
action hypothesis embraced in the quantum-chro-
modynamics theory' and in particular it has been
shown that the spin-dependent interaction (color
fine and hyperfine interaction) put forward by De
Hujula, Georgi, and Glashow' leads to a better
understanding of the spectroscopy of hadrons, as
well as of various decay peculiarities. " It is
precisely the aim of the present paper to estimate
the effects of this spin-dependent interaction on
the baryon magnetic moments. We will approach
this problem perturbatively and we will approxi-
mate the spin-independent Hamiltonian by that of
a harmonic oscillator. We find, by inspection,
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that our results satisfy the relation (2b) up to cor-
rections of order e,' and e,' [that is Eq. (2b) holds
also when SU(2) is broken in the way described in
this paper].

Before comparing our predictions with the ex-
perimental results one should remember that
while the SU(3) relations seem to be too far" from
the present experimental values, a y' fit'" to the
quark-model relations (1) shows deviations of the
order of 10 to 20%. This indicates that it makes
sense to apply perturbation theory, as we do, to
estimate corrections to the relations (1). Indeed,
the numerical values that we obtain for the per-
turbative corrections to the magnetic moments
come out to be of the order of at most 11% and,
in general, in the correct direction. The effects
considered in this work, however, are not enough
to claim a complete understanding of the baryon
magnetic moments.

The plan of the paper is the following. In Sec.
II we present in detail the kinematics of the three-
body problem for the general case of three differ-
ent masses. This description allows us to make
a consistent treatment of both SU(2) and SU(3)
breaking. In this section we also describe the
general nonrelativistic form of the magnetic mo-
ment operator. In Sec. III we recollect the struc-
ture of the baryon wave functions classified ac-
cording to irreducible representations of SU(6) and
we discuss the modifications of the wave functions
when SU(6) is broken only by quark mass differ-
ences. Section IV is concerned with dynamics.
Here we describe the spin-dependent interaction
as well as the perturbative procedure around the
harmonic-oscillator approximation to the confining
(spin-independent) Hamiltonian. We also outline
the derivation of the formula for the expansion of
matrix elements up to second order in the pertur-
bation for the magnetic-moment operator. In Sec.
V we compute the matrix-elements of the pertur-
bating Hamiltonian between the ground state and
the excited states and evaluate numerically the
corresponding first-order mixing in the ground
state. Section VI is devoted to the calculation of
the magnetic moments in the excited states. The
most important results are listed in Tables II
and III. Our conclusions and the discussion of our
results can be found in Sec. VII. We have tried to
make this article self-contained. A brief account
of our main results has been given elsewhere. '

II. KINEMATICS OF THE THREE-BODY PROBLEM

Let x,. and m,. be the position coordinate and
mass, respectively, of quark i. Let us define two
relative coordinates p and X, related to the co-

ordinates x,. by the following transformation:

(3a

where X,. =(X,X, pj, X/v 3 is the center-of-mass
coordinate and M = mi+ ~2+ ~3 ~

so that

(x, —x,)'+ (x, —x, )'+ (x, —x, )' = 3(p'+ x') .
Notice that

(4b)

++ —2+) cosy+
~~

(x —+) sin

iny +~ (x + + —2+) cosy
(4c)

I et P,. =(Pz, P~, P, jand p;= f.p„p~, p,}be the
variables (momenta) canonically conjugated to the
variables X,. and x;, respectively. They are re-
lated by

5,. = (3II ')„.p,

and lead to the following expression for the kinetic
energy:

P,~ 2~, =3P ' 2M+P, ' 2m, +P,' 2m, , 6

where

m, -' =(m,-'+m, -'+4m, -') cos'y/6

+-,'(m, '+m, ') sin'y

+(m, ' —m, ') cosysiny/~3

m, ' = (m, '+ m, '+ 4m, ') sin'y/6

+ g(m~ +m~ ) cos y

(7a)

—(m, ' —m, ') cosy siny/v 3 .

The total angular momentum L and the orbital
part of the magnetic-moment operator p, ~ may be
also expressed in terms of the relative variables
if we consider the combination

(7b)

0 0 3 3

K = 0 cosy siny 1/W6 1/W6 -2/v 6

0 —sing cosy 1 2 -1 2 0

(3b)

with tany = & —(1+6')'I ' 6 = (2m ' —m,-' m,-')/
(m, '-m, ')~3. The differences of coordinates
x, are then given in terms of p and X,

x, —x, = W2(X siny + p cosy),

x, —x, =[W3(X cosy —p siny) —X siny —p cosy]/v2

(4a)

x, —x, =[—v3 (X cosy —p siny) —X siny —p cosy]/v 2,
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c = g,. x]x p] =X~x P), Q), ), (Ba)
I
70, L, B ) = —f(L)„(8)„+[L]„[8]„j(4)„,,

where

G,,, = g II,, ,g,3)I-'„.

c =I, (p, ) if g,. =1 (p. ). Since we are interested
only in the intrinsic properties of the three-body
system (baryon) we evaluate (Ba) at X=0, PX=O
and we obtain

(Bb)

L=Lp+ L

where

L, =pxP„ I.„=Ax 5, ,

with

gi) =[(pi+ ps 2ps)ms+2&sM]/2M

g„=[(p, , + p,s)M —( p, , —p,s)(m, —m, ) ]/2M,

g,.=[(pi- p.)M
—(P, + P,s —2P,s)(m, —m, )]/MV'12,

g „,= W3m, ( p,, —p,,) /2M .

(10b)

We recall that the total magnetic moment is
given by p. = ps+ p~, where ps = Qp, ,a, .

III. SU(6) BASIS AND BREAKING BY QUARK
MASS DIFFERENCES

In the limit of SU(6) the baryon wave functions
are completely symmetric under the simultaneous
interchange of space, flavor, and spin variables
and the flavor x spin part of the wave functions
are classified" according to irreducible represen-
tations of SU(6). For the cases of interest in this
paper the baryon wave functions, written in the
order spacex flavor x spin are of the form

56 L, 10 ) =(L), (10), ,(4)„„
(11a)

I
56, L, 8,) = —(L)„,((8)„(2)„+[8]„,[2]„j;

I
20, L, 8, &

= —[L]„,((8)»[2]„—[8]„(2)„j,
(11b)

, cos'9 + (g, ~ +4,) cos9 sin 9 +g„sin'9,

g„=g» sin'q —(g,„+g») cosy isncp+ gl» cos'y,
(10a)

g, s =(g„—g») cosy sing —g„,sin'y+g, ~ cosset,

g» = (g„-g») cosy

sing+
g�„cosset

—g„sins p,

where I is the orbital angular momentum and
where rs, D, and d in

I
a, L, D~ & denote, respec-

tively, the dimension of the irreducible represen-
tation of SU(6), (flavor) SU(3), and (spin) SU(2).
The permutation symmetry of each wave function
in the corresponding variables is indicated by
brackets: ( )», and [ ]», mean complete symmetry
and antisymmetry; ( )» and [ ]» mean, respec-
tively, symmetry and antisymmet, ry under the
interchange of the first two variables. Thus, for
example, the flavor part of the proton wave func-
tion is

1
(8,p)„= (2 luud) ludu) Iduu)), (12a)

1
[B,p]„=—(Iudu) —Iduu)) . (12b)

Wave functions of the form similar to (12) in which
the SU(3) content is explicit may also be written in
the flavor-product basis, in which

Ip&= —[luud&(0)„(2) +Iduu)(0) (2)„1

v3
+ Iudu)(0) „,(2)„j

1

v3
= —[ Iuud &(0)„,(2)„+c.p. j,

where c.p. indicates cyclic permutations.
The space part of the wave functions in (11)

needs in principle more labels to specify the
radial. as well the internal orbital (in l, and I, )

excitations. We will amend this omission later.
For the moment it is enough to indicate that for
the ground-state wave functions belonging to the
56-piet we are assuming that l, =l~ =0. This as-
sumption guarantees that for the lowest-lying
SU(3) octet and decuplet ( it, ~&

=0 and that the mag-
netic moments of the octet are those given by (1)
(with m„=m~=m, ) as can be easily calculated.

To discuss the breaking of SU(6) by quark mass
differences the wave functions written in the fla-
vor-product basis are convenient. Let us assume
that the quark-quark interaction is mass, flavor,
and spin independent so that the breaking of SU(6)
stems only from the kinetic energy

70, L, 10,) = —j(L)„(10)„,(2)„+[L]„(10)„,[2]„j,
1

2

I
70, L, 8, ) = —,

' ([L]„(8)„[2]„+[L]„[8]„(2)„
+ (L)„[8],.[2],.- (L),.(8)„(2)„j,

s&
= —gL).s[ ]ass[ ]is- [ ]»I: Lss( )isj '

I
20, L, 1,&

= [L]„,[1]„,(4)„„. Z„„=p, '/2m, + p, '/2m, , (14)
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where m, and mi are given by Eqs. (7). It follows
that (a) only the space part of the wave functions
are affected by the differences in quark masses
and (b) to specify the space wave functions one
should indicate the values of the masses and the
order in which the coordinate labels are chosen.
Let then (0;i, m,. ; j,m&, k, m2) be the space wave
function of the ground state in the unequal-mass
case and let

IV. SPIN-DEPENDENT INTERACTION
AND PERTURBATION THEORY

It is generally believed that in the nonrelativistic
approximation the Hamiltonian that describes the
internal structure of the baryons is of the form' '

H= m,. +p,. 2m,, +H „f +Hq, (16)

where H „, is a confining potential which is as-
sumed to be a flavor-independent function of the
relative coordinates and H~ is the spin-dependent
interaction which arises from the interaction of
the color magnetic moments of the quarks. These
two terms are given by

l~&
= —[luud &(0; I, m„; 2, m; 3,m„)(2)„

1

W3

+ lduu)(0; 2, m„; 3, m„; 1m„)(2)„
+ ludu&(0; 3, m „;1;m„; 2, m„)(2)„]

=1= —[luud&(0; I,m„; 2, m„;3,m, )(2)„+c.p.].
3

(15)

Evidently it is still true that f, =l, =( pi& =0. Thus
the results (1) for the magnetic moments are re-
covered.

Notice that the proton wave function (and the
wave functions of all the baryons with two identical
quarks) is completely symmetric in the variabies
corresponding to two identical quarks. To derive
the results (1), however, it is enough to consider,
as noticed by Franklin, ' ' the simplified wave func-
tions obtained by ignoring in (15) the terms denoted
by c.p. (and the normalizing factor I/&3). On the
other hand the wave function described in (15)
evidently does not belong to one irreducible repre-
sentation of SU(6); it may be decomposed, to first
order in the quark mass differences, into a sum
of the wave functions l56, 0, 8,), l70, 0, 8, ),
l
70, 0, 10,&, and

l
70, 0, 1,).

Hr = Q 3
', (3S,. r, /S). /

'r, )
—S,. . S ), (19c)ij

where 0., is the strong fine-structure constant, a
is the slope of the linear potential, S, is the spin
of the ith quark, and r,

&
is the separation between

a pair of quarks. %e have incorporated in the last
part of the spin-orbit interaction a term which
arises from the long-range potential in (17). The
meaning of k in (19b) will be explained below. We
are assuming that the Coulomb term in (17) arises
from the exchange of a vector object (gluon) while
the linear term is scalar in origin. Although it
is usually argued" "that the resonance spectrum
does not show traces of the spin-orbit interaction,
we shall keep it and we will discuss in the last
chapter the numerical results obtained with and
without it for the baryon magnetic moments.

Our aim is to make a perturbative estimation of
the effects of H~ on the baryon magnetic moments.
However, the structure of H „, given in Eq. (17)
does not allow an analytic solution of the unper-
turbed problem. For this reason we will approx-i-
mate H, ~ by a harmonic-oscillator potential

(2o)

The oscillator constant k in Eq. (20), which is the
same as that in (19b) will be assumed to be flavor
independent. In terms of the relative coordinates,
H, becomes

H =M+p„ /2m +p /2m +3k(p +& )/2 (21)

and its eigenvalues are given by M„=M+ &u,(f„+2r~
+-,')+ ur (I +2r, +-,'), where the oscillator frequen-
cies are

(3k/m )I/2 ~ (3k/m )I/2 (22)

The ground-state eigenfunction of this Hamil-
tonian is"
(0, 1,m„2, m„3, m, )

= (a,/7/)' (a„/7/) ~ exp [—(a,p'+ a„&')/2], (23)

H2p g ~3 3 [S$ r$/ x p, /m&' —S/
' r, /

x p//m/'
i& j ig

—2(S,. r,./x p, —S, r, x p, )/m, m, ]

——Q(S, r, x p,./m, ' —S, r„xp,/m, '),
i&)

(19b)

H& H&s+Hso+Hr &

(17)

(18)

where p, = m, „a„=m~(d~.
In the limit of equal masses H, and the ground-state
eigenfunctions become

(19a)
H, = M+ p,'/2m+ p, '/2m + 3k(p'+ ~')/2, (24)
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3/2
(o:&...=(- o[ o(o'-+~'iio]. (25)

~.=m+ ~. &. =0.
i (26)

Evidently m varies from baryon to baryon so that
we are not perturbing around an SU(3) limit. In

terms of m and 6&, Hp becomes

H =H Qp 6/2m +Qp 6 /2m +'''

(27)

This eigenfunction should be combined with the
flavor x spin wave functions of the 56-dimensional
representation of SU(6) as indicated in Eq. (11).
The internal quantum numbers of (0;)», are I, = I,

Jp f p 0, thus the energy eigenval ue is M + 3
The wave functions of the first positive-parity
excited states, whose energy is M+ 5~, are given,
for example, in Ref. 13.

The complete Hamiltonian has become the sum
of H~ given in Eq. (18) and Ho given in Eq. (21).
%e are going to make a perturbative expansion
around Hp defined as Hp evaluated at yn, =m2 =m3

For this purpose let us introduce quark-mass
shifts by

of the eigenfunctions
I

g& of H in terms of the
eigenfunctions

I
i) of H, . This expansion simpli-

fiess

considerably in the case of the magnetic mo-
ment because &Ol l],, li) =0, where Ii) is an eigen-
state of Hp. Thus we may write, to second order,

(olo lo&=(olilo&((-I ' """,')
g &0[ p, , [i)&i]H, ) 0)

~ (0 I H, I z) &i I p, Ij)(j I H, I 0)
(E(&

—6,.)(6o —t))'
wh-. Io) = 56, o;, 8„1/2) and li& c&I56 oz 82 ~a&,

vo, o;, lo„-,), lvo, o;, 8„-,'&, lvo, o;, I„-,'),

70, 2;, 8~, —,'&}. The last number in each ket Ii) is
the eigenvalue of the total angular momentum.
Since (0

I
p Io) contains already all the breaking

that arises from the quark mass differences in the
kinetic energy, the effect of H~ in Eq. (31) cancels
(as can be verified from the calculations of the next
two sections) and thus H, =H~ in Eq. (31). This
cancellation will of course not occur in other per-
turbative effects such as the first-order mixing
in the ground-state wave function given by

Since the mass differences inside the octet are of
the same order as those between the octet and the
decuplet we will consider

I 4&
= o&+ P I i&,

w"e e Hi =H~+Hs.

(32)

H~ = —Q p, 'b, /2m' (28)

and H~, defined as H~ evaluated at nz& =m, as first-
order perturbative terms, and Q& p, 'a, '/2m' and

Hq(h) = Q
fag m

as second-order perturbative terms and so on.
Thus H=H, +H, +H„where

(29)

H~=H~+Hz, H2= gp, . r,. /2m +H~(A) . (30)
i

Evidently the eigenfunctions of H, do not lead, when
combined with flavor and spin wave functions to
irreducible representations of SU(6). Neverthe-
less, to facilitate notation we will keep attaching
to the eigenfunctions of Hp the dimensionality of the
SU(6) representation to which they will be as-
sociated when m„=m~ = m, .

A mass-dependent operator A., such as the mag-
netic-moment operator given in Eqs. (10), can also
be expanded around the operator A, obtained in the
limit m, =ma =m3 =m as A=A +A, +Am+ ' ' ', where
A„ is proportional to (b,&)". In this way the expan-
sion of the matrix elements of A is calculated from
the expansion of A itself and from the expansion

V. MIXING VfITH THE EXCITED STATES

In this section we compute the matrix elements
(0 IH, Ii) which contribute in the right-hand-side of
Eqs. (31) and (32), that is (OIH Ii), &OIH» Ii),
&OIHaoli& and &OIHr Ii) where the ketli) stands for
all the excited states, which we have mentioned
previously and

I
0) for the ground state

I
56, 0O).

The only nonvanishing matrix elements are
&o H~lvo 02& «IH.8I56 os& «IH-lvo o'&
&0 Hs. l

20& 12), and (0 IH. I
70» 22). A few remarks

about the matrix elements are in order. H~ and

H~s mix the ground state only with
I
56, 0z& and

I
70, 0;). If one applies the transformation (3) and

(5), for the equal-mass case, to H~ then one gets

1
+ ~(6,—Q)p„p, (33)

which clearly shows that H~ is of mixed symmetry
in the space variables and thus mixes

I
56, 0;) only

with
I

70, 0;). In the same way we conclude that

Hso can mix the ground state only with the
I
20, 1;)

because it is an operator with orbital angular mo-
mentum equal to one. On the other hand H~ being
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an operator of L =2 can mix the ground state only
with l56, 2;) and l70, 2;). However since Hr is of
mixed symmetry in the space variables

H, l56, o;, 8, &

3 (d
6,(l70, 0;, 8, &wl70, 0;, 10$}, (35a}

H ~= ~~' 2- 3S~ '
S~

'
p —S~

'
S~ p ', (34)

it gives no mixing with the completely symmetric
state l56, 2;).

The calculation of these matrix elements is
straightforward; the results are

where q =g, for the proton, q =d for the neutron and
so on. The relative phase in the right-hand side
is (-1}for p, Z', and Z, and (+1) for n. . . and

For the Z' and A the results are the same,
with L = —,'(~„+«) and with a negative relative
phase. A similar approach for the A state leads to

+
&

—-(~„-«)(l vo, o;, s„z'&+
l
vo, o;, lo„z'&),

3)1/2

H. l56, o;, s„z'&= »I 2" —2'(~„+~,)(-lvo, o;, s„z &+ lvo, o', lo, z ))

(35b)

+ —2- 2 2
(&„—«)(

l
70, 0;, 8, A& —

l
70, 0;, 1, A&} . (35c)

On the other hand, the nonzero matrix elements of
H, H, dH

(56, Os, 8„-,'
l
H»

l
56, 0;, 8„-,') = —n, &u( ~/6wrn)" -,

(36a)

(70, 0;, 8» —,
'

lH~s l
56, 0;, 8„—,') = o.,&u(&u/3mm)'~',

(56, 0', 8„—,'
l H~

l
20, 1;,8„—,')

[o.,((u/9vm)"'+w/2m], (36c)

(56, 0;, 8„-,'
l Hr l

70, 2;, 8„-,') = -u, &u( ~/30am)" ' .

(36d)

In short, H~ and Hs produce, to first order, the
following admixture in the ground state":

ly&= l56, o;, s„-,'&+c, l56, o„,s„-,'&

+c,
l
vo, o;, lo„-,' &+ (c.,+c,) l

vo, o;, s„-,'&

+c,
l
2o, I;,8„-,'&+c,

l
vo, 2;, 8„-,'&,

whe e Ca and C, a is from Hss, C, and C, from
H~ C 5 from Hso and C 6 from Hz. When the
baryon in question is the A one has to substitute
170 Ot, 102,~a& by 170 02 la 2). In Table I we give
the numerical values of the coefficients C,- esti-
mated using m„= 311 MeV, m„= 280 MeV, m, = 469
MeV, &,= 1 and M&= the oscillator frequency for
the proton = 500 MeV.

It is interesting to realize that the value of C,
implies that the state

l
20, 1;) can be produced in

nN scattering at the level of 4%, the reason being

TABLE I. Values of the mixing coefficients in the
wave functions of the baryons of the octet according to
Eq. (37). This estimation was made using m„=311MeV,
m&=280 MeV, m~=469 MeV, n =1, and ~&=500 MeV.

C4

n
g+

g0

M

—0.15
—0.15
-0.13
—0.13
-0.13
-0.13
-0.12
-0.12

0.01
0.01

-0.04
-0.05

0.05
-0.06
-0.04
-0.05

—0.01
0.01
0.04
0.05
0.05
0.06

-0.04
—0.05

0.21
0.21
0.18
0.19
0.19
0.19
0.16
0.17

—0.22
-0.23
-0.17
-0.18
-0.18
-0.18
-0.14
-0.15

—0.06
-Q.07
-0.06
—0.06
—0.06
-0.06
-0.05
-0.05

that the 20-dimensional representation of SU(6)
is contained in the product 35x20.

VI. THE MATRIX ELEMENTS &i l p l j)
Since the spin part ps of the magnetic-moment

operator p, is spin and flavor dependent while the
orbital part p~ is flavor and space dependent,
their matrix elements should be calculated sep-
arately. In both cases the computation can be
approached in two different ways depending on
whether the SU(6) wave functions are written down
according to their SU(3) content or in the flavor-
product basis. We have chosen to make the cal-
culation of (il &~ l j) with the first type of wave
functions and that of (i

l p~ l j) with the second type.

The matrix elements & i
~ p s I j &

First of al.l we should notice that ps can be ex-
pressed in terms of SU(6) generators. Indeed,
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defining

N= » (p„+ Pg+ p,~)l+ (p,„—p,~)I»

+ 2 (p„+ pq —24,)Y, (38)

~S ~l I ~2 2 ~3 3

=+a 1 1+ 1Ng(31+ 1 l(3Ãg, (39)

where 1, I„and Y are, respectively, the unit
matrix and the generators corresponding to the
third component of isospin and hypercharge in
the fundamental representation of SU(3), then p, z
becomes

ponent of total spin.
To compute (il p, ~ I j) we will separate the case

of baryons with two identical quarks from the case
of baryons with three different quarks. In the
first case two quark flavors, a and b, with one of
them repeated, quark a for example, make up a
three-dimensional space the basis of which is
either of the product type, If, )= 1aab), f, = laba),
f, = Ibaa), or of the SU(3) type (reduced according
to the permutation group S,), E,= (10), E,= (8),
F,=[8]. Since E=Uf, where

1/ 3 1/v 3 I/W3

where 1 is a 6x6 unit matrix. This property
guarantees that y,, does not mix SU(6) irreducible
representations, that it commutes with (total)
hypercharge and third components of (total) iso-
spin and that p~" commutes with the third com-

U= 2/WO - I/WO -I/WO

0 I/W2 —1/v 2

then. p ~
= U p, ~U, whe re p, ~ is evaluated in the

flavor -product basis

(40)

»(2p, + p, )(o,+o,+o,) &18(~. ~, )( —o+o. —2o, ) ~~(V. —V, )(o, —o.)

(P, —p,,)(o, + o, —2o, ) —,'(5P.+ p,,)(o,+ o,)+ —', (4P, + 2y,.)o, —~12(P, —p,,)(o, —o, )
V'18

(41)

1
~Z(~. V, )(o—, -o.)

1—~~(~.—~,)(o, -o.) —,'(p. + p, )(o, + o,)+ p,o,

To calculate the matrix elements of the third
component of the spin operators in the states with
total spin projection = —,

' we use the same pro-
cedure, that is, we first work in the product basis
s &= l~~~&, l~&~&, I

)~~), where the matrix ele-
ments are diagonal and then we use the fact that
the product basis and the basis formed with ir-
reducible representations of SU(2), IS„)= (4), (2),
[2), a.re related by the same U matrix given in

Eq. (40).
The next step is to arrange the SU(3) flavor wave

l

functions and SU(2) spin functions into irreducible
representations of SU(6) and to include in the ele-
ments involving the 120, 1;,8„2) and 170, 2;, 8„~)
wave functions the Clebsch-Gordan coefficients
that are necessary to make up totalwngular mo-
mentum =—,

' with projection =
& . Since our interest

is restricted to the states 10)= 156, 0;, 8„—,') and
f)+(170,0;, 10„2) 170,0;, 1, ) 156, 0z, 8„—'),

~70, 0;,8„2),120, 1;,8„2),170, 2;, 8„»)}the non-
vanishing matrix elements of p~" reduce to those
given in Table II (the entries under Z', A, and

TABLE II. Matrix elements of p &3' in states with total angular momentum 2 and projection 2.

(56,0', 8P, 2) (70» 02» 82» 2
(70» 02» j.0$» 2) (70» 0p» ~0)» 2) —(70» 0p» 8p» 2) (20, 1P, SP» 2) (70,2~, 84, 2)

yo

3 (4P„—P,)
1
3 (4' —Wg)

3(4p. —p, )

3 (2p„+ 2pg —p )

I3(4P„-Ps)
I
3 (4ps —Pg)

3 (4Ps —Pg)

3 (2pg+ pg)

3 (2p~+ p )

—,
I (2p„+p,,)

3(p„+p&+p )

—,'(2p, „+ps)

3 (2Ps+ 0

—,(2p, + p~)
1
3 (Pg+ Pg+ Ps)

3(2p„+ p&)

3 (2p&+ pg)

3(»g+&s)

3 (Pg+ Pg+ Ps)

—'(2p„+ p, )

3(2p, + p,„)

s+ Pu)

3(p,„+@&+p, )

2—3 (Pg —Pg)

2—3 (Pg —Pg)

2——,(p„-p, )

——(p„+p„—2p, )
I

2
-3(Pg —Ps)

--, (v. —p,)
2

2-3 (Pg —Ps)

——(p„+p,„—2p, )
I

I-»s
I—3p,

I—3p
I—3 p,~

——,'(2P„+2@„-p, )

=,'(2 p„+p, )

-3 (2P„+p.)

-3 (2pg+ ~s)

—3 (pg + p~ + ps)

=3(2@&+p,,)

—3 (2p, + pg)

=.*(2P,+ p„)

3 (p,„+p&+ p, )

ZOA -(p„-p~)/v 3 1
(Pg —Pg)
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ZA will be explained shortly).
Now we turn our attention to the baryons which

contain three different valence quarks. This case
differs from the case of baryons with two identical
quarks in that the flavor basis is six-dimensional.
However the relation between the product basis
and the SU(3) basis can be expressed also in terms
of the matrix U defined in Eq. (40):

luds&

(E')
I dsu&

-(A) 1 V V 'I
I sud&

A* U -Ul Idus&

I sdu&

I usd&

[A']

[go)

(42)

This allows a straightforward computation of p, in
the SU(3) basis. On the other hand the matrix ele-
ments of the spin operators can be handled as in
the previous case. After transforming to the SU(6)
basis and taking into account, in the (20, 1,') and
(70, 2;) cases, the corresponding Clebsch-Gordan
coefficients, we obtain the results which complete
Table II.

The matrix elements (i) I(L z [ j)
In order to minimize the flavor dependence of

the p, i operator we will write the SU(6) && O(3)
wave functions in the flavor-product basis. Let us
consider first the case of baryons with two identi-
cal quarks, where we can always arrange the
labels 1 and 2 so that they correspond to the iden-
tical quarks (for which p, , = p,, and m, =m, ). Thus
p, L, becomes effectively

p, ~= (m, p, ,/M+ 2m, p, ,/M)Lq+ p. ,L~ (43)

and we immediately obtain gz, I56, 0'&=0, while
for the states with /~&0 and E ~0 we see that p, L,

mixes only those with the same l ~ and the same l q.
Since, furthermore, p, ~ is a vector operator it has
zero matrix elements between states with I.= 0,
and the nonzero nondiagonal matrix elements in-
volve states either with the same total orbital
angular momentum I. or with ~I.=+ l. In the set
of states under consideration these nondiagonal
matrix elements are the [0,'J» (in the 70), [1,']»,
(in the 20) and the [1,']», (in the 20), [2,')» (in the
70}. However, since the spin wave functions in
!20,1,', 8,& and I'l0, 2,', 8,& are orthogonal, only the
former survives and we obtain, after combining
all the appropriate Clebsch-Gordan coefficients,

(20, 1,', 8„-,', —,', PI p, ',"IVO, O,', 8„-,', —,', P&=(20, 1,', 8„-,', —,', P!i ',"IVO, O,', 10„-,', —,', A'&

= 2m„(p.„—p,,)/3M. (44)

(45)

(46)

Next let us consider thebaryons with three different quarks. In these cases we cannot simplify p. & but
we will arrange the labels 1, 2, and 3 in the order in which the flavor labels appear in each part of the
wave functions. In this way all the arguments used in the previous case apply also here for that part of
p, ~ which is proportional to L~ and Lq. Since this part is symmetric under the interchange of the flavor
labels 1 and 2 then it does not give rise to Z -A transitions. On the other hand the coefficients of the
three-body operators p&pz and X&&p~ are antisymmetric in the labels 1 and 2 and thus contribute only to
the Z'-A transition magnetic moments. For the Z'-Z' and A-A magnetic moments the results are (g",,"
means g, , evaluated with l=u, 2=d, 3=s).

&20, 1.', 8„ l, l, &'Iu'2'IVO, O.', 8„ l, l, &'&= —&2o, 1;,8„ l, 2, A Iu'2'IVo, o;, 8., l, l, A&

On the other hand we can have nonzero diagonal matrix elements of pI. only in the state (20, 1,') and in the
state (70, 2,'}. The results are

(20, 1,', 8„-,', —,', P I p, bL,
'

I 20, 1,', 8„—,', —,', P& = [iL„(1+m, /M) + p, 2m „/M, ] /3,
(70, 2,', 8„2,r', pI p'I'. Ivo, 2,', 8„-'„-,', p& = [p,„(1+ms/M)+ p.,2m„/M]/2.

( dp"p' —a "A')/3, (47)

( g SSS + g sSS)/3

&70, 2,', 8„-,', —,', A Iq',"I70,2,', 8„-,', —,', A&

( Z "p'p'+ a x'~)/2

(48)

(49)
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The three-body operators mix the ground state only with the I 20, 1,', 8,) state. However, according to
our phase conventions,

(20, 1,', 8„—,', —,', A
I P ~ I 5 6, 0,', 8„-,', —,', 2 ') = —(20, 1,', 8„—,', s, Z' IP L, I 56, 0,', 8„—,', —,', A), (5o)

(51)

(20, 1.', 8„2,s, A'lu'2'I70, o:,8., l, l, Z')=(2o, 1.', 8., -', -', Z'Ii 'g'I70, o,', 8., s, ~s, A)

which implies that the term containing (0 I p, , li) in Eq. (31) cancels (the same phenomenon occurs in the
Z'-A transition between the

I 20, 1,', 8,) and the I70, 0,', 10,)). Because of the orthogonality of the spin
wave functions, the matrix element (20, 1,', 8„Z'

I p. ~g'
I 20, 1,', 8„A) vanishes. The remaining matrix ele-

ments, in the set of states under consideration, are

= —(Z p~ +Z"~p)/3. (52)

Since the explicit mass dependence in the right-hand side of Eqs. (44)-(49) and (52) arises only from the
explicit mass dependence of p. ~ given in Eq. (10) and since in Eq. (31) we need only the zeroth-order term
in the expansion of p. , ere have listed in Table III only the limit m, = nz, = m, = m of the results given in Eqs.
(44)-(49) and (52). The complete matrix elements of p. are obtained adding up the results listed in Tables
II and III. Whenever in these tables the A appears associated to an SU(3) decuplet one should understand
instead an SU(3) singlet. The formulas not listed in these tables are those which involve two opposite
signs:

(70, 0,', 10„-', 2, Z'lu'd'I70, 0,', 8„-.', —,', A) = —(70, 0,', I» 2, ~, A lu'd'l70, 0,', 8„—', —', Z')

= (ud —u.)/~3,

(70, 0,', 10„2,2, Z'
I g ~ I 20, 1,', 8„—,', —,', A) = —(70, 0,', l„s,—,', A I P. d', I 20, 1,', 8„2,—,",Z')

( gsdS + g sds}/3

(53)

(54)

Taking into account the phases in Eqs. (35a) and

(35b} as well as the formulas of Tables II and III
and Eqs. (53) and (54) one can verify that the
quadratic and linear effects of H~ in Eq. (31) can-
cel. Considering furthermore, that

(56, 0„', 8 I p I 56, 0', 8,) = (0 I P, I 0), (55)

one concludes that the terms with (OIH„ I56, 0„') in

Eq. (31) cancel among themselves. Thus the cal-
culation of the corrected magnetic moments

I

should be done according to the equation

(56)p (0 I FI, I i) (i I g, I j)(j I H, I 0)
(e, —e;)(e, —e,.)

where I i) c ( I 70, 0,', 8,), I 20, 1;,8,), I 70, 2,', 8,)).
The matrix elements of Hz are given in Eqs. (36).

It is interesting to notice that our expression

TABLE III. Matrix elements of p&3'.

(70, Og, 8g, g) —(20, 12, 82, y) (70, 02, 10),T) —(20, 12, 8), —) (20, 12, 82, 2) (70, 22, 84, -)

go

wQ

—(PIi —@g)

2(p,„p, )

9(p +pg —2p )

~2(p„—p, )

-'(p, —p„)Q

2 (p,,—p,„)

——,'(p„+p, —2p, )

—(I „-V„)/3~3

T(p„—p„)

-', (p„-p~)

T(p„-p, )

'(p,„+p,„-2p, )

&(p„-p,)

~ (p —pg)

2 (p„—p,,)

'(p,„+p 2p,,)

~ (2p„+p„)

-', (2p„+p„)

Z(2p„+ p, )

-', (p, + p, +p, )

Y(2pg+ p~)

8(2p +p )

-'(2p, + p&)

—(p +/~+/ )

-(2p„+p,„)

—,
' (2p„+p„)

—,
' (2p„+p, )

7'(p. +p, +p, )

~(2p, + p, )

&~(2p, + p,„)

—,
' (2p, + p„)

'(p„+p&+p )



232 M. BOHM, R. HUERTA, AND A. ZEPEDA

(56) for the baryon magnetic moments satisfies
the first-order SU(3) sum rule (2b). To prove this
statement it is enough to take into account that this
sum rule is satisfied by the zeroth-order magnetic
moments given in Eq. (1) as well as by the rele-
vant magnetic moments of the excited states
(Vo, o,', 8, vl Vo, 0,', 8, &, &V0, 02, 8, IT I2o, 1.",8.&,

(20, 1,', 8, p, I 20, 1,', 8,), and (Vo, 2,', 8, I p, I Vo, 2,', 8,)
given in Tables II and III and in Eqs. (44)-(49) and

(52). Indeed, if we write the sum rule (2b) as
g~ Csp, ~= 0(e,'), where C~ is the corresponding
coefficient, and if we write Eq. (56) as

&B=Wa & i +
i ~ J

where f; =f;(m =ms) and m~ is the average quark
mass in the corresponding baryon, i.e. , m„= (2m~
+m„)/3, etc. , then using

QC»»Pa=0» +Cap»» =O(e~ )

one obtains, after expanding f,. (m~) around the
SU(3) limit m~=m

gC~g~ =g [f;(m)df, (m)/dm+ (i —j)]g(ms —m)C~p, -g 2f;(m)[df, (m)/dm] g(m~ —m)C~p~+0(e, ).
B i,j B i B

Finally, using m zo = m A = m zA = m and m „—m
= —(m~o —m), which imply

Q(ma -m)Csg~ = (m„-m) QCsps,

we get P~ Cs p, ~ = O(&,').

VII. CONCLUSIONS

First we would like to mention that, up to second
order in the spin-dependent interaction and mass
differences, only three types of excited states con-
tribute to the magnetic moments of the low-lying
baryons. These excited states are those which in
the limit m„=m~=m, reduce to IVO, O,', 8,),
I20, 1, , 8,), and IV0, 2,', 8,). The state I20, 1,', 8,)
gets mixed in the ground state thanks to the spin-
orbit interaction. Since in our Hamiltonian the
spin-orbit part contains also the Thomas term we
have a small numerical value for this mixing and
therefore it gives also a small contribution in the
baryon spectroscopy. " This implies also that the

state I20, 1,', 8,) could become visible in mN scat-
tering at the level of 4/0 (that is below the present
experimental uncertainties).

To evaluate the magnetic moments of the low-
lying baryons one substitutes in Eq. (56) the ma-
trix elements of IIs, &so, and H~ given in Eqs.
(36b), (36c), and (36d), as well as the corre-
sponding magnetic moments of the excited states
listed in Tables II and III. The final results,
shown in Table IV, depend on five parameters
m„, m~, rn„~„and ~. We have assumed Dirac
magnetic moments and have made three fits using
the-naive quark model and our work with and with-
out spin-orbit forces. We took in the last two
cases &u=m~/2, where m~ is the proton mass, as
suggested by spectroscopy and then minimized

~2 — +th ~exp 2 ~~exp 2

where i=P, n, . . . , Z'A under the restriction m„
= m, (we have also put by hand 4p, ~» = 0.08, ay, '„»

TABLE IV. Comparison of our numerical results with experimental data (Ref. 16), with
the symmetric-quark-model results, and with those obtained without spin-orbit interaction.

u(p)
p(n)
v(~)
u (~')
v(~ )
j (-=')

v(=. )
p(z QA)

m „(Mev)
m, (MeV)
~(Mev)

Expt.

2.793
—1.913

-0.6138 + 0.0047
2.33 + 0.13

-1.4 + 0.25
—1.236 + 0.014
-0.75 + 0.07

1»82~Q f8
+Q.25

No spin
forces

2.74
—1.83
-0.60

2.63
-1.02
-1.41
-0.49
—1.58

343
524

With spin
forces

2.83
-1.78
—0.58

2.72
-1.15
—1.37
-0.63
—1.54

266
391
470
0.69

Without
spin-orbit

2.83
—1.78
—0.58

2.72
-1.15
-1.37
-0.63
-1.54

288
440
470
1.06

Ref. 17

2.85
-1.85
—0.61
-2.54
—1.00
-1.20
-0.43
—1.51

330
550
310
1.62
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—0 05 ~iLeA"~ = 0.025, and 6p "g = 0.05 in order not
to overestimate the weight of the best-measured
magnetic moments). The results of the fits for
the magnetic moments, the quark masses, and o.,
are displayed in Table IV.

In the last column of the same Table we show
for comparison the results of Isgur and Karl. "
One can see that the order of magnitude of our re-
sults agrees with that of Ref. 1V although according
to their approach the excited states [(70,0,', 8),
(70, 0,', 10), (70, 0,",1)] taken into account are not
the same as those of ours [in addition (56, 0s, 8),
(20, 1,', 8), (70, 2,', 8), (70, 0,', 1)]. As we have in-
dicated the contribution from the states (70, 0,', 10)
and (70, 0,', 1) Las well as a part of (70, 0,', 8)] can-
cels because the contribution from II& is already
contained in the zeroth-order results (thus in our
formulas there is no further first-order breaking
by quark mass differences than that already in-
cluded in the lowest order).

Our model with spin forces has a better g than
that of the simple quark model (30.5 against 38)
but it is still not good enough to "explain" the
present experimental data on the magnetic mo-
ments of the baryons. The resulting quark
masses, m„= m~ = 266 MeV, m, = 391 MeV are
slightly smaller than those obtained by fitting the
naive quark model and also smaller than those
arising from a fit to the baryon spectroscopy. '
A better fit to the magnetic moments was obtained
by dropping the constraint m„=w, but then we got,
as in the naive quark model, m„& m, . That is,

spin forces are not sufficient to turn this relation
around.

Since we have not found a good fit to the experi-
mental data we conclude that other effects, such
as relativistic corrections, exchange currents,
and three-body forces, are important. In particu-
lar, our expressions for the magnetic moments
do not contain the nonanalytic terms (in the current
quark masses) predicted by chiral perturbation
theory. " (This is of no surprise since the quark
model does not contain the Goldstone phenomenon).
Since this kind of term arises from the electro-
magnetic properties of the virtual pions it is ob-
vious that to obtain them within the quark model
one has to incorporate exchange currents. In
principle one should also include electromagnetic
corrections but they are expected to be quite small.
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