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Starting with a confinement kernel originally due to Henley, we use the instantaneous approximation to reduce the
Bethe-Salpeter equation for bosons to an ordinary second-order differential equation. In the nonrelativistic limit the
equation reduces to that for a spherically symmetric simple harmonic oscillator. For the relativistic equation, we
obtain an asymptotic series for the energy levels of the bound states valid in the strong-coupling limit. Our results
are in qualitative agreement with the numerical results for a similar system studied by Henley.

1. INTRODUCTION

Quantum chromodynamics as a theory of strong
interactions has had some significant successes
and has been the starting point of numerous inves-
tigations on the structure and interactions of had-
rons. It is now widely believed that hadrons are
“constituted” of more fundamental structures, the
quarks, which are confined in the simplest free
hadronic systems by strong confining forces de-
scribed by potentials which increase with the spa-
tial separation of the quarks. While the origin
of these confining forces must lie in the nature
of the nonlinear quark-gluon and gluon-gluon coup-
lings within the framework of quantum chromo-
dynamics, this picture of hadrons has also moti-
vated quasiphenomenological investigations on the
energy levels, level patterns, wave functions, etc.,
of quark-quark or quark-antiquark systems bound
by suitably parametrized phenomenological two-
body confining potentials.! Simultaneously, there
are attempts to relate the parameters characteriz-
ing these phenomenological potentials to the funda-
mental masses and couplings of the theory.?

Most calculations of bound-state characteristics
of confined two-body systems use the nonrelativis-
tic Schrodinger equation.3-® This is not only on ac-
count of the simplicity of the formalism: there
may be reasons for believing that even though the
hadronic processes of interest take place at rela-
tivistic energies, the description of the constituent
quarks as being in nonrelativistic motion in the
confining potential is not devoid of meaning.®
Nevertheless, quantum chromodynamics being a
relativistic field theory of quarks and gluons, the
study of confined quark-quark systems in the rela-
tivistic domain is of considerable fundamental in-
terest.™® In this work, we present a study of some
features of the confined two-body system in the
framework of the relativistic two-body bound- state
equation. While the Bethe-Salpeter (BS) equation,
being an invariant two-body equation may seem an
appropriate formalism for the study of the rela-
tivistic quark-quark confined system, its use in
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such a context has long been known to present sev-
eral difficulties. For a given Lagrangian, such

as the one for quantum chromodynamics, the ap-
propriate kernel to use in the integrodifferential
BS equation is far from transparent. Even if this
question is settled by choosing a kernel on quasi-
phenomenological grounds, one cannot, for kernels
which are otherwise appropriate, reduce the equa-
tion to a one-dimensional one. This difficulty is,
in turn, connected with that of assigning a meaning
to the two-time BS amplitude depending on a rela-
tive time variable with no analog in the time-de-
pendent Schrddinger amplitude.

One approach to resolve this difficulty was sug-
gested in the pioneering work of Goldstein and
others.'®!! They showed that this difficulty with
the BS equation in the ladder approximation with a
kernel corresponding to a massive scalar exchange
arises from the high degree of singularity on this
relative light cone, which results in a continuum
spectrum for the bound-state problem. On the
other hand, a point spectrum results if this equa-
tion is solved for an interaction which is instan-
taneous in the c.m. frame.'? This approximation
of the kernel on the relative light cone decreases
the degree of singularity. However, even in this
approximation the equation can be solved exactly
only when the binding energy equals the rest mass
of the interacting particles.

In this work, we use the quasiphenomenological
approach to choose the kernel for the quark-quark
BS equation. Starting from the kernel correspond-
ing to a massive scalar exchange, Henley'® has
recently obtained a sequence of kernels which, in
the static limit, have the structure of derivatives
of & functions and which may be regarded as rela-
tivistic generalizations of the harmonic oscillator.
We use the simplest such kernel proposed by
Henley in a scalar-scalar BS equation and adopting
the procedure followed by Goldstein study this
equation in the instantaneous approximation. The
resulting equation is no longer relativistically co-
variant; relativistic effects are embodied only in
the kinematic sense and arise from the fact that
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the equation used is the Bethe-Salpeter rather than
the Schriddinger equation. In the nonrelativistic
limit the resulting differential equation reduces to
that for a harmonic oscillator; a similar result
was also obtained by Henley. In the relativistic
case, the differential equation is not exactly solu-
ble: however, using asymptotic formulas due to
Titchmarsh,!* we can study analytically the behav-
ior of the bound-state spectrum in the strong-
coupling limit. In Sec. II we set up the BS equation
in the instantaneous approximation and in Sec. III
reduce this integrodifferential equation to a dif-
ferential equation by a suitable choice of the ker-
nel. In Sec. IV we study the equation in the non-
relativistic limit whereas in Sec. V we study the
equation in the relativistic case and obtain an
asymptotic series for the energy eigenvalues valid
in the strong-coupling limit. Section VI is devoted
to the discussion of our results.

II. THE BOUND-STATE BETHE-SALPETER EQUATION
IN THE INSTANTANEOUS APPROXIMATION

We start with the BS equation for the bound state
of two scalar particles each of mass m written
in momentum space in the form

[(p+3P)*+m®][(p - 3P)*+m® il p)
_ igz 4, 1 ’ ’
=& [ap'Wp-p2p) . ()

p is the relative four-momentum of the particles
which form the bound state, P is the sum of these
momenta, and we use the metric (~1,1,1,1). In
writing the equation in this form we assume that
the kernel is a function only of the differences of
relative momenta: such as, for instance, the situ-
ation which obtains when the equation is studied

in the ladder approximation for an interaction gen-
erated by the exchange of a single scalar particle.
The instantaneous approximation consists of re-
placing the Lorentz-invariant (and hence retarded)
Yukawa interaction by one which is instantaneous
in the center-of-mass frame. In this frame
P=(E,0), E being the total energy of the bound
state. In momentum space, this is equivalent to
dropping the timelike component of the four-vec-
tor (p —p’) and replacing V(p — p’) by (27)*V(p-p’).
In this approximation, (1) reduces to

[(B2 +m) = (po + ZEV][(B*+ m?) = (Do — 2E)*JUp)
=B [ ap V-390 . @)
Since the right-hand side of (2) is a function of p
alone and not of p,, we define
S(B) =[(B* +m?) - (po +3E)?]
x [(B%+m®) = (po = ZEV [0 , 3)

which satisfies the homogeneous integral equation

S@) = zg /‘d4 S(p'l))l(/jgp) p)’ (1)
where
D(p) =[(p*+m?) = (p, + 3E)?]
x [(% +m?) = (p, - 3E)?], (5)

and it is understood that the squared masses carry
negative imaginary parts. The integration over the
relative energy variable in (4) is easily performed
and we finally obtain the integral equation for the
bound state in the instantaneous approximation

2 - r-4s
S() =(2g7’7)2 fdp 'ﬁrz_‘_n,lllz()!:/Z('E/Zi(fnl —Ig%)" (6)

The equation is no longer a relativistically invar-
iant one owing to the use of the instantaneous ap-
proximation: however, it embodies the effects of
relativistic kinematics in a fashion which will be
manifest once a choice is made for the kernel
V(p-p’) and a differential equation corresponding
to (6) is obtained.

III. CHOICE OF THE KERNEL
AND THE DIFFERENTIAL EQUATION

In choosing our kernel function V(p — p’) we are
guided by the following considerations. A confining
potential, rising asymptotically in configuration
space, does not result from the static limit of the
kernel for a massive scalar exchange: one only
obtains the screened Coulomb or Yukawa interac-
tion of the form e"*"/», u being the exchanged
mass. However, higher derivatives of this poten-
tial with respect to the exchanged mass soften
this singularity at the origin and produce interac-
tions rising asymptotically and hence are confining
in character. For instance, the third derivative
in the zero-exchanged-mass limit will have an
oscillatorlike confining character. We are thus
led, after Henley,'® to consider for our kernel the
instantaneous limit of

93 1
V(ip-p') =lim—; G-pPrEoic 7
®-27 u1—>o o’ [(P PP+ ZE]’ M
i.e.,
== i 2400 - D)%~ 42
V(p-p’)=lim = 8
(b-b o [(P=D)+ WP ®
If we further note the identity
12u [(B-p)2 - p? - -
Belle-pl-ul_,soG-57, @

woro T [(D=D')?+ pu2)?

the integral equation (6) can easily be converted
into a differential equation. Defining
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S(5)
B+ )RR + P — 3E)

x(®) =1 (10)

and using (8) and (9), we obtain for x(P) the differ-
ential equation

2 . . .
A,x(D) = @2 +m) P2 +m® - EX®) . (11)

IV. NONRELATIVISTIC LIMIT:
OSCILLATOR LEVELS

Separating (11) into radial and angular parts, we
have

X(E) =x‘p-(g) Y;M(Qi) ] P = I-ﬁl

where x,(p) satisfies the differential equation

d? (1+1 2
d—;él_ (pZ )Xz=;’—2(172+m2)1/2(152+m2-%Ez)xz - (12)

Introducing the dimensionless coupling constant

A=(g?/md)i2, (13)
we have
d? I(I+1 2
Ty WD, Zaewpnge-ry, (9
where
E2

E=p/m, ¥==1+

yot (15)
To examine (14) in the nonrelativistic limit, we ex-
pand the coefficients on the right-hand side of (14)
in a power series in k2. In this limit (14) reduces
to

a (1+1 2
El%zl_(akz+bk4+0k6+.“)xl— (kz )Xx+-)\—2-72X1=0
(16)
with
2 2
a=i§(l—%>,
2 (1 92
”7(5*3)’ ()

__2(1 72>

€=-x (5‘“ 16/

The purely nonrelativistic limit of (16) is obtained
by neglecting b and ¢. Since we have a confining
potential which rises asymptotically, we expect

a positive-energy confined state, i.e., ¥2>0. The
eigenvalues of the equation

Vi 292 (1+1
7@"2‘*(72‘-”’82- = )>x,=0 (18)

are given by

yz

——Azal/2=2nr+l+%=n+%, (19)

If B is the binding energy of the system (>0), i.e.,
E ~2m+ B, one obtains ¥~ B/M. For the binding
energy B, one has the energy spectrum

B~ VZAn+3),
ie., (20)
E~2m+V2Mn+3).

V. RELATIVISTIC LIMIT

A. Asymptotic momentum dependence of the relativistic
wave function

In the extreme relativistic limit (2> 1) Eq. (14)
may be solved exactly to yield the asymptotic mo-
mentum dependence of the wave functions for the
relativistic system.

From (14) we have, for 2> 1,

a2 2
—d—]:glzﬁks)(l . (21)

The solutions to (21) are well known to be modi-
fied Bessel functions. Indeed, if & =2v2/5X, we
may write

X2 AVET, (ak®?) + B\VEL, (k) . (22)
R»>1

For a suitable choice of the constants A, and B,,

X; is asymptotically damped in momentum space:
(I, ;5= 11,5 ~K, ,s(@k*?) the modified Bessel func-
tion of the second kind has the asymptotic depen-
dence e'“"slz. The relativistic system has strongly
damped wave functions which, in momentum space,
decay faster than the wave functions for the non-
relativistic oscillator.

B. Asymptotic series for the energy levels
in the strong-coupling limit

While we cannot solve (14) exactly except in the
nonrelativistic and extreme relativistic limits,
we obtain an asymptotic series for the energy
levels of this system,'® valid in the large-coupling
limit. Titchmarsh has shown that for the eigen-
value problem characterized by the equation

ax

¥ =3 () )x=0, 0<w<wo (23)
ar? [ 72 =q\r) X ’ s

with g(7) -~ as -, the eigenvalues K, , are
given by the approximate WKB-type formulas:

1 (R 1/2 17,1 1
—f (K, —a(N)] d7=n+§l+§+o<; , (24)

T %



2202 S. N. BISWAS, K. DATTA, AND ASHOK GOYAL 25

where R is a positive root of p,,=¢(7). To esti-
mate the leading asymptotic dependence of 7* on X
in the limit of large A, we notice that the equation
corresponding to (14) with m =0, viz.,

a 2 (l+1
- T (T - 415 ) -0,

may, with the scaling transformation

RN, y=aoy, (25)
be transformed into
a2 W(l+1
_72‘2“(25(&2— u?) + ( 7 )>x,=°~ (26)

The leading asymptotic behavior of ¥? in the limit
of large A is thus O(A*/®), Extracting this leading
asymptotic behavior by scaling %2 and ¥ as in (25),
we obtain from (14) the equation

&x 2 2)( £2 4 »-4/5)1 ui+1) -
——d—gzl+(2(g ~ B (g ATE)2 i )x, 0. (27

Comparing with (23) and (24), we may therefore

relate the energy levels p, , of this system by
the approximate formula

[y 52 1 1 1727172
ALL N (- (n?+ 27475 dn
m 0 Ko, i A

=n+§l+§ » (28)
where
N=E/ Wy,

In the lowest approximation, then,

2 5/2 1
————"*‘—‘/_“n fon"z(l—nz)”zdnzwél%,

i.e.,
2 [TCn+ I+ )T __y)s
s e n M -
Therefore,
E, 2 17(2n+l+1):|4’5 _
=l _ 1 =45 =(rN)*/e, 29/
o sy - 297

From the structure of Eq. (28) we may, however,
construct an asymptotic series for p, , in the
large-A limit. Consider the integral

1
J(@)= [ anl(1- )+ aPyp e, (30)
0

We wish to obtain an expression for J(a) which is
asymptotic to J(a) in the limit « -~ 0. We now use
the following result on the asymptotic expansion
of integrals. If

I(x) = f " At x)dt

and if £(¢,x) possesses the asymptotic expansion

Ft20)~ Y ful®x = x9)°™ (x ~x,)
m=0

for some 6>0, uniformly for a<¢<b, then

10 ~3 - [r 0t
m=0 a

provided that all the terms on the right-hand side
are finite. Consider now J(a) as defined in (30).
We write

J(a) = fl dnf(1 = 72)(n? + a?)r/2pr

+ [Canf(1 - P + 0y ape

In the first term, for the range O0<sa<n<1, we
have for (n®+ a®)*/* a convergent expansion in
powers of a?/7?. This expansion, being convergent,
is necessarily asymptotic to (7*+ a?)*/%, Hence
we can write
hd 1 2m
He) = [ a1 -4, T

m=0 Yo
+ [ anl(1 - )+ a?p PR,
o

the coefficients A  being the usual Taylor-Mac-
laurin expansion coefficients of (1 + a?/n%!/* at
a=0. Consider next the limit ¢ - 0*. Since in this
limit the integral which constitutes the second
term goes uniformly to zero, and since the inte-
grals [5dnn'/%(1-n)*/2y2™ are all finite, we ob-
tain for J(«) the asymptotic expansion

10 6P,5F
55,4D,3G
45,3D,2G

8- 3s,2D

6._.

£
w
4l
2
1 1 | |
0 0.5 1.0 1.5 2.0
A

FIG. 1. Energy levels as a function of the coupling
constant in the relativistic limit.
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J(a EA asz -2m+1/2(1_n2)1/2dn‘ (31)

[ d O* m=0

Using (31) in (28) we obtain for [T,
series valid in the large-A limit:

the asymptotic

LB=5,2) 383, +]

[T 5/2 [B(m 2 ap, 12>t4/5— 32#,, 147\8/5

—(2n+l+1) , (32)

~ (77\)4/5 Bl=%,32) - -4/5 -8 I
R B s (AL P e

which gives

where the 8 functions with negative arguments are
the usual analytic continuations of the g8 functions.
We solve equation (32) iteratively for M e Thus
if we keep terms of O(A"*/% on the left-hand side,
we substitute for K., , in this term the solution ob-
tained for U,,, by retaining the lower-order terms
in A**%) je., (29). In this way, we obtain for

K, , an asymptotic expansion for large A in powers
of X"*/%; an iteration which retains terms O(\-44/5)
on the left-hand side in (32) does not alter the ex-
pansion for p, , up to terms O(A*¥17/%)  We obtain

solsns) I} (33

ﬁz 2.799[(2n + 1+ 1)APP/*{1+0.5105[(2n + 1 + 1)A]*/° = 0.1042[(2 + 1 + 1)A]3/5 + + - 1. (34)

In Fig. 1 we plot E/M as a function of X for several
energy levels.

IV. DISCUSSION

We have seen that the Bethe-Salpeter equation
for two bosons, when studied in the instantaneous
approximation, reduces to an ordinary second-ord-
er differential equation for a suitably chosen ker-
nel. The kernel chosen has, in momentum space
and in the static limit, the structure of the second
derivative of a § function. It can be regarded as
the relativistic generalization of a harmonic-oscil-
lator potential and hence may be expected to be
strongly confining in character. Indeed, the re-
sulting differential equation reduces in the non-
relativistic limit to the equation for a spherically
symmetric simple harmonic oscillator. The re-
lativistic equation is not exactly soluble but we ob-
tain analytically an asymptotic series for the ener-

r
gy levels of the bound states, valid in the strong—
coupling limit.

Comparing Egs. (20) and (34), we find that the
energy levels of the relativistic system are lower
than the corresponding values obtained in the non-
relativistic approximation. This is also reflected
in the wave functions of the relativistic system
which, in momentum space, are more confined
than the wave functions of the nonrelativistic sys-
tem. The relativistic energy levels are no longer
equally spaced; however, the oscillatorlike de-
generacy in (2z+1) seems to persist. We note that
this degeneracy seems to persist because of the
use of approximate WKB-type formulas; inclu-
sion of O(1/#n) terms in the Titchmarsh formulas
would lift this degeneracy. We have not included
these terms since we have no analytic estimate
of their magnitude. However, our results are in
qualitative agreement with those obtained by Hen-
ley by numerical integration of a similar differen-
tial equation for a relativistic two-boson system.
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