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The problem of accounting for the corrections to the Goldberger-Treiman relation
(GTR) in neutron P decay, i}, , is reexamined. It is argued that the failure of the tradi-
tional approach, based on dispersion relations or Reggeized one-pion-exchange fits to
high-energy hadronic reactions, is probably due to the fact that the radial excitations of
the pion have not been explicitly incorporated into these calculations. Although there is
now experimental confirmation of the existence of a three-pion resonance, more data is
needed in order to update these analyses. A different approach to the calculation of 6 is

proposed here. Starting from the chiral-SU(2))&SU(2)-symmetry limit, where the GTR is

exact, one interprets all the GTR parameters as referring strictly to that limit. By calcu-
lating the renormalizations induced by symmetry breaking in all four parameters, one can
then predict 6 . As a result of this interpretation a new relation between 6 and the mN
o. commutator o N is obtained. Using the most recent theoretical value of o.

N (35+10
MeV), one predicts 6 =0.06+0.02, in good agreement with experiment (6'" =0.06
+0.01). On the other hand, a large 0. term such as o ~-60 MeV, which in itself is very
hard to understand in the framework of QCD and SU(3), would lead to i} =—0.30, in

obvious conflict with experiment.

I. INTRODUCTION

The Goldberger-Treiman relation (GTR) in neu-

tron P decay is currently understood as a conse-
quence of exact chiral SU(2) XSU(2) symmetry
realized in the Nambu-Goldstone fashion, ' a view
that finds a natural place in the theory of quantum
chromodynamics (QCD). When SU(2}X SU(2) is
broken by the up- and down-quark masses in the
QCD Lagrangian, the GTR is no longer exact and
the quantity

Mgg (0)

feg~tete(P~')

measures the departure from the chiral-symmetry
limit. In Eq. (1}M is the nucleon mass, gq(0) is
the axial-vector coupling at zero momentum
transfer, fe is the pion decay constant, and

g~~N(p } is the on-mass-shell pion-nucleon cou-
pling. Using current experimental values

[f =93.24+0.09 MeV, g~ (0)= 1.254+0.007, and

gettN(pe ) =13.4+0.01] one finds

6'"~=0.06+0.01 . (2)

The smallness of 6 provides strong support to the
view that SU(2) XSU(2) is the most accurate of the

g AN(=1—
2

=1 F tttt(0), —
g tutti(P

(3)

where F ivN(q ) is the srNN hadronic form factor
and F AN(p ) = l. In other words, PCAC implies
that the GTR in broken SU(2) X SU(2) is still exact
at q =0 (but not necessarily at q =pe ). The
value of the mXN form factor at zero momentum
transfer, F titt(0}, has been estimated in a variety
of ways such as (a) by means of dispersion rela-
tions, (b) invoking specific dynamical models such
as the a model or the dual model, (c) performing
Reggeized one-pion-exchange (OPE) analyses of
hadronic and electromagnetic reactions at high en-

ergy and small momentum transfers. All these es-

broken hadronic symmetries after isospin.
A very difficult problem arises when one tries to

predict the actual value of b, . In fact, despite all
the attempts made over the years, theoretical
predictions disagree with Eq. (2) at least by a fac-
tor of two.

The standard approach' has been to rederive the
GTR in broken SU(2) XSU(2), assuming partial
conservation of the axial-vector current (PCAC), in
which case the discrepancy is due entirely to the
change in the trNN coupling from q =0 (off-
mass-shell) to q =pe (on-mass-shell), i.e.,
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timates are in fairly good agreement with each oth-
er but lead to 6 -0.01—0.03.

In this paper I wish to discuss a possible model-
independent solution to this old puzzle based on
the following two premises: (i) abandon the as-

sumption that the GTR is exact at g =0 when
SU(2) XSU(2) is broken, and (ii) interpret al/ the
parameters that appear in the GTR as referring
strictly to the chiral-symmetry limit. By calculat-
ing the renormalizations induced by symmetry
breaking one can then predict 6 .

Since an exact GTR at q =0, when p~ +0, is a
consequence of PCAC, it may appear that require-
ment (i) above could spoil the success of the
current-algebra —PCAC low-energy theorems. It
will be argued in Sec. II that this is not the case
and, moreover, that a breakdown of the GTR at

q =0 (p~ &0) is to be expected naturally from a
pseudoscalar meson mass spectrum with radial ex-
citations. These states were first predicted in the
framework of the dual ~odel, where they arise as
Regge recurrences (daughters) of the pion trajecto-
ry, and later in @CD bag models, where they
correspond to radial excitations of the quark-
antiquark bound state. Also, Pagels had suggest-
ed earlier that a heavy pion might account for the
GTR discrepancy through an enhancement in the
three-pion contribution to the dispersion rdation
for the md% form factor. These states eluded ex-
perimental detection for many years until very re-

cently when the first radial excitation of the pion
was found in two independent analyses ' of the
reaction AN~(3m)N, with a mass. p, —1.3 GeV

and a broad width I, -0.6 GeV.
%'ith this in mind, the GTR becomes an exact

statement valid strictly in the chiral-symmetry lim-
it and the discrepancy 4 is the result of the renor-
malizations induced by SU(2) X SU(2) breaking in
al/ four GTR parameters. An interesting conse-
quence of this interpretation is that 6 becomes
strongly correlated to the mE o. commutator. '

This is discussed in Sec. III together with the cal-
culation of the shifts in the GTR parameters that
leads to a correct prediction of 5 .

II. THE GOjLDBERGER-TREIMAN
REI.ATION

I.et us consider the matrix element of the axial-
vector current between nucleons,

where q =(p' —p) and isospin indices have been
omitted for simplicity. Taking the divergence of
Eq. (4) in the SU(2) X SU(2) limit one finds

2M'(q )+q gz(q )=0,
where all quantities with a tilde refer to the sym-
metry limit, i.e., M =M(p, ~ =0), gq(q )

=gz(q, p =0), etc. As q ~0, the induced pseu-
doscalar form factor gp(q ), exhibits the
Goldstone-boson pole and one obtains the GTR

Mgg (0) =1f g m(0)

where g zz(0) is to be understood as the on-mass-
shell "Goldstone-pion" —nucleon coupling.

In the traditional approach' one rederives the
GTR in broken SU(2) XSU(2) by assuming PCAC,

(7)

with

(N(p')
~ j ( N(p) )

(N(p') [ P ~

N(p) ) =

where j = ( H+ p }p and the following definition
of the nNN form factor:

(N(p )
~ j ~

N(p))

i@I )YS~~g+Nlv(q )u(p) '

In fact, taking the divergence of Eq. (4) and using
Eqs. (7)—(9) one finds in the limit q —+0

Mg„(0) =1f g ~N(0)

where g ~~(0) is now the "physical-pion"
—nucleon coupling evaluated off the mass shell

(q =0), and gz(0)'is no longer singular, i.e.,
q g~(q ) =0 as q ~0. But Eq. (10) leads inevit-
ably to Eq. (3) and thus to an incorrect prediction
of 6 .

It has been shown some time ago' that the in-
corporation of heavy pions into Eq. (7}, i.e., ex-
tended PCAC (EPCAC), leads to a model-
independent and unified technique for calculating
the leading analytic chiral-symmetry-breaking
corrections to current-algebra low-energy theorems.
This can be done without invoking any specific
model for the mass spectrum and decay constants
of the heavy pions. Moreover, these corrections al-
ways act in the right direction bringing the predic-
tions of the low-energy theorems into agreement
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with experiment at the one-standard-deviation lev-
el. The recent discovery of the first radial excita-
tion of the pion lends even more support to EP-
CAC and it is only natural to reexamine in this
light the above derivation of the GTR in broken
SU(2) XSU(2).

In this case, Eq. (7) now reads

N
8'A„= gp 2f

i=0

where N & 1. The only requirement one needs to
impose on the heavy pions is that they do not be-
come Goldstone bosons in the symmetry limit, i.e.,
f~ =O(p~ ) for i )1. This guarantees that the

chiral symmetry is still SU(2) XSU(2) and that the
corrections to the low-energy theorems are of
O(iu ), as opposed to O(l) otherwise.

It is straightforward to show that Eq. (10) now
becomes

N f, g,NN(0).
Mg~(0) =f.g.NN(0) 1+g

i=i s geNN 0

where g NN(0) =g NN(p, )F NN(0) has the same
meaning as before [see Eq. (9)]. Using Eqs. (12)
and (1) one finds

N f, g,.NN(0).
~w 1 FINN(0) +g ~ (13)i=i ~ g+NN

It is obvious that by redefining the mltllil form fac. -

tor one could still arrive formally at Eq. (10) and

thus to Eq. (3). This can also be accomplished by
defining a new pion field in such a way that Eq.
(11) looks formally like Eq. (7). However, in this
case the numerical value of the new form factor at

q =0 would be different from that extracted from

Reggeized OPE analyses. It should be recalled
that these analyses probe the small- and spacelike-
momentum-transfer region of high-energy hadronic
reactions and thus are sensitive only to the pion-

pole contribution. In other words, no explicit
heavy-pion pole piece has ever been included in

these analyses. This is also true of the dispersion
relation calculation of the form factor, except that
since in this case one is probing the timelike re-

gion, one would expect a stronger sensitivity to the
heavy-pion contributions.

In summary, the radial excitations of the pion
generate an additional contribution of 0 (p, i) to

no matter what definition one chooses for the

nNN form factor or the pion field. This extra
piece has not been included in the dispersion rela-
tion or Reggeized OPE extractions and, therefore,
the conclusion that 5 -0.01—0.03 does not
necessarily follow. At the present time only the
mass and width of the first heavy pion are known
experimentally' "and so, Eq. (13) cannot be used
to predict 6 in a model-independent fashion. A
different approach to the problem will be discussed
in the next section.

III. CHIRAL-SYMMETRY-BREAKING
CORRECTIONS

Adopting the point of view that the GTR is an
exact statement valid strictly in the chiral-
symmetry limit and using Eqs. (1) and (6), one
finds

f~ f~ [g~NN o /g~NN o ]
(M/M) [gg (0)/gg (0)]

where g NN(0)=g NN(lj, )F NN(0) is defined in
the usual way by Eq. (9) and, therefore, F NN is
the form factor extracted from Reggeized OPE
analyses, i.e.,

f 1—f
2 2p 4p

ln
16m f A

(16)

which, for Mz &A&4M2, gives

=0.96+0.01 . (17)

The calculation of the shifts in g~NN and in gz

F NN(0) =0.976+0.006 .

According to this approach the actual value of 6
is to emerge as the result of a very delicate balance
between the renormalizations induced by SU(2)
XSU(2) breaking in all four GTR parameters. At
the same time, since the cr commutator' o~~ is a
measure of the shift in the nucleon mass, Eq. (14)
will lead to a relation between 6 and 0.„~.

The shift in f~ induced by chiral SU(2) X SU(2)
symmetry breaking has been calculated by Lan-
gacker and Pagels' in chiral perturbation theory.
Due to the nonanalytic approach to the symmetry
limit in this application, the leading nonanalytic
correction to f~/f can be computed exactly up to
a cutoff which has very little effect on the numeri-
cal prediction. The result of this calculation is'"

—1
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will be done here by studying the current-algebra
constraints on the isospin-even and -odd mX ampli-
tudes, i.e., the Adler and Adler-Weisberger rela-
tions. ' Let us consider the process

~(q)+ N (p) ~rr(q') +N(p')

The strong relation between 6 and o ~ will em-

erge through the implicit dependence of M on o.~~
as discussed later.

Turning now to the isospin-odd mX scattering
amplitude T' '(v, vs, q, q ), one finds in the
chiral-symmetry limit

and define T —
(v 0 0 0) 1 fg—(0)

lim
v~O V 2

(22)

—qq' t —q —q

J'+'(0, 0,0,0)= (19)

where g zz(0) is the "Goldstone-pion" —nucleon
coupling evaluated at v=vz ——0. Breaking the
symmetry and evaluting A'+' at the same kinemat-
ical point (now an off-mass-shell point) gives

where s, t, and u are the usual Mandelstam vari-
ables. In the chiral-symmetry limit the isopin-even
rINamplitude A'+'(v, vs, q, q ) is given by

where 6 is not predicted by EPCAC. Comparing
Eqs. (22) and (23) one finds

f [1—g~'(0)]
+0(p ) . (24g~'(0) =1—

The leading-order chiral-symmetry-breaking
corrections to Eq. (22) are known to be analytic'
and of 0(p ) and, therefore, they should be taken
into account since 5 is of the same order. Due to
the analytic nature of these corrections they have
to be calculated using EPCAC rather than chiral
perturbation theory. The result is'

T (vooo) —
gw 4 (23)

( —) 1 — (0)

f (1—b, )2

o ~(0)
, -+0(p '), (20)

where o~~ is the o commutator of 0 (p~ ). Once
the leading-order chiral-symmetry-breaking terms
are included, the chiral amplitude extrapolates
smoothly into the off-mass-shell amplitude' and
one obtains

g xx'(0)—
M

Mcr ~(0)
+o(p ') .

It must be pointed out that although A'+'
changes rapidly as one approaches the on-mass-
shell point, ' i.e.,

(21)

T'+'(o, o,p,p ) = —T'+'(0, 0,0,0)+ 0(p "),
this does not affect the above derivation as it is
based on a comparison of amplitudes at the fixed
point q =q =0 (T'+' is essentially equal to A'+'
minus the Born term).

Although the o term appears explicitly in Eq.
(21), it has little effect on the numerical value of
g ~~(0). In fact, allowing a broad range of values
cr z(0)-25 —65 MeV, one finds that Mo.„z(0)/
f~ =3 7, to be compared w—ith g~z~ (0)=170.

Clearly, Eq. (24) should not be used to predict the
numerical value of gq(0) but, instead, it should be
substituted in full into Eq. (14) in order to predict

When Eqs. (15), (17), (21), and (24) are substitut-
ed in Eq. (14) one finds

g =1—(0.96+0.01)

X [(1.45+0.03)(M/M) —(0.57+0.02)]' 2 .
(25)

In the absence of any knowledge about M, if one
would assume that this renormalization is of the
same magnitude as the other renormalizations, i.e.,
M/M=0. 96, then one would obtain b, =0.07
+0.02. But this argument, though plausible, is by

no means compelling.
The problem with the calculation of M is that

chiral perturbation theory fails in this application,
i.e., the leading nonanalytic corrections are huge,
as argued recently by Gasser. ' The best one can
do at the present time is to relate M to other QCD
quantities such as quark masses, matrix elements
of bilinear quark operators between nucleons, the 0.

term, etc. In this way Gasser' has obtained a re-
lation between M and 0 N(0) which when used in
conjunction with Eq. (25) leads to the values of 6
listed in Table I. The rea'son why a given value of
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TABLE I. The chiral mass of the nucleon M is related to the o. term o. ~(0) through the
Gasser analysis (Ref. 17) and to 5 through Eq. (25).

M
(MeV)

1

0.96
0.85
0.75
0.64

21 —40
23-'43
28-50
31—56
34—60

0.10+0.02
0.07+0.02

—0.02+0.02
—0.12+0.02
—0.25+0.02

M does not give a unique value of o~iv(0) is be-

cause of the uncertainties in the rest of the QCD
quantities involved in the analysis. '

It has been argued recently' that the theoretical
value of the o commutator is expected to lie in the
range o iv(0)=25 —45 MeV and also that these
values are in no obvious confiict with the available
experimental information. This should be con-
trasted with previous extractions' that claim
o'g'=65+5 MeV, but which underestiinate con-
siderably the uncertainties. It should be clear from
Table I that a o term o~~(0) 65 MeV, which in
itself is very hard to understand in the framework
of QCD and SU(3), is in obvious conflict with the
corrections to the GTR.

Using the recent value' o. &(0)=35+10 MeV in
the Gasser analysis, one finds M =88S+1S MeV,
and using Eq. (19) one predicts

5 =0.06+0.02 . (26)

This result is consistent with the idea that the re-
normalization of the nucleon mass is of the same
magnitude as that of the other GTR parameters.

IV. 8VMMARY

The deviation from the GTR in neutron p decay
has been traditionally interpreted as due to the
change in the md% coupling from q =0 to
q =p [see Eq. (3)]. But the extraction of the
nNN form factor through dispersion relations or
Reggeized OPE analyses leads inevitably to a
discrepancy which is too sxnall. It has been argued
here that this failure is likely due to the fact that
the radial excitations of the pion have not been in-

cluded in those analyses. These radial excitations
were predicted long ago ' ' and the first experi-
mental confirmations of a heavy pion have been re-
ported recently. ' '" %hether or not new

dispersion-relation extractions of E~~~ will succeed
in accounting for the value of b, remains to be
seen. More information on these states is clearly
needed for this type of calculation.

In this paper a different approach to the calcula-
tion of 6 is being proposed. Starting from the
GTR in the chiral SU(2) XSU(2) limit, where it is
exact, one interprets all the GTR parameters as
referring strictly to that limit. By calculating the
renormalizations induced by SU(2))& SU(2) break-
ing in al/ four parameters, one can then predict b, .

The only quantity which cannot be calculated in-
dependently at the present time is the chiral mass
of the nucleon. However, using the recent analysis
of Gasser one can relate M to the o. commutator
and obtain a new relation between 6 and o~iv(0).
When the most recent value of o N(0) is inserted
into this relation, the prediction of h~ is in good
agreement with experiment.

In closing, a few comments about Eq. (23) are
perhaps in order. Equation (23) follows from the
EPCAC version of the current-algebra soft-pion
theorem which in this case is'

lim T~~=f (1 b) A ~ — (27
q~O
q'~0

where A ~ is the reduced amplitude (with poles re-
moved) and a,P are isospin indices. The term
(1—b, ) raised to a power equal to the number of
pious taken soft, and which always multiplies f„,
represents the chiral-symmetry-breaking correction
to the PCAC soft-pion theorem and reflects the
contribution from all possible heavy pions to the
divergence of the axial current. Although b ~ is
not predicted by EPCAC it is assumed that it
should be accounted for by the heavy-pion contri-
butions.

If one would use the experimental value of 6,
Eq. (2), then the right-hand side of (23) is equal to
—1.45+0.07 p~ while for b, =0 (PCAC) it is
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—1.28+0.05 p~ . Before comparing these num-

bers with those extracted from nN. and @ada.ta
analyses' one should bear in mind that the latter
deal with on-shell quantities, while Eq. (23) is an

off-shell prediction and although the difference is

expected to be small this does introduce some un-

certainty. A much larger and mostly unknown un-

certainty, however, comes from the data analysis

itself because it involves extrapolations to the un-

physical point v=0 at subthreshold. Some of these

problems have been discussed recently' in connec-
tion with the even amplitude, T'+' and it has been

argued that the extracted data points are likely to
have errors several times bigger than what a meas-

ure of their dispersion around the fits would tend

to indicate. According to the Karlsruhe analysis'

the right-hand side of Eq. (23) for on-mass-shell

pions is —1.22 p,~ . The uncertainty estimated

just from the dispersion of data points is at the
4—5% level, but the (unknown) true uncertainty is

probably much larger. On the other hand, it must

be mentioned that the kinematic point for Eq. (23)
lies to the left of the p resonance in a region most-

ly affected by background. Model predictions'" for
the nrr~NN P-wave amplitude f '+, which essen-

tially determines the left-hand side of Eq. (23),
agree very well with the Karlsruhe results at and

beyond resonance, but there is a large systematic

disagreement below the p peak and especially in

the region relevant to Eq. (23).
In view of all these uncertainties a direct test of

Eq. (23) does not appear feasible. A more mean-

ingful test, though, is provided by the Weinberg-

Tomozawa relation", which follows from a calcu-
lation of T' ' at threshold. Translated into the

1 3
difference between the I= —, and I=—, nN scatter-

ing lengths, which can be extracted directly from

the data, one has in EPCAC (Ref. 12)

(28)

while for 6 =0 one recovers the PCAC predic-
tion. ' Using Eq. (2) in Eq. (28), one finds the fol-
lowing numerical results:

0.233

I y2
—a 3' ——0.265+0.005

0.276+0.005

p ', PCAC (b, =0)

Pe ~ EPCAC

p, experiment (Ref. 18)

which show that EPCAC improves considerably the agreement with experiment.
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