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We consider SU(2) X U(1) gauge models with an additional global symmetry of S, type.
In particular, we study S; symmetry for a six-quark —six-lepton standard model. We find
that the Kobayashi-Maskawa matrix is completely determined and the mass of the ¢
quark is predicted. Some of the results persist in S, applied to n families. Restrictions
on neutrino masses and mixings are given. Implications of CP and flavor nonconserva-
tion that arise in the neutral-Higgs-boson sector are discussed.

I. INTRODUCTION

We present here an account of our work on im-
posing permutation symmetry on the Higgs-boson
couplings in SU(2) X U(1) and the resulting con-
straints on fermion masses and mixing parame-
ters.)2

The general idea of this approach is to ask
whether some pattern can be recognized in the fer-
mion mass matrix already and to see how far one
can go in understanding it at SU(2) X U(1) level,
i.e., without invoking mass scales of order
My ~10' GeV or even 10° GeV. Such scales,
corresponding to SU(S) or SU(2)g, are presumably
relevant and would give further restrictions but we
wish to study whether we can understand some
masses here and now. The view taken is that
perhaps these higher mass scales are needed to
understand m,, m,, etc., but not for all masses.

To the extent that fermion masses arise from
Higgs-boson Yukawa couplings, patterns in fer-
mion masses reflect those in Higgs-boson Yukawa
couplings. Whether the Higgs bosons are true ele-
mentary scalars or dynamical manifestations need
not concern us here.

The program to be outlined below is more mod-
est than in some grand unified theories in that it is
possible that (1) some masses such as m,, etc., may
not be understood and (2) masses are not “calcul-
able.” All our results are at tree level and for mass
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ratios. However, we are more ambitious in that we
present very specific proposals wherein fermion
masses and mixings are predicted and hence are
vulnerable to experiment.

It is obvious that some horizontal pattern of the
form SU(2) X U(1) X G is required to constrain the
fermion mass matrix. One possibility is that G is a
gauge group. This has been discussed in the litera-
ture.’ In general, in gauging G one needs to im-
pose more ad hoc assumptions to make both the
new gauge bosons and the new Higgs bosons suffi-
ciently heavy. If one prefers to introduce as few
new assumptions as necessary, then it seems prefer-
able to let G be a global symmetry. If G is to be
broken spontaneously (how else?), then to avoid
zero-mass Nambu-Goldstone bosons G should be a
discrete symmetry. So we are led to consider a
discrete symmetry group for G to be chosen below.

It is evident that to get constraints by any of the
above choices of G the Higgs-boson sector of
SU(2)XU(1) has to be proliferated. This is the
price to be paid: either one Higgs doublet with
many free parameters or several Higgs doublets
with few parameters (at least in the fermion sec-
tor). With many Higgs bosons, in general, there
will be flavor-changing couplings of neutral Higgs
bosons. This need not be alarming. Since one is
hoping to predict fermion masses and mixings,
flavor-changing couplings should be allowed to oc-
cur as dictated by the model. The real constraints
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are experimental, viz., K°-K' ® and DO-D° mixings,
K; —ufi,[e rates, etc. In this connection there are
a number of theorems* which seem to suggest that
it is not possible to predict fermion mixings. How-
ever, the proofs depend upon forbidding flavor-
changing couplings of neutral Higgs bosons. Once
they are allowed as just discussed, the theorems are
irrelevant. There are cases where partial flavor
conservation obtains, i.e., d-s and/or c-u coupling
is absent in the neutral-Higgs-boson sector. This
happens to be the case in the four-quark S; exam-
ple.!

Here we consider models in which G is chosen
to be a permutation symmetry group, and where
the fermions but not the Higgs bosons can be re-
garded as objects of permutation. The kinds of re-
sults for fermion masses and mixings that arise are
given in the next section. A more specific model
based on S, for three families is analyzed in detail
in Sec. III. The resulting mass formula for all fer-
mions is given and the full prediction of the Koba-
yashi-Maskawa matrix is given. The possible res-
trictions on neutrino masses and mixings are dis-
cussed. The implications of the Higgs-boson (espe-
cially neutral) couplings which violate CP and fla-
vor conservation are considered next. Finally we
summarize the predictions of the model which can
be easily tested in the near future.

II. THE S, MODELS

Next we turn to the choice of the discrete global
symmetry group G. If the fermion family spec-
trum is sequential (as it seems to be so far), i.e.,
families come as left-handed (LH) doublets and
right-handed (RH) singlets of SU(2) then .# g, in

ZLsu)xu(1) =L gauge + L Higgs

is invariant under interchange/mixing of

u c t v v v

[d ]L‘_’ [s ]L‘_’ [bJL’ [e ]L‘"’ " ]L‘"’ [T]L ’
Ug<>Cr<>Ig, etc. In fact, £y, is invariant under
SU(n) acting on quark LH doublets [also SU(n) on
lepton doublets, SU(r) on +-charge RH singlets,
etc.] for n families. The discrete symmetry which
suggests itself is permutation symmetry leading to
a choice of S, for G. Then we insist that % ;4
be also symmetric under S, and look for spontane-
ous breakdown of S, by V(#). The resulting
mass- mixing pattern is the prediction of the
model.

The most straightforward and obvious imple-

mentation of the above ideas would be the follow-
ing. Let ¥}, ¥k, and ¢' (i =1 to n for n families)
be the objects being permuted under S,. Here 9
and Y are LH doublets and RH singlets, respec-
tively (both quarks and leptons). So we have

Vi u; éi= ¢i:
li Ly di L9 i ¢i ’
lig, uir, dir »

and i =1 to n. The Higgs-boson Yukawa cou-
plings are ¥, gk (vi,[;)L ir k., etc. One writes the
ijk
general Higjgs potential invariant under
SU(2)XU(1) XS, and finds the minimum, break-
ing S, spontaneously with the corresponding vacu-
um expectation values for ¢%: (¢?)=n;. Calcu-
late the resulting mass matrices M;, M, and M.
Find the diagonalizing matrices:

my
UILMM VuR = me

mq
UJLMdVdRz mg (2.1)

Then the Kobayashi-Maskawa (KM) matrix is just
Uxm=UlL Uy - (2.2)

In this class of models the form for Uy turns out
to be especially simple, viz., Uxy is block diago-
nal}’ e.g., for n =3,

cosf@ sinfd O
Ugxm= |—sin@ cosf O |,
0 0 1
for n =4, (2.3)
cosf sin6 0 O
—sin@ cosé 0 O
Ukv=| o0 o0 10/
0 0 01

etc.

Hence, in this class of models one quark doublet
is always decoupled. This means b cannot decay
by W exchange and it can also be shown that b
cannot decay via nonleptonic modes. Such proper-
ties of b seem to be ruled out experimentally.
Another unsatisfactory feature is that the mixing
angles are not predictable.
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Let us turn to a slightly different model which is
in some sense more economical. Consider n
sequential families. Now if all of ¥} and % are
objects of permutation under S,, then they
transform as (n —1) & 1 under S, (where n —1 and
1 refer to irreducible representations of S, of
dimensionality n — 1 and 1, respectively). In the
model just discussed, the Higgs bosons also reduce
to(n—1)® 1. We now propose that there are
only n —1 Higgs doublets transforming as n — 1
under S,. Then in the Higgs-boson Yukawa cou-
plings of each charge sector (up, down, and lepton)
there are just three terms as follows:

L R Higgs
n—1) ® (n—=1) ® (n—-1)

n—1) ® 1 ® (n—1) 2.4)

1 ® m—1) @ (n-—-1)

Because (n —1)®(n —1) ® (n —1) contains 1 ex-
actly once each of the above couplings is described
by one coupling constant. Notice that the fermion
family classified as 1 gets no mass in the limit in
which it is decoupled from the remaining n —1
families. It is attractive to suppose that 1
corresponds to (e,v,,u,d) and consider the limit
where the masses and couplings of 1 are neglected
compared to those of (n —1). Then for the n —1
families there is one unique Yukawa coupling. ,
The only difference between each charge sector (7,
—_ %, and — 1) is the overall strength. Hence, the
mass matrices are proportional, to wit,

Md OCMI(XM: . (25)

Also, the M’s are symmetric. Since M "Mrs are
proportional, so are the mass-squared eigenvalues
and so?

me/my/my - =my/m./myg -
=mg/my/my -+ - . (2.6)

This is satisfied if m; ~300 MeV and predicts
m,~26 GeV. Since My « M,;, the KM matrix is
symmetric (before phases are absorbed):
Uxm=Uky and hence | U, | = | Uy |, etc. Cou-
plings of neutral Higgs bosons change flavor as ex-
pected and processes such as K; —epu, E—ppue are
expected at some level. So far we have not intro-
duced either vg or I =1 Higgs bosons, hence leav-

ing the neutrinos massless. If v; transform in the
same way as the other fermions, i.e., as (n —1) ® 1,
then neutrinos get Dirac masses which also satisfy
the same scaling law as Eq. (2.6), i.e.,

m.,ﬂ/m,,r/m,,L e =my/my/mp L (27)

The proportionality of masses found above
predicts the fourth-generation quark masses if the
fourth charged lepton mass is known:

mp,
mt':'mt m N
! (2.8)
my,
mb':mb N
m

T

e.g., if my is near 30 GeV then m; ~80 to 100
GeV and m,~300 to 400 GeV. These values have
two interesting features: (a) the near degeneracy of
b’ with W and Z which makes its detection diffi-
cult and (b) the saturation of various bounds on
fermion masses® in SU(2) X U(1) suggesting that
this is the last sequential family. Why the choice
of m; ~30 GeV? We already know m; > 18 GeV
(Ref. 7) and perhaps L and ¢ are nearly degenerate,
similarly to 7 and ¢. Or else there is geometric
scaling in lepton masses as once speculated,’ i.e.,
my/m,=m,/m,. In addition, a quark flavor in
this mass range is a very useful factory for W’s,
Z’s, and Higgs bosons.

III. THE S, MODEL

For just three families a somewhat different as-
signment for fermions in S, is very interesting.> S,
has irreducible representations of dimensions 3, 3,
2, 1', and 1. The Higgs doublets are assigned to 3.
The fermions are assigned as follows:

Vi
Ii s 11R7 (12R9I3R)’
L

3 1 2

u; uig (usg,usg)

! . 3.1
ldi]L’ dig (dyr,dsg) 3-1)
3 1 2

The Higgs potential invariant under S4XSU(2)
X U(1) is
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V=1 (@obo+B16h1+ ) +aBodo+ $161+ 6262+ Bl 3 (Bob1+6160)° + 5 (odo+ $161 — 2626,)°]
+713(Boa+ 62000+ 7 (Brha+ 8261+ 3 (Bodo— 161 ]
+8( £[Bop1—B1do+V 2Bops— B:90) P+ (G102~ 32917+ 5[V 2(Gob1 — $180) — ($opo— $260) '} -
(3.2)
Denoting the vacuum expectation values of neutral members of the three Higgs doublets by
(#) =65 (go)=Ecosae™, (4})=Esinae™, (3.3)

the potential is minimized when a=w/4, ¢ +1=0,

2
cos2¢p=— ﬁ% _§§£

The minimum is stable if
Y+8>B+8>0, |&]<|&] .
The Higgs-boson Yukawa coupling invariant under S, X SU(2) X U(1) is

(3.4)

Ly=F[(v,I]) o+ (o, )11+ (v3,13) 651111

1 — — 1 — _ —
+H _ﬁ[(vbll)L¢1+(V2al2)L¢0]l2R+76[(V1’ll)L¢0+(V2912)L¢1—2(V3:l3)¢2]l3R +H.c.

farf -

+ [simila.r terms for quarks with [F]—> ok ], I —qi, Lir—(uir,dir), ¢,-——>($i,¢i)] )

H

(3.5)

where

- | &
b= [—dsrl '

We expect €; (where ,=V2F/H, €. =V2f +/h4) to be small since €; vanish in the limit m, m,, my;—O0.
At tree level the mass matrices of quarks and leptons are

A . Uy d;
(11’12’13)LMI lz +(u1,u2,u3)LM+ U, +(d1,d2,d3)LM__ d2 +H.c. N (3.6)
I3 g U3 |r ds |g
where
is o _L i
€e'? e ‘/ge
_EH | s Lig _1 i 3.7
M= ARV M (3.7
ke O %K
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M _ have the same form as M; with & replacing
H € replacing €, and é—+. Here k=V2E,/E.
Dlagonallzmg M M to 0(6,2) and ellmlnatmg the
parameters e, S e+, 62_, k*°, and ¢ one relation®?®

among the nine masses is found:

m? m pz m,?

m,? m? m?|=0. (3.8)

mgt mg? my?
Using the known values of other masses, this gives
m,; ~26 GeV. The value of m, is rather insensitive
to the actual quark masses used. Also in the ap-
proximation where m,, m,, and my vanish one re-
covers Eq. (2.6):

my=mc(m./m,) .

To interpret the quark mass for a confined quark
one may use the Georgi-Po]itzer]0 definition, viz.,

m, ~20 GeV. However, this procedure is not
gauge invariant. Although this is usually regarded
as a small effect, in principle it renders the result
arbitrary. A gauge-invariant propagator was sug-
gested by one of the authors (H.S.) recently and a
calculation of the resulting corrected value of m, is
now in progress.'?

Returning to diagonalization of M;, the parame-
ters ¢ and « satisfy 1>>sin’2¢ >> «? and are given
by

2, 2 2, 2
. 16 | m¢mg"—m,"m;
sin2¢p=—- |———5—> | » (3.10)
mymg—my, my
2, 2 2, 2
Kz—g me mg=—my "My
3 | mm2—m,m,>

The diagonalizing matrices are defined as

m
writing the quark propagator as iS~!(p) | __ ¢
) Ll uMVi=| m 3.11)
~p —m (M), quark mass is my (M =2mg). Then ©
if a mass relation such as Eq. (15) holds at some m,
high-energy scale (e.g., o> 10° GeV where S, may
be unbroken) the predicted quark mass can be cal- and similarly for U,V ,; U_,V_. Then the
culated by the lowest-order QCD correction: Kobayashi-Maskawa'® matrix Ugy is
-'-
4/[11-(2/3)f] Uxm=U,U_
ag(u)
my () =m;{je0) (o) » B9 To order €2, Ul =U7, and hence
- — Ukm="Ukm
where p=2m; and f = the number of flavors. As
found by a number of authors,!! this makes Explicitly U, is given by
ei”" o—id eh’" o it ——ie“’" sin2
N1 N1 N1 K
i"c i"c i"’c
U,=|—%—e¥e%1(h,—1)e2] S —e—[e% 1 (h,—1)e %] & —2%(A,—2) | . (3.12)
N, N, N,
e’"' . . . e'nt . . . eint
—I—VB—e—’¢[e‘2’¢+()»3——l)e2’¢] e 924 1 (Ay—1)e —H?] E—zxm—z)

U_ has the same form with ¢— —¢, 7, —17,, etc. The 7;’s are phases to bring Ugy to the KM form. N;

are given by
N 2=2+sin22¢/k? ,
N,z_‘f[(2+K2)7» —(sin®2¢ +267)](142*) —

and A; are given by

)‘2,3=%{(2+K2)¢[(2+K2)2——3(2K2+sin22¢)]1/2] :

3(A; —1)(sin2¢+24%)} (i =2,3),

Now all elements of Ugy; are completely fixed in terms of ¢ and « and hence in terms of masses. We find
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m,2mg?—m,tm,?

| Uys | =sin8; cosf; ~sinfc =

For myg/my;~1/18, my ~5 GeV, and m,; ~300
MeV, this given - ~0.22. (The value of 6. is
sensitive to the precise value of m;/m; used be-
cause the denominator vanishes at m,/m,
=m,/m..) The square-root factor can be regard-
ed as a corrective factor to the result my/m; ob-
tained' in S;. We also find

sinf, =sinf;= —‘}3—

2

2.2 2 2 1/2
my,mg°—m, “my
m, T‘Il‘12~—me21’}‘1b2

1 my
== =0.034,
V3 m,

sin§~10"2 . (3.14)

Hence we predict
| Uut | = | Uy | ~0.22,
| Uy [ = ' Uss , =0.067 ,

(3.15)
| Uy | = | Usg | =0.0075 ,
a=|Uy|/| Uy | =0.11.
The full predicted matrix is then
0.975 —0.22 —0.0075
Ugm=| 0.22 0973 0.067 |. (3.16)

0.0075 0.067 —0.998

With the value of | U | =0.067 and
| Ugp | =0.0075, the lifetime of B (bir,bd ) mesons

in the spectator model'* is expected to be
5
Ty My 1
B=371 s 2 2
3.1 | mp (IUcbl +2-5|Uub| )
=6.60x 107" sec . 3.17)

Also with | U, | =0.0075 and | U, | =0.067, the
contribution of ¢ quark to SmKL_KS is negligible

and it is given essentially by the original Gaillard-
Lee!’ estimate. Finally with |s,s3sin8| ~1073
the amount of CP nonconservation in the KM ma-
trix is too small'® to account for the K; — 27 rate.
However, in this model there are flavor- and CP-
nonconserving Higgs-boson couplings (to be dis-
cussed later) which could, in principle, account for
K L — 217,

If the Yukawa couplings are restricted to be real,
we have spontaneous CP nonconservation. Also, in

172
32 T3 ~mgy/myg
m.mg=—m,“my,

1—

(3.13)

|
this case since My;M, is real, Oqcp is zero at tree

level.!”

IV. NEUTRINO MASSES AND MIXINGS

The pattern of neutrino masses and mixings
depends on whether right-handed neutrinos exist,
on their S, properties, and on the pattern of Ma-
jorana mass terms. .

First consider the possibility that v exist. Let
there be as many v as (v;,];);. (An interesting
phenomenological possibility is that the number of
vg is not equal to that of v; ; but in the spirit of
the sequential model we will not consider it further
here.) Then how do the v% transform under S,?
The simplest possibility (A) is that all of v% are in-
variant under S;. This has some logic to it in that
vk have no gauge interactions at the SU(2)x U(1)
level. In this case the Yukawa coupling is

Gl Vil )Ldo+ (Vi )11+ (v, 131 82 ]var

4.1
and only one neutrino picks up a (Dirac) mass
term. Then there is only one 8m? relevant to v os-
cillations and the mixing matrix is given by precisely

Ve Vi
vu| =U, [»
V.

T\L V3 L

1/V3 —1/v2 1/V6 | |m
=[1/V3 —1/V2 1/V6 ||wn
1/V3 0 —2/VE] |, .

4.2)
where m,=m,=0. Another assignment is to let
vf transform as l,-R under S, i.e., as 2D 1. In this
case (B) the (Dirac) masses of neutrinos satisfy
determinantal mass formulas as for charged fer-
mions, Viz.,

mvl2 m,,z2 m‘,32

m,? m,‘2 m,* |=0. 4.3)

mg®> m?  my?

This gives approximately
2.7x10°m, *+300m, *~m, 4.4)

In either case (A) or (B) we expect vk to get



25
“large” I =0, S, singlet Majorana masses. (This is
an example of a large mass scale entering.) As-
suming for simplicity only one large mass say M,
the light LH Majorana neutrinos masses become
m;*/M [m;=m (Dirac)] by a well known mechan-
ism.!’® In the case (B) these masses now satisfy the
linearized version of Eq. (27):

2.7X10°m,, +300m,, ~m,, . 4.5)

The mixing matrix in case A is U given by U, U il
for either Dirac v’s or Majorana v’s (as long as
there is only one heavy-mass scale). The mixing
matrix in case B is U= Uy for Dirac v’s but not
in general.

_A second possibility, in a sense simpler, is that
vg do not exist. The only way for v to get
masses is by coupling to an I =1 Higgs multiplet

which may be regarded as being made up of two |

PERMUTATION SYMMETRIES AND THE FERMION MASS . ..
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I =1/2 Higgs multiplets. Then the effective cou-
pling looks like

(f /MW, Py 679 -

Once again a new mass scale is called for. In gen-
eral, there are four parameters since

3®3=393 ®2® 1. But, for example, if the ef-
fective I =1 field transforms as S, singlet then all

m.,, are equal. This is an interesting possibility be-

(4.6)

cause here is a case in which m.,, 70 but om 2,-j =0
and there is no mixing and no oscillations.

V. CP NONCONSERVATION AND
RARE PROCESSES

To study the effects due to Higgs-boson cou-
plings, it is convenient to transform the Higgs
doublets to a new basis 1, 1,, ¥; defined by

1 ; 1 ; 1
¥ S S S
(242)172 (2+K2)1/2e (2+K2)1/z" 0
1 ; 1 ; 1
B B e ) i¢ — (5.1)
Ke Ke
v [22+xH]"? [2244)]'72 [22+x9)]? .
" se~it — e i 1 p
3 2
The vacuum expectation values of ¥ are then
<¢?>=§2—(2+K2)‘/2 , (5.2)
(¥9)=(y8)=0.
The coupling of ¥ to physical fermion fields is given by
e d u
L= ¢?2 mefifi+ Y3 8 o e A | | (@B, |s | 4 mic) A e
TR br tr
1/— e d u
T —— 43 \m(e@F).B |u| +my(dsh) B |s| +m,(uct) Blc| |+H.c. (5.3)
T JR br t R
Here the matrices 4 and B are given by
0 —20i5/28 =2 ,isn
%N
A= 10 0 0 ,
0 0 0 (5.4)
K _igpn —i2 K i
02 sin2¢e V3 sm2¢e
. V3o,
B= |0 V2ie'$ iWie'”
[SiNG 2ip S V3 0 eild/5
0 v e 16 \/i sin2¢ e
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- e wm e Y e o - -
w; w;
S d

FIG. 1. CP violation through neutral-Higgs-boson ex-
hange.

In general the Higgs-boson mass eigenstates are
mixtures of ¥}, ¥3, and ¥J and this will lead to CP
violation in Ska_Ks as in the diagram in Fig. 1.
If we parametrize

(0] TR0 [0y =—Thgx) (5.5
my

(for g2 << mpy?), where Yij represents 1/)?-1&? mixing
and my is a characteristic Higgs-boson mass, then
the contribution of Fig. 1 to Im(K°| H | K°)
goes as

2p 2 2
0 0 N31/§ Kk My fxVamg
Im(K®| Hegt | K®)~ 4£% sin2¢ my®
(5.6)

To reproduce the observed value of K; — 21 rate
(and €~10~3) we must have

Va3/my*~(10"" to 10~8) GeV 2. (5.7)

If the parameter 7,3 is of order 1 the characteristic
mass scale for the Higgs-boson mass is a few TeV.
From Eq. (5.3) the corresponding expressions for
Im(D°| Hy | D°) and Im(B°| H 4 | B®) are
about 25/p%/fx? and f52/fx® times

Im(K°|H | KC). Although with our predicted _
KM matrix we expect very little mixing'? in D°-D°
and B°-B systems thus rendering the CP-violating
charge asymmetries unobservable. We expect
flavor-changing decays such as K; —pue, mue,
2—pue due to diagrams such as in Fig. 2. We ex-
pect rates such as

10-12

mHZ

F(KL—>‘LL_8+)~

GeV . (5.8)

Hence K; —ue should have a branching ratio
~2.1071° for my ~10 TeV to be compared to the
present upper limit of 2.10~°,

We have not discussed the effects of couplings

S e

FIG. 2. Diagram for K; —pue by neutral-Higgs-boson
exchange.

of charged Higgs bosons. It can be shown that for
charged Higgs bosons which have masses >my,
there are negligible contributions in the processes
discussed above.

As in other models?® where the dominant source
of CP nonconservation is flavor-changing neutral
Higgs bosons both €’ in K decay and the neutron
electron dipole moment are expected to be small.
They will be considered in detail elsewhere.

VI. CONCLUSION

We have pointed out that the sequential pattern
seen in fermion families in SU(2) X U(1) is very
suggestive of permutation symmetry. If this
suggestion is valid, it may be a useful clue to the
fermion mass pattern. In implementing the idea
we found that mass scaling for all but the lightest
generation is suggested:

my/m./my...~mc/m/my...
~mg/my/my. .. .

The mixing matrix is symmetric and the quark-
mass determinant is real. In the S; model for three
families, we expect m, to be between 20 and 30
GeV, predict the KM matrix to be

0.975 0.22 0.0075
—0.22 0.973 0.067
—0.0075 0.067 —0.998

This prediction for the KM matrix is certainly al-
lowed by the data at present.?! The source of CP
violation in K decays is expected to be neutral
Higgs bosons (which have to be several TeV in
mass) and K; —ue should occur at a level of 10~1°
in branching ratio. All or some of these predic-
tions can be tested in the near future.
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