
PHYSICAL REVIE% 0 VOLUME 25, NUMBER 7 j. APRIL 1982

Model-independent dispersion approach to proton Compton scattering

I. Caprini
Istituto di Fisica Teorica dell'Uniuersita, Trieste, Italy
and Central Institute ofPhysics, Bucharest, Romania

I. Guiayu
Central Institute ofPhysics, Bucharest, Romania

E. E. Radescu*
International Center for Theoretical Physics, Trieste, Italy

and Joint Institute for Nuclear Research, Dubna, Union ofSouiet Socialist Republic

(Received 9 January 1981)

The proton Compton scattering at low and intermediate energies is studied by means of a dispersion framework

which exploits in an optimal way the (fixed-momentum-transfer) analyticity properties of the amplitudes in

conjunction with the consequences of the (s-channel) unitarity. The mathematical background of the work consists

in methods specific to boundary-value problems for analytic vector-valued functions and interpolation theory. In

comparison with previous related work, the extremal problems to be solved now are much more difficult because of
the inclusion of the photoproduction input and also lead to additional computational complications. The lower

bounds on the differential cross section, obtained without any reference to subtractions and annihilation-channel

contributions, appear sufficiently restrictive to provide rigorous evidence of some inconsistencies between results of
single-pion-photoproduction multipole extractions and proton Compton-scattering data.

I. INTRODUCTION

The main physical information used in the dis-
persion treatments of the proton Compton effect
is represented by the supposedly known photopro-
duction data which establish, according to the un-

itarity condition, the s, u-channel absorptive parts
of the Compton-scattering amplitudes. However,
the knowledge of the photoproduction matrix ele-
ments alone is not sufficient to determine fully
the Compton scattering since two (out of the six
independent) amplitudes describing the process
require subtractions in the fixed momentum-trans-
fer dispersion relations, due to their presumably
bad (as predicted by the normal Hegge-pole model)
high-energy asymptotic behavior. It is at this
point that the real difficulties begin to appear and

they manifest themselves especially at low ener-
gies where the theoretical results depend to a
great extent on the way in which the highly model-
dependent annihilation-channel contributions to the
needed t-channel absorptive parts are treated.
Efforts have been made to evaluate the t-channel
exchanges' ' (particularly in connection with dis-
persion estimates of the proton electromagnetic
polarizabilities} in the approximation of disregard-
ing higher than two-pion states in the (t channel)
unitarity sum but the situation will continue to re-
main rather confused until more reliable informa-
tion on the yy -mm reaction will become avail-
able. First experimental results from the study
of the reactions yp- ypm, ee-eever and radiative
scattering of pions on nuclear Coulomb fields are

soon expected and they may bring'important clari-
fications on the yy- ww (or ym-ym) matrix ele-
ments. For the time being, it is perhaps better to
look more carefully at what has really been
achieved in the present theoretical understanding
of the proton Compton effect at low and interme-
diate energies, by trying to work as much as pos-
sible in a model-independent framework in order
to isolate the space actually left for model building
from that part of the conclusions which remain
in fact untouched by assumption regarding high-
energy asymptotic behaviors and/or annihilation-
channel contributions. %e have undertaken such
an attempt in the work reported here.

Some recent new results in the dispersion theory
of hadron Compton scattering ' which originated
in themes previously put forward in Refs. 8 to 10
have made possible the present investigation. The
progress realized so far refers mainly to the con-
struction4 of six new (analytic unitary) amplitudes
for proton Compton scattering which share with
the invariant amplitudes (free of kinematical sin-
gularities and zeros) their simple s-u crossing
properties and analyticity structure in v at fixed
f (v = —,'(s —u), s, t, u = Mandelstam invariants} while,
on the unitarity cut in the complex v' plane, they
are related to the usual helicity amplitudes by a
unitary matrix. The unpolarized differential cross
section on the boundary of the analyticity region
can thereby be written as a sum of moduli squared
of analytic objects. Since this analytic diagonaliza-
tion of the cross section was accomplished, the
question of finding (optimal) analyticity restrictions
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on the values of the amplitudes or their partial
derivatives with respect to v at interior points of
the analyticity domain is brought' ' to the applica-
tion of more or less known methods and results
from the current mathematical literature. Espe-
cially, one has to deal with the interpolation theory
and with boundary-value problems for vector-valued
analytic functions.

In Hefs. 6 and 7 optimal bounds on the amplitudes
and cross section in the (physical) low-energy re-
gion below the threshold vo of single-pion photo-
production have been concretely obtained (taking
the unpolarized differential cross section as known
above vo') and subsequently numerically tested
using experimental data. Those of the bounds
which referred only to directly measurable
quantities appeared satisfied but rather weak in
spite of the complete exploitation of the gauge in-
variance, s-u crossing, and fixed-t analyticity
properties of the amplitudes. This weakness is
understandable because of the reduced dynamical
input and the generality of the underlying assump-
tions. The question of including rigorously in the
formalism the main dynamical ingredient, i.e. ,
the pion photoproduction data, still remained open
although in the last section of Ref. 7 an attempt
had been made to illustrate in a simple manner
how productive such an enlargement of the starting
information might be in strengthening the bounds.
In the present paper within a certain particular
but precise formulation of this problem we are
able to solve it to the very end. The absorptive
parts of all the six invariant (or helicity) ampli-
tudes of the process are taken as known(in terms
of single-pion-photoproduction multipoles) over
the interval vo - v'- v„', where v, ' is the thresh-
old of double-pion photoproduction (in practice
v, „' may be chosen well above this second inelastic
threshold since the double-pion-photoproduction
contributions remain comparatively very small up
to photon laboratory energies ~- 800 MeV); above

v,„' the unpolarized differential cross section for
proton Compton scattering is taken as known from
experiment. This information (supplemented with
the knowledge of the s, u-channel Born-poles re-
sidua which are entirely specified by the proton's
charge and anomalous magnetic moment) is opti-
mally exploited to get, by means of special tech-
niques, the domain of the allowed values of the
amplitudes at any wanted v' point. Particularly,
for v' in the physical region from v,„' up to v,
(i.e., in the low- and intermediate-energy region
including the zone of the N* resonance) one there-
from obtains, through a subsequent extremization,
the optimal domain of allowed values for the po-
larized or unpolarized differential cross sections.
The interval of (physical) t values in which the

II. FORMULATION OF THE PROBLEM

We shall work here with the Bardeen- Tung
amplitudes A,.(v, t) used in Ref. 1 or rather with
the (nucleon) pole-free (s-u crossing symmetric)
amplitudes

A,.(v', t) =X,.4(v'- vs')A, (v, t) (i =1,. . . . , 6),

mK =— K=m3 y 5

m'.
K =—'

6 p t

v '=t'/16=the position of the s-u-channel Born
poles. 2,.(vs', t) are known functions of t, speci-
fied completely in terms of the proton charge and
anomalous magnetic moment [see, for instance,
Eq. (2.9) of Ref. 4]. A,(v', t) are real analytic func-
tions [A,*(v'*,t) =A,(v', t) j in the complex v' plane
cut along the real axis from vo to . To the low-

present considerations hold is sufficiently large to
cover all the physical angles and is substantially
larger than the domain of the t allowed in Hefs.
10, 4, 6, and7.

The complete treatment of the above physical
input leads to a problem of functional extremiza-
tion, related to a combined finite Pick-Nevanlinna
and infinite Schur-Caratheodory interpolation prob-
lem for vector-valued analytic functions. This
kind of problem is treated by techniques of func-
tional analysis in the specialized literature. ""
Such techniques have already been applied in the
scalar case (i.e., the case of only one analytic
function) in other studies. '4" In order to get
numbers to be compared with experimental val-
ues, complex computational methods and program-
ming devices were employed, some of them being
adapted from material already existing. "

This paper is organized as follows. In Sec. II
the problem to be solved is precisely formulated
starting from a certain physical input accepted as
known. The solution of the problem is obtained in
Sec. III. In Sec. IV an optimal-sum-rule inequality
relating the proton anomalous magnetic moment to
the single-pion-photoproduction multipoles and the
Compton-scattering unpolarized differential cross
section is obtained and tested numerically. In Sec.
V (analyticity and unitarity) bounds on the unpo-
larized or polarized differential cross sections
are found and compared with experiment. The
lower bounds improve previous results and give
rise to some violations which evidentiate incon-
sistencies between the results of the pion-photo-
production multipole extractions and proton Comp-
ton-scattering data. Section VI is devoted to some
final comments.
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est order in the fine-structure constant the first
inelastic threshold v0 is given by

, (
vo =

2 ~s, —m'+ — [so = (m + p,)'], v, =
2 p( p+ 2ypg) +—

(p, = pion mass, m =proton mass). The physical
region of the process in the v, t variables is

We recall the kinematical relations

t 1+243/m
v =M(d+ —

y cos~c —1+t

where ~ denotes the photon energy in the labora-
tory system and 8, the center-of-mass scatter-
ing angle.

The essential dynamical information about the
Compton process is provided by unitarity, which
gives an exact connection between the absorptive
parts ImA, . above the pion-photoproduction thresh-
old s, =(I+ p)' and the amplitudes describing
various photoproduction processes. Since in the
present work we use this information only at low
and intermediate energies we retain only two-par-
ticle (i.e. , wÃ) intermediate states in the s-channel
unitarity sum and compute the imaginary parts
ImA, in terms of the multipoles for single-pion
photoproduction

ImA,.(v', t) = p,.(v', t) (i = 1, . . .6), v &v &v2 2 2
0 in

(2.1)

The concrete form of the functions p,.(v', f) we have
worked with is that employed in Ref. 1 [we recall
that the pion-photoproduction multipoles were taken
from Ref. 18 in the m (photon laboratory energy)
region from 1SO to 250 MeV and from Ref. 19 for
260 MeV «v & 1210 MeV]. Rigorously, Eq. (2.1}
is exact only up to the threshold of double-pion
photoproduction v„' =(s„—m'+t/2)'/4, s„=(m
+2 p)'. However, the contribution of the multi-
pion photoproduction is believed to be rather small
well beyond this threshold, as suggested for in-
stance by the estimations performed in Ref. 3.
Therefore in the actual calculations we shall take
for the threshold v„2 various values below that
corresponding to co=1210 MeV, the limit up to
which the multipoles are tabulated in Ref. 19.
Above the threshold v„' the unpolarized differen-
tial cross section (UDCS) of the elastic y-proton
scattering will be considered as known. This
yields a boundary condition on the amplitudes 7i,.
of the general form4

6

M,.&
V, tA,*. V, tA& V, t = V, t, V &pi,

&r 4=&

(2.2)

where the matrix M is Hermitian and positive de-
finite on the cut and o is related to the UDCS in
the center-of-mass system by

o(v', t) =128m2s-
dQ, (2.3)

The concrete expression of M, ,(v', f) is to be read
off, for instance, from Eqs. (2.10)-(2.12) of Ref.
4

In the present paper we establish and exploit a
dispersion formalism which takes into account in
an optimal way the physical information contained
in the relations (2.1) and (2.2). As a consequence,
constraints upon the values of the amplitudes A, or
their derivatives with respect to v2 at fixed t in an
arbitrary number of points inside the analyticity
domain (v'& V~2) or on the cut, in the region
v0'(v2&v„', can be derived and expressed in
terms of this physical input. Our derivation re-
lies on functional-analysis methods used in the
theory of extremal problems for vector-valued
analytic functions. "" Below we shall formulate
rigorously the extremum problem to be solved in
connection with the physical boundary conditions
(2.1} and (2.2) and the solution of this problem will
be worked out in detail in the next section.

%e start by noticing that the present considera-
tions generalize the approach developed in Hefs.
4 to 7 to the more difficult case in which conse-
quences of the unitarity condition are being incor-
porated. The main point of the procedure applied
in these references was an analytic factorization
of the bilinear form from the left-hand side of Eq.
(2.2).

A new set of six "analytic unitary amplitudes"
having the same good analyticity structure in v

as the invariant amplitudes A, but connected with
the usual helicity amplitudes f, by a matrix which
is unitary on the cut was found. For treating the
condition (2.2) as it appears now, i.e. , only along
a part of the unitarity cut, it is natural to resort
to the same technique as in Ref. 4 properly adapted
to the new situation. Accordingly, let us perform
first the conformal mapping

(v 2 v 2)1/2 (v 2 v2)1/2

(v 2 v 2)1/2+( 2 2)1/2
in B in

(2.4)

which brings the cut v2 plane onto the interior of
the unit disk

~

z
~

~ 1 cut along the real segment
[xo, 1], where

(V 2
V 2)1/2 (V 2

V 2)1/2

0 (V
2 —V 3)1/2+(V 2 —V 2)1/2

in B in 0

From (2.4) this segment is seen to be the image of
the part [vo', v,„'] of the unitarity cut, the upper
and lower borders of the remaining part v'~ v,„'
being applied onto the upper and lower semicir-
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' e "+z
S(z) =exp — —

2 inc(8)de4m, e"-z
which, by definition, has the modulus equal to
[c(8)]'/2 on the boundary z =e'8 and has no zeros

(2.5)

cles, respectively. For convenience the point v~'
was applied through (2.4) in the origin z =0.

We introduce further the outer real analytic
function"

inside the unit disk ~z
~

.&1. Particularly S(x} is
seen to be positive for real x.

By the conformal mapping (2.4) the condition
(2.2) is imposed along the circle ~z

~

=1, exactly
as it was in Ref. 4. One can therefore apply step
by step the procedure developed there for diagon-
alizing the bilinear form expressing 0. Specially,
we shall consider the 6 x 6 matrix

(0
-4I.,[v,.+(v,„'—v')'"J

m(4m' - t)1/2

-4v'(-t)'"
m'(4m'- t)'"

4v
rn2

(2.6)

4~2(I )2(2v )1/2[v +(v 2 v 2)1/2]l/2

I, [v +(—v ' —v ')'"]2

-8mI.2(2V )'"
x fv +(v 2 v 2)1/2]l/2

Vmin

X [V + (V 2 —V2)1/2]}

I~(4m2 t)1/2(2V )1/2
m in

x [v„+( ' —,')'"]'/'

x fv +(v 2 v2)1/2]

-4~min 2
~n+ in

x[v„+(v,„'—v2)'/2P

—2[(v 2 v 2)1/2+(v 2 V2)1/2] I —2[(v 2 v 2)1/2+(v 2 v)1/2]

which is obtained from the matrix No(v', t) defined
in Eqs. (2.21)-(2.24) of Ref. 6 by simply replacing
the threshold vo' with the new threshold v„2 rele-
vant in the present case. By construction the ma-
trix N(z) is real analytic and nonsingular [detN(z)
o0] in ~z

~

& 1. Therefore the new set of amplitudes

y,(z) defined by the relations

y,.(z) = . N, (z}A,,(z) (i =1, . . . , 6) (2.7)
j"1

has the same analyticity properties as the ampli-
tudes A.„ i.e., they are real analytic in the disk
~z

~

& 1 with a cut along the segment [xo, 1]. Since
both S(z) and N(z) are real along this segment,
being by construction analytic and of real type in

~z
~

&1, the discontinuity of the functions y, (z)
across this cut, obtained from Eqs. (2.1) and (2.7)

is
1

&my, (x) =,
N,
. (/)xp (/)x, xc [x0, 1] (i=1, . . . , 6)Sx), ,

(2.8)

and the condition (2.2) expressed in terms of these
amplitudes takes on the simple form

6

g ~y,.(e)~ =1, ec[-m, m]. (2.9)

We shall now take into account explicitly the analy-
ticity properties of the functions p, (z) by splitting
each of them into two terms, one being analytic
in ~z

~

& 1 and the other having a cut along the seg-
ment [xo, 1] with a given discontinuity (2.8) across
it. Of course this separation is not unique but as
we shall see below the result will not depend upon
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this arbitrariness. For our purposes it is conven-
ient to write y,.(z)

1 ""Imp,. x)
y,.(z) =g,.(z)+— ' dz (i =1, . . . , 6}, (2.10)

+0

where ri)0 is arbitrary and Imp, .(x) for x) 1 are
arbitrary continuous extensions of the functions
(2.8) known for x & 1. Since the last term in (2.10)
has inside ~z

~

&1 a cut for x, &x & 1 with the same
discontinuity as y, , the functions g,.(z) are real
analytic in

~

z
~

& 1, having in particular real values
xp x

By introducing the relations (2.10) into (2.9),
the boundary conditions of the problem, expressed
by Eqs. (2.1) and (2.2), can be formulated in terms
of the functions g,.(z) in the following compact form:

g,. O +— ',.~ dx ~1, Or= -m, m .1 ""Im y,.(x)
7t' „X—8

(2.11)

The sign & was introduced above instead of the
equality sign in order to preserve, in further
considerations, the freedom of using, instead
of the cross section given for v~ & v,„', a quantity
majorizing it.

Let now v&', 1 & 0 ~ n be n points, which we as-
sume for simplicity to be distinct and situated on
the real axis, below the threshold v, „' and A,.(v,', t}
the values taken in these points by the amplitudes

A, , which are real if v&'(v, ' and complex on the
cut, i.e., for v&' & vp'. Denoting by z~ the images
of the points v&' through the conformal mapping
(2.4) one has from Eqs. (2.10}and (2.7)

6
1

g,(,) = N, ,(")A,( 4gz i3

1 '"Imp, .(x)
dx p zp~xp 9

7T
xp

(i =1, . . . , 6), (2.12)

1
g,(z,) =, N„(z ) ReA, (z,)Iz) 0

P t'" Imp, .(x)
xp&=zy&1

z J x-zy
xp

the last integral being evaluated as a principal
part.

The problem we have to solve is to find the opti-
mal domain of the allowed values A,.(v»', f) = A,.(z»),
consistent with Eqs. (2.1) and (2.2). Since for
v»» & vo» the imaginary parts are known from (2.1},
we shall derive in this case constraints upon the
unknown real parts ReA, (v»', t). But, as the matrix
N is nonsingular, the values of interest, A,.(z») for
z»&xo and ReA&(z») for z»)xo, are seen from (2.12)
to be fully specified by g,.(z»}. We must therefore
find the admissible domain of the values

(g,(z»)]»&=~'" », when the functions g~(z) are sub-

min
g iE'Sf

g ~ (c&)=giveni
( i=&p ",6e k=&t "~&

""Imp,.(x)
'r x eio

XQ

(3.1)

which is actually saturated if the points
Ig, (z»))»=,'.".'. & are situated on the frontier of n.
In this relation we have restricted the minimiza-
tion to analytic functions g,. of classH" (Ref. 12),
i.e., bounded in ~z

~

- 1. Actually this restriction
did not appear in our previous discussion. How-
ever, since the nonanalytic terms added to g, 's
in Eq. (3.1) are by construction bounded on the
frontier of the unit disk, it is enough to consider
in the minimization process only bounded analytic
functions g, , the I" norm being otherwise infinite
and hence of no interest for us.

In order to solve the constrained minimization
problem (3.1) it is convenient to express first the
functions g,.(z) as

ject to the unique boundary condition (2.11), and
then, using (2.12), express it in terms of the val-
ues A (z») of interest. This problem will be corn
pletely solved in the next section. .

III. SOLUTION OF THE PROBLEM

We first notice that the values (g, (z»)j»=', ".::~6
compatible with the condition (2.11), form a con-
vex and closed domain~ in the Euclidean space
R'". Let us take a point of coordinates
(g, (z»))»=,'".."., inside this domain. This means that
one can find at least one set of analytic functions

g, (z) which take these values in the points z» and
satisfy (2.11) on the whole boundary. There-
fore if one calculates the I." norm, i.e. , the es-
sential supremum with respect to 8 c [—v, v] of the
left-hand side of (2.11) for a fixed set of an-
alytic functions g„having at z~ the fixed values
g, (z»), and then takes the infimum with respect to
all these functions, the result surely will be less
than or equal to one, On the other hand, if a point
fg&(z»)}»,=,'".::~6 is outsider), the I" norm of the ex-
pression appearing in (2.11) will be strictly
greater than one for all the analytic functions g,
taking in z» the prescribed values g,.(z»). If one
considers again the infimum of all such I" norms
and takes into account the fact that it is effectively
attained by some analytic functions g,. (Refs. 12
and 13) one will also obtain a number strictly
greater than one. From the above arguments it
follows that the domains) of admissible values
fg, (z»)}»,=,':::~6 is exactly described by the inequal-
ity
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g, (z) = Q A,'"$„(z)+ B„.,(z)h((z) (i = 1, ~ ~ ~, 6),
a=1 (3.2)

ttt+gN~ ttt, g N

(3.7 )

inf
ff x —m

ff
= max f&m*, x& f,

mgN md@&
ll ttt*fl &1

(3.7)

where B~(z) are products of Blaschke factors"
defined recurrently by

B,(z) = 1, B„(z)= B, , (z)
1 —zz

(n + 1), (3.3)
and A~" are real coefficients determined from the
triangular system of equations

g (z )= QA&*&B (z) 0=1 ~ .. n (i=i, . . . 6)

{3.4)
In the expressions ( 3.2) the additional constraints
upon the values of the functions gj in the points s~,
appearing in Eq. (3.1), are automatically fulfilled,
the functions h, (z) being arbitrary bounded analytic
functions in fz f

& 1. By introducing Eq. (3.2) into
Eq. (3.1) and taking into account the fact that the
Blaschke factors have modulus equal to one on the
boundary, the minimization problem (3.1) written
in terms of h j becomes

2 1/2

y,„= min g fh,.(8) —y,.(8)f, (3.5)
y EH~ j=l ~a

where

() B( )8X(8)= —Z&, B (8)

1 '+" Imp, (x) dx (i= 1, ~ ~ ~, 6)

(3.6)
are the boundary values of a set of six functions,
nonanalytic inside the unit disk, and the analytic
functions h„unlike g, in Eq. (3.1), are subject to
no additional constraints.

The solution of the minimization problem (3.5}
can be obtained by applying a duality theorem. ""
Usually, by duality a minimum norm problem in
an abstract space is related to a problem of max-
imization in the dual space, which is sometimes
simpler than the initial one. For completeness we
first state below the general duality theorem for
minimum norm problems, "' specifying afterwards
its particular form as needed in our case.

Let X be a Banach space and X~ its normed dual
(i.e., the space of all linear continuous functionals
acting onX). We denote by (x*,x} the value taken
by the functional x~ cX* acting upon the element
xcX. Then if x and x~ are fixed vectors inX and
X*, respectively, M a closed subspace of X, and
M'cX* the orthogonal complement (the annihila-
tor) of M (i.e., {m",m) = 0 for every m EM and
m" cM~), the following equalities hold:

The maximum in the right-hand side of Eq. (3.7)
and the minimum in the left-hand side of Eq. (3.7')
are attained.

In the present problem we are dealing with the
spaces K~ (1 &p «) of vector-valued functions
f = Q, (8)), ,' (measurable on [-v, v] with respect
to the measure d8/2v) with the norms

f i~If = ~l~«}f
g 2 P/2 1$6

2Ã j=l ~I

(3.6)

= sup . Ej 0Xj 0&/,
lC'l=l j=l

(3.10)

where g = e j~ and dg = i f d8 .
In order to evaluate the supremum over the func-

tions J j we first evaluate the integral appearing
in (3.10), using the expressions (3.6) of the func-
tions X,. (f = e' ) and applying the residua theorem
The first term of )t, contains only poles (due to the
Blaschke factor in the denominator) and brings
in the contribution

6 tt tt

( — ,) ,( )

a-~

6 2 lh
= ess sup P f f, (8}

f

gE[-rp ] j=l

[where ess sup=essential(i. e. , up to a null-measure
set) supremum]and with the subspaces 8 of L~con-
sisting of (boundary values of) analytic vector-valued
functions in fz

f

& 1. According to the Hiesz
theorem"" the dual of K~ is the space K' (with
1/P+ I/q = 1, 1 ~P (~) and every linear continuous
functional on T~ has the form

6

(@, f)=2—J QE, (8)f (8)dH, Fc L', TsL'.
-r f=l (3 9)

Moreover, the annihilator of 1T, required in the
duality theorem (3.7), consists"" of all the func-
tions having the form T(z) = z5(z), with Cc 5'.
With these preliminaries we apply the general re-
lation (3.7~) to the minimum-norm problem (3.5),
where we identify X* and M~ to be T," and 5, re-
spectively, and the element x* the boundary value
of the nonanalytic function }{= f )t,(8)], ,'c T".
Using (3.7~) and (3.9) we obtain

p„= min II& —xll
fag@'o
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H„«=c i~,«,&, m, k= 1,2, . . . (i =1, . . . , 6),($) ($)

(3.22)
a„=pa'„'" . (3.27)

defined in terms of the real coefficients c"('f,»

(j) f i z zQ
-(~.|)-~ «&««)

ga&&0 / g"-gg

+ ~ z«R«~(z«)
fr+1 R ) g+gy

P 'x~ Imp~(x)
w, B„„(x)

j=0, 1, . . . (i=1, . . . 6). (3.23)

In Eq. (3.21) there appears the norm of an infinite
matrix acting from l' into /'. " For its computa-
tion it is useful to truncate the matrices H"' at a
finite dimension N by setting all the coefficients

(f 1 ) 0 for j)N and to take into account the fac t
that the norms obtained in this way tend, for N
-~, towards the exact result (3.21).'""

Let us evaluate explicitly the supremum (3.21)
by means of the Kuhn-Tucker theorem for convex
optimization, "assuming that the matrices are al-
ready truncated at the dimension N. 'The Lagrang-
ian of the problem is

N

5=1 lym"-1

+~N Wm 1
—1

6 a
G(j)2 1

1=1 A=1 ]

m=1

w„=0, m)
¹

G'«"=0, k N)(i=1, . . .6). (3 24)

If one now multiplies the first set of equations by
w, and the second one by G ~"„sums upon m and
z, P, respectively, and takes into account the fact
that for nonzero XN and gN the constraints upon
zo and G~" must be saturated, "one obtains

N 6

x„=g„= Q w, Q (a'„"),G',", . (3.25)
hym=l

Using this equality in Eqs. (3.24), one also finds

N mf HN fAWk™1 N Wm 1
f&l~l g~l

which shows that XN' is an eigenvalue of the real
matrix

(3.26)

with XN and gN being non-negative Lagrange multi-
pliers. By setting. the derivatives of 8 with re-
spect to w and G'~" equal to zero one has

N

Q(a„")„«G«,=~„~ „m=1,2, . . . ,X;
f=l A'=1

N

Q (H'~")«„gv, = z„G'«"„k=1,2, . . . ,N (i = 1, . . . , 6);

In Eq. (3.25) expressing A.„one may recognize on
the other hand the supremum to be evaluated. It
is thus equal to the square root of the greatest
eigenvalue XN

' of the matrix HN defined in Eq.
(3.27). In view of the starting formula (3.1) and of
the above remarks one obtains the inequality

p„'= lim i«P' = lim A~ 'Q&(z«))( 1, (3.28)

which provides the required optimal description of
the domain 8 of the allowed values for A~(v«', t);' depends implicitly on A&(v«', t}, through the
coefficients c"&'&», as seen from Eqs. (3.22),
(3.23), and (3.27).

The problem formulated in Sec. II is thereby
solved. A first specific application of this result,
together with details concerning the numerical
calculations, will be presented in the next section,
where we shall be interested in the case of a single
interior point v'= vs'(z = 0), actually corresponding
to the location of the s, u-channel Born poles.

We point out also that the inequality (3.28) can be
expressed equivalently as a non-negativity condi-
tion for the matrix 1-HN when N which, in the
particular case v„'= v, ', can be reduced to the
condition derived in Ref. 5 and tested in Ref. 7.

Before concluding this section we shall present,
as an alternative to the above technique, another
formulation useful in practical. applications. The
problem treated above was complicated since it
actually was an infinite Schur-Caratheodory inter-
polation in the origin (z = 0), combined with a finite
Pick-Nevanlinna interpolation in distinct points
z~, formulated in the Banach space H". Usually a
minimum norm or an interpolation problem is
considerably simplified if it can be considered in a
Hilbert space such as H'. In what follows we shall
exploit this idea, embedding the problem from the
initial H" space into a large family of Hilbert
spaces H'. Let us first go back to Eq. (3.19}and
assume that the function w is kept fixed, the max-
imization being performed only over the functions
Gf. By this procedure the resulting supremum,
depending on w and denoted further by p, (w) will
be, for every w with the properties required in
(3.19), less (in general) than theoptimalvalue p, .
Therefore if this new supremum is majorized by
one, a constraint upon the values A&(v«', t}, weaker
in general than the optimal one (3.28), is obtained.
This means that the domain S„ofadmissible val-
ues for +(««', t) in this new context is (in general)
larger than S and includes it. On the other hand,
as we shall show below, S, unl. ike +, can be ex-
plicitly found. Indeed, it is yielded by the inequal-
ity
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6

V,(~)= '"p P g ~(z,)(-;(z,)m;(z. ) ~5Fff 2 i=1 g2( 2() 2 x 1 Ig=gg

(IPgll 4 l
2

+ Q N(x )G.(x )Rx (x ) —— g
I

ll 2 +i

Developing as before the functions G;(z) in the Taylor series, this relation becomes

)1 (~) suP QQ g(i)y(i) ( 1
a&»4i i=i e=p

m=p

where the real coefficients y"&',» are

(3.29)

(3.30)

«yC g f1+J, ~ ~ «-«y «g' Xp n+1&~ j «~«&

P 'x"(()(x)Imp;(x)
.x0 g+1 +

The evaluation of the supremum (3.30) is trivial: using the Cauchy-Schwarz inequality we obtain

(3.31)

2( ) QQ 7x(i)2 (
f=l nt=p

(3.32)

By introducing in this relation the expressions (3.31) for y('()„,» and noticing that the summation upon m
can be performed exactly, the following inequality describing expl. icitly the domain &„ is obtained:

) g g Re@;(zg)Recur;(zi)
( ) ( )

z -zg z -zi"
ixl ixg-"1 2 i ' 2+1( ig gg n+1(

( ) ( )
x -x, P ' Imp;(x)m(x) g

P ' 'Imq;(x)imp;(X)m(x)m(X)
Bg„(z) g gg m „(I—xzg)B„„(x) w'

„o „2 (1 xy)B~, (x)II—„„(y)

(3.33)

In this relation the points zg()zgI & 1) lie below or
above the threshold xp. When z~ & xo the values
q,.(z2) are of course real and the notation Re()),. (zg)
is for them redundant.

From the initial conditions (2.1) and (2.2) of the
problem we have obtained in (3.33) a. set of neces-
sary constraints on the values'&(v22, t), for every
outer analytic function zv in the unit sphere of H2.

Finding among these constraints the optimal one
amounts to taking the supremum over (() in p, 2(2()).
'The practical usefulness of the procedure proposed
here depends upon a successful guess of a simple
and economical. way of approaching closely the
optimal result by a suitable choice of w. Of course,
a complete maximization would lead again to the
previous optimal result (3.28). The number I((2((())

defined in (3.29) is also the solution of the mini-
mum-norm problem:

- 6

g —Qz'=-
1 —8& (3.35)

where n is a real parameter n c (-1,1), leaves
inva. riant the I" norm of a function f,

((f((„=ess sup ~f(8) ~, 8 (= [-((,)(],

while it changes the L2 norm,

I

The equivalence between Eq. (3.29) and Eq. (3.34)
may be establ. ished by applying again the duality
theorem (3.7'), the spaces X* and M in the stated
theorem being this time L2 and H', respectively.
In the relation (3.34) one may recognize an 12
norm, weighted by a function (() (= H2 with (((()((2( 1

[actually this justifies our notation p2((())]. The
mapping of the unit circle ~z ~=1 onto itself,

p, 2((()) = min
(fg EH~

g ~ («~)= given

(()(8) g g, (8)

1 ""1m 9)i (x)
F x -e"

Xp

(3.34)
(1 n2)1/2

2()(z) = (3.36)

Actuall. y, by taking the maximum of all such L'
norms one obtains (ifll„. A suitable choice for 2()

appears to be"
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since
~
w(8)

~

' = (1 —n'}/(I —2n cos8+ o.") coincides
with the Jacobian ~d8'/d8~ of the conformal map-
ping (3.35}. By varying a in the interval (-1,1)
we expect to obtain a result very close to the
optimal one (3.28).

IV. THE "ONE-POINT PROBLEM": OPTIMAL SUM
RULES FOR THE BORN RESIDUA

In this section we perform the first numerical
application of the technique presented above. We
start by treating the case of a single interior point
corresponding to the position of the s, u-channel
Born poles, vs '= t'/16. The amplitudes A, take at
this point values completely specified in terms of
t, the electric charge, and the anomalous magnetic
moment of the target. ' Optimal-sum-rule inequal-
ities for these values are derived in Refs. 4 and 6
and were investigated numerically in Ref. 7. In
this present context one makes use, in addition, of
the absorptive parts ImA, as yielded by the uni-
tar ity condition.

We shall perform the numerical analysis using
both the rather complicated L solution (3.28) and

i =o, 1,"; (f=1, , 6) (4 1)

We have first to construct the matrix H„defined
by Eqs. (3.22) and (3.27) and then to compute its
greatest eigenvalue X„',which depends impli-
citly on the values y, (0) containing the Born-pole
residua. In the limit N , X~,„' actually pro-
vides, according to the inequality (3.28), the op-
timal constraint looked for,

p '= lim A„'.(p, (0)}&1. (4.2)

On the other hand, according to the arguments ex-
pressed in the previous section, the inequality
(3.33) which now takes on the particular form

the sum rule (3.33). We particularize the general
formulas derived in the previous section to the
case of a single interior point va' applied through
the mapping (2.4) into z = 0. The coefficients
c "&'z,» defined in Eq. (3.23) are

1

c"('„,) = y;(0)5), —— x~ ' Imp, (x)dx;"g.
0

6

p, (w) =g yg'(0)w'(0) —2w(0)lp, (0)
1 w x ™'x

dx
t~l g, 0

x

1 ' 'w(x)w(y}1m')(x) Imp)(y)v', „xy(1-xy) (4.3)

although it is in general nonoptimal, presents the
great practical advantage of displaying an explicit
dependence on p, (0). In fact in Eq. (4.3) one has
a family of sum rules (labeled by the arbitrary
function w) which must approach the optimal re-
sult (4.2) when the maximum over w (with llwll,

'
& 1) is taken. In this section both the inequalities
(4.2) and (4.3) will be examined in detail numeri-
cally.

For the purposes of the present analysis it is
quite reasonable to test the above sum rules for
several v„' values situated in the range corres-
ponding to the photon (laboratory) energy region
co & 1210 MeV, where the pion-photoproduction
multipoles are available. "'" Particularly, when
v„'= v, ' we must obviously recover the corres-
ponding results reported in Ref. 7. In the context
of the present paper one has a much greater flexi-
bility concerning the allowed range of values for
the momentum transfer than in Refs. 5 and 7. In-
deed, the limitation for t comes from the require-
ment that the region v'~ v„' be physical (i.e. ,
v„'~ v ') since in this region one uses the cross
section of the Compton scattering. This gives for
t the allowed range

-4m&in'
2' + sz

' «t& 0 (v =mar +t/4),in in
in

so that for e„& 300 MeV one may work practically
in the whole interval -12('& t & 0 in which the
I,egendre series for the imaginary parts ImA,
converges. " This relaxation of the momentum-
transfer domain of validity of the constraints is
very important since it allows a model-indepen-
dent treatment of the proton Compton effect in the
whole N* resonance region.

For carrying out the numerical investigation of
the above inequalities a set of computational pro-
grams, dealing with the various steps of the cal-
culations, were applied. In what follows we brief-
ly describe the main points of these programs.

A first problem that occurred was the calcula-
tion of the outer function S(z) defined in Eq. (2.5).
Using the equality o(-8}=o(8)we wrote this rela-
tion in the equivalent form

1-z2 S

where the variable 8 is related to v' at fixed t by
the relation
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0 v —Pion
g =2arctan, 2, v ~ v~g v( —pg

(4.5)

which follows from Eq. (2.4).
We have computed the integral (4.4) using the

experimental data on the differential cross sec-
tion do/dO considered as a function of v' at fixed
t. In the present work (apart from small differ-
ences in the evaluation of the high-energy contri-
butions} we have adopted for o'(v', t} the parame-
trimations discussed in detail in Ref. 7. S(s) de-
pends essentially only upon the values of o(v', t)
in the immediate vicinity of the threshol. d v„.

In our applications we shall often work with a
threshold v„' corresponding to v„—700-1210
MeV. As in Ref. 7, we have employed for a a
linear interpolation (in the v' variable at fixed t)
between the data of Jung et al."at 700-850 MeV
and the high-energy parametrizations quoted in
Ref. 23. With such interpolations we have repro-
duced satisfactorily, or slightly overestimated,
the experimental values at 700-1400 MeV reported
recently in Ref. 24, for I; in the allowed range.
From the formulation of the problem given in the
previous section it is clear that an overestimation
of cr could weaken but not endanger the validity of
the bounds. Therefore one has to be especially
careful not to underestimate the input values of cr.

On the other hand, a drastic overestimation of cr

has to be avoided, too, since the inequalitities
then risk becoming uninterestingly large. Of
course, for completeness one must take into ac-
count also the uncertainties affecting 0 and inves-
tigate their influence upon the results; a, discus-
sion of this point will be given below. The integral
(4.4) and the integraLs appearing in Eqs. (4.1) and
(4.3) have been computed using a standard Gauss-
quadrature method. For the I" method leading to
the condition (4.2) we had, in addition, to calculate
the number p,„[according to Eq. (3.28)] using for
the construction of H„ the relations (3.27), (3.22),
and (3.23). A similar evaluation was performed
previously in another context in Ref. 14. In the
present work we have applied, for the calculation
of XN

' an al.gorithm described in Ref. 17, which
consists in successively squaring the matrix HN
and taking the traces of the resulting matrices. It
can be shown'~ that the quantity

2(P) (Tr + 2n)+2
N& max N

where the integer n specifies the step of iteration,
tends to the greatest eigenvalue A.N,„' of HN
when n-. A theoretical estimation of the error
of the procedure at the step n of the iteration and
other programming detail. s may be found in Ref.
17. In practice, in our case a good accuracy in
the computation was achieved without difficulty.

TABLE I. Evaluation of p2 {~)defined in Eq. {4.3) for
various weight functions zo{z) of the form {3.35); p,

represents the optimal result Eq. {4.2) {cu =1210 MeV,
t =—0.5p').

-0.96
-0.84
—0.72
-0.60
-0.40
-0.20
0.0
0.20
0.40
0.60
0.96

0.008
0.029
0.049
0.066
0.090
0.108
0.118
0.120
0.112
0.094
0.021

p~ =0.12

Theproblem of the limit N-~ in Eq. (3.28) was
also carefully investigated, the required stability
of the results against the increase of N being
practically settled for N= 100.

The techniques described above were applied in
connection with the sum rules (4.2) and (4.3) for
several vat.ues of the threshold v„' and of the mo-
mentum transfer t. We have computed both the
number p,„'defined in (4.2) and p,,'(m) defined in
(4.3), with m of the form (3.36). As expected, the
maximum of the numbers p, '(m) with respect to o'.

was practical. ly identical with p,„.This fact is il.-
lustrated in 'Table I where we list, for ~„=1210
Mev and t= —0.5 p', the values p, '(a) for several
values of & within the interval (-1,1), together
with the optimal result p,„'.The maximum of p, '(u)
(actually corresponding to o =0.20) is seen to co-
incide with the number p,„' obtained through a
much more sophisticated procedure. 'This result
is important in practice since it shows that the
formulation leading to Eq. (4.3) [or more generally
to Eq (3.3.3)] does not imply a significant loss of
optimality, being at the same time much more
convenient from the computational point of view.

We present in Table II the results of the evalua-
tion of the sum rules for the Born-pole residua.
All the numbers p„' [or max p, ,'(w)] written in
Table II are less than one, which means that the
inequaLities (4.2) or (4.3) are not violated. The
various pieces of physical information entering as
input in these relations, i.e. , the absorptive parts
ImA, for v'~& v„', the unpolarized differential
cross section for v' ~ v„', and the target's static
electromagnetic characteristics (charge and mag-
netic moment) are therefore consistent with each
other. This consistency is actually very comfor-
table when the number p.„ is much less than one,



25 MODEL-INDEPENDENT DISPERSION APPROACH TO PROTON. . . 1819

TABLE II. Test of the optimal-sum-rule inequality for
the Born-pole residua Eq. (4.2),. for several values of
the second threshold co~ and t.

co~ (Me
p, -0.1 -0.6 -3.48 -6.0 —10.0

0
=p'+JM2/2m

300
350
400
450
500
700

1210

0.43 0.32
0.57 0.56
0.88 0.87
0.86 0.86
0.68 0.68
0.48 0.48
0.32 0.32
0.12 0.12

0.10
0.49
0.82
0.81
0.63
0.48
0.35
0.14

0.45
0.74
0.77
0.61
0.48
0.40
0.19

0.39
0.57
0.62
0.51
0.48
0.44
0.18

as it happens if ~„is taken either near the
threshold &u, or at high energies (&u„= 1210 MeV).

When the threshold v„' is taken in the N~ reso-
nance region (i.e. , &u„= 350-400 MeV) the inequal-
ity (4.2) appears to be rather close to saturation,
at least for some low values of ~t ~. Before dis-
cussing the significance of this result it is neces-
sary to estimate the uncertainty upon the values
given in Table II, produced by the error, experi-
mental or computational, affecting the physical
information used as input.

A reasonable way of investigating the possible
effect of the neglected multipion photoproduction
is to modify ImA. , randomly by a factor not greater
than 5%, this being the order of magnitude of the
two-pion-photoproduc tion contribution suggested
by the analysis performed in Ref. 3. We have
found that the effect of this change in ImA, upon
p„' was not greater than 8-10%. This variation
turned out to be monotonical (for instance, an
overall increase of ImA, led to larger values for
v ').

The influence upon the results of the uncertain-
ties affecting the cross section o can, on the other
hand, be established in a more precise way. Let
us assume that the input cross section o(v', t) is
replaced by p ~ o(v', t), where p is constant with
respect to v'. From the definition (2.5) and the
maximum-modulus principle it follows that the
outer function S(z) will become equal to fp 3(z)
at every point z. Since S(x) is positive for real x

and it enters quadratical. ly in the denominator of
Eq. (4.3) it follows that p,,'(w) will become equal
to (I/p) p, ,'(w) and the same property will hold for
p,„', too, since it is equal to the maximum of p,,'
with respect to w. If we now assume that the
cross section taken as input in our calculations is
lowered by 10-15%, i.e. , if it is chosen at the
lowest extremity of the experimental error bars
usually given in Refs. 22 to 26, it may be seen
from the above arguments that the numbers given
in Table II will. become generally greater by
10-15%. Particularly, if the threshold &u„ is
taken in the critical region 350-400 MeV and I; is
sufficiently low, p,„'will reach 1 or become even
slightly greater, which means that the sum rule
(4.2) is saturated or even slightly violated. The
significance of these possible violations will be
discussed in the frame of the more general analy-
sis performed in the next section.

V. THE "TWO-POINT PROBLEM" BOUNDS
FOR THE COMPTON DIFFERENTIAL

CROSS SECTION

a Q [Hey, (z,)]' —2 Q b, Bey,.(z,) —c ~ 0, (5.1)

where

In this section we start considering the case of
two points, one of them being again v~' and the
other an arbitrary point v, situated either inside
the analyticity domain or on the cut, below the
second inelastic threshold v. '.

Since the optimal I"norm solution (3.29) is
rather complicated, especially when many inter-
ior points z, have to be considered and, on the
other hand, the numerical analysis performed for
the one-point problem in the previous section
showed that the formulation (3.33) leads in prac-
tice to a,lmost the same result, we shall use in
this section only the latter, more simple formu-
lation.

For the subsequent applications it is convenient
to write the inequality (3.33) in the case of two
interior points, z =0 and the image z, of v,2, in the
form

1-82
a=, sa(z, ),

82

I -z,', w(0)y((0) P 'ge(x)imp((x)h(= %&2) / x x ~ I
Z2 - $2 1T X(x Zmg

'zo'(0) y, '(0) 2w(0) y, (0) P ' ur(x)Imp) (x)(I —xz, )c=1 —~ + GX

+ 2
P ' ' w(x) w( y)Imp ( (x)lmy; (y)(1 —xz, )(1 —yz, )
m'. xy(1 —xy) (x —s, )( y —z, )

dxdg .

(5.2)
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The above relations are valid for z, situated either above the threshold xn or below it [in the latter case
the notation Rey, (RR) is redundant since q&,. (z,) are real numbers; also the principal part in front of the
integrals appearing in b, and c becomes superfluous].

The function 16 entering the coefficients a, b, , and c will be chosen again as in Eq. (3.36) with n left as
a free parameter. For a fixed o. , a, 5, , and c are completely determined in terms of the absorptive
parts Im71; (for P' ~ v '), the cross section o (for v' & v ') and the Born-pole residua entering y;(0). The
entire physical input being concentrated in these coefficients, the inequality (5.1) expresses a rigorous,
model-independent constraint upon the values Rey; (zR) . In geometrical terms, the inequality (5.1) shows
that the allowed values of Rey, (zR) are restricted to the intersection of a set of convex domains d in the
Euclidean space R'. Since any physical observable of the Compton process at given v, ' and t is completely
specified by the amplitudes A, (PR, t) or, equivalently, by y, (zR), and the imaginary parts Imp, .(z,) are al-
ready taken as known [particularly Imp, (zn) = 0 for z, &xn], the condition(5. 1) on Rey. (zn) (j = 1, 2, . . . , 6) in-
duces rigorous upper and lower bounds upon every such physical quantity of interest. Next we shall in-
vestigate the unpolarized differential cross section do/dQ as well as the differential cross sections with
the incoming photon linearly polarized parallel or normal to the reaction plane (do„/dQ and dv, /dQ) at
some v points below and above the threshold v,' for the single-pion photoproduction, especially in the N~

resonance region.
We display below the explicit expressions of the differential cross sections in terms of Rey;(zR). Using

the known kinematical relations for the proton Compton scattering and Eq. (2. 7) one has for PR'& v„'

(
3

(
6 2

v, t = ' v, t +—,v,. Re@ z Rey z
2+

(5.3)

(5.4)

Here P and Q„are real, symmetric, and positive definite 6 6 matrices defined as

P (P')=—[(V' 2 2)l /2 + ( ' 2 V2)1 2]2[V (V' 2 V2)1 2][( 2 2)1/2 (V' 2 V2)1 2

11 [(V' 2
V 2)l/2 (V' 2 P)l/2]2[V' + (p' 2 V2)1/2][( 2 — 2)l /2 + (

2 2)1/2

[(V 2 —V 2)l 2 + (V
2 —V2)1 2]2

22( ) 33( ) [( 2 2)1/2 ( 2 2)1/2]2
ill

[(
2 2)1/2 ( 2 2)1/2]3[(p 2 p 2)1/2+(p 2 VR)l/2]2[p 2+(p 2 pR)1/2(p 2 p 2)1/2 ]

44(V
[(p 2 p 2)1/2+(p 2 p2)l/2]3[(p 2 p 2)1/2 (p 2 p2)1/2]2p [ + (p 2 p2)1/2]

(5.5)
[(V 2 p 2)1/2 y (p 2 V2)1/2]2[(V 2

V 2)l/2 (V
2 VR)l/2]2

55 [(p 2
V 2)1/2 (V' 2 V2)1 2]2[(V' 2 —p ' 2)1/2 + (V' 2 —VR)1/2]2

[(p 2 p 2)l /2 + (p 2 p2)1 /2]2[(p, 2 p 2)1 /2 (p 2 p2)1/2](p2 p 2)(p 2 p2)1/2(p 2)l /2

46 64 [(p 2 p 2)1/2 ( 2 2)l/2]2[( 2 2)l/2 + (
2 2)l/2]3 [ + (

2 2)1/2]

[(V' 2 —V 2)l/2 + (V
2 —V2)1 /2]2[(V' 2 —V ' 2)1/2 —(V

2 —V2)1/2][V' 2 —(V' 2 —V2)1/2(V 2 —p 2)l/2]
66 P

[(V' 2 —V 2)1/2 —(V
2 —V2)l /2]2[(V' 2 —V ' 2)1/2 + (VmR —V2)1/2]V' [Vm + (V' 2 —V2)1/2]

all the other P, /
——0 and Q, =Pv R with

R„(v')

= 841(PR)

[(V 2 —V 2)1/2 y (V. 2 —VR)1 ' 2]2[(V 2 —V 2)1/2 —(V. 2 —VR)1 2]2V V

[(p. 2 p 2)1/2 (p. 2 pR)l/2]2[(p 2 p . 2)1/2 + (p. 2 pR)1 j ] 122p 2[p + (p. 2 p . 2)1/2]]1/2[p, +(p 2 pR)1/2]2 &

(p) R ( 2) [(Vin —PS ) +(Vin —V ) ] [(Vin —Vmin ) (Pin P ) ] P [Pin. (V in —Vmin ) ]
[(p 2 p 2)1/2 (V 2 p2)1/2]2[(p 2 p 2)1/2+(p 2 p2)l/2 (2p )1/2 [p + ( p 2 V2)1/2]2

(, ) ~ (, )
[( .'- ')""+(:— ')"']'k .' — .')"'-( .' — ')"']

52 [(p 2 p 2)1/2 (p 2 pn)l/2 ]R[(p 2 p 2)1/2+(p 2 P2)1/2 ]
7 (5. 6)

all the other B&/ ——0. As far as the first terms appearing in Eqs. (5.3) and (5.4) are concerned, they are
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equal to

(5.7)

and

t 6

Q [Q„,(v, ')]„Imp, (z,)im(p, (z,), (5.8)

containing therefore the contribution of the ab-
sorptive parts. The superscript UB means "uni-
tarity bound" and expresses the fact that these
terms yield a natural lower bound on the cross
sections2' due only to unitarity requirements and
obtained by setting the real parts Re(I(, (zz) equal
to zero (particularly this bound is trivial, i.e. ,
zero, for points below the threshold v, '). One
of our purposes was to improve this lower bound

by taking into account the nonvanishing contribu-
tion of the real parts in a model-independent way,
particularly avoiding any specific assumption
about subtractions. Since the analyticity struc-
ture of the scattering amplitudes was ignored in
purely unitarity bounds, a substantial improve-
ment is now to be expected.

In order to derive bounds on the differential
cross sections from Eqs. (5.3) and (5.4) one has
to solve a standard finite-dimensional optimization
problem. It consists in bounding a function

(5.9)

&(~„X)=F(~,)+~G(~;) . (5.11)

According to the Kuhn-Tucker theorem there ex-

when the real parameters ], satisfy the constraint
6 6

&((;)=a+ f, ,
' —2 b, ], —c~ 0. (5.10)

=1

In these relations ], denote the parameters Rey,
(z,), the matrix Gl being either P or Q„„depend-
ing on the case considered. Both the functions E,
which must be extremized, and G, expressing the
constraint, are convex functions of ],. Indeed, F
is a positive definite quadratic form while G re-
sults from the L' norm of an analytic vector which
is known to be a convex function of the values
taken by the vector components in a specified
point. For solving this problem we resort again
to the Kuhn-Tucker convex optimization procedure
with inequality constraints" already appl. ied in
Sec. III. For completeness we expose here in
more detail the content of this method. Let p,

'

and (I"' be the optimal. values of the parameters
)„realizing the constrained minimum and max-
imum of E, respectively. The Lagrangian of the
problem writes as

ists a value y ~ 0 and a value y„c0 such that (I"'
and (,'"' are stationary points for the Lagrangian
g in which g is set equal to y and y&, respective-
ly. Moreover, the following alignment conditions
hold:

x.G(~,"')=o, 1.G(~("')=o. (5. i2)

Using the expressions (5.9) and (5. 1,0) we obtain
from the stationarity conditions 82/8 (,. =0 the
equations

6

Q ($(g -& t(a5(g)(g
'

~
' '=X„ t(b( (i =1, . . . , 6)

j-"1

which have the solutions

«" '"'=&.
, Q((a —&m. ) '(„I,

)=1

(i=1, . . . , 6)
(1 denotes the unit 6&&6 matrix). From Eqs,
(5.12) it follows that either the Lagrange multi-
plier is zero or the inequality (5. 10) is saturated
by the optimal values (I

' '"'. The first alterna-
tive has to be studied separatel. y and leads to a
trivial result: from Eqs. (5.13), y„„=o imply

]&
' '"' ——0 which leads to the unitarity bounds

(5.7) and (5.8) for the differential cross sections.
In almost all the cases investigated by us only the
second alternative occurred, i.e. , g & W 0, the
optimal parameters ((( ' '"' being situated on the
boundary of their admissible domain. By intro-
ducing into the equality

(5. i3)

g(((m), (hf)) 0 (5. 14)

the expressions (5.13) of )I"' '"', one is finally
led to a nonlinear equation for the Lagrange mul-
tipliers p, and g„. The solutions of this equation
were found with standard computer programs.
Using relations (5.10) and (5.13) one can see that
Eq. (5.14) has a unique positive solution y which
corresponds to the minimum of E. On the other
hand, the number of negative solutions for y is
finite and therefore one may choose unambiguously
the value g„corresponding to the maximum of E.

A last comment is now in order concerning the
weight function gg entering the coefficients g, 5&,
and c written in Eqs. (5.2). The procedure de-
scribed above has to be applied for every fixed w,
an additional optimization upon zo being necessary
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afterwards. We have taken again w of the form
(3.36), repeated the algorithm for various values
of o,'in the interval (-1,1) and finally picked up
the best results, i.e. , the greatest lower bound
and the smallest upper bound on I'. As in the pre-
vious section, this procedure proved itself quite
economical from the point of view of the computa-
tional time. The lower bounds varied quite
smoothly with o, around the best found values
while, on the contrary, the upper bounds exhibited
a drastic variation.

We have first computed upper and lower bounds
on the differential cross section at some points
below the threshold vQ previously investigated
also in the framework of. Refs. 6 and 7. In con-
nection with the point ~ = 80.9 MeV, 8c.m. = 95',
we have used several. values for the threshold v. '.
When v ' is set equal to vQ', we are in the condi-
tions of Bef. 7 and our results should essentially
reproduce the values reported there. This was
indeed the case, as it may be seen comparing the
values from Table III for v, = vQ with the cor-
responding ones from Table 6 of Ref. 7. The
very good agreement found offered us an additional
confirmation that the simple procedure regarding
the weight function w adopted in this section works
well. From Table III one sees that when the value
taken for the threshold v-' is increased, i.e. ,
when the information about the absorptive parts is
enlarged, the l.ower bound slightly improves while
the upper bound worsens severely (which is other-
wise expected in view of the maximum modulus
principle) . The knowledge of the absorptive parts
in the region vQ & v' & v ' is therefore of not much
help in improving the upper bounds on the cross
sections at interior points at least unless an ad-
ditional physical information (for instance the
specification of the cross section at several, other
points below v. ') is not taken into account. In the
actual formulation it is therefore reasonable to
confine ourselves to the consideration of the lower
bounds. In Table IV we display the computed
lower bounds on the unpolarized cross section
(with v ' taken such that the corresponding photon
laboratory energy &u, be 1210MeV) at the labora-
tory photon energies ~ and c.m. scattering angles

considered in Table 6 of Ref. 7. The present
lower bounds are somewhat stronger than the cor-
responding ones from Ref. 7 (especially at large
angles) but still remain too weak to be practically
useful as seen from the last column of Table IV
where the experimental values are listed.

We now start considering bounds on the differ-
ential. cross sections in the interval vQ' & v' & vm'

above the pion photoproduction threshold. From
the computational point of view, the onl.y addition-
al difficulty encountered now when v,,'& v,' (i.e. ,

TABLE III. Upper and lower bounds on (do./dQ),
(units of 10 cm ) at +=80.9 MeV and 8, =95', calcu-
lated with several values for the threshold e;„.

Lower bound Upper bound

cuo=p, +p /2m

400 MeV

1210 MeV

0.40

0.49

0.51

23.7

323.7

'TABLE IV. Lower bounds on (da/dO), (units of 10 3~

cm ) at several energies below the threshold of single-
pion photoproduction, obtained for co~=1210 gggV.

Lower bound Experimental value

80.9
109.9
97.0

950
95.6'

150

152.7'

0.5
0.5
0.1

0.1

1.16 + 0.06. (Bef. 30)
1.03 + 0.06 (Bef. 30)
2.57 + 0.51 (Bef. 31)

(~c.m. =138.7 )
1.70 + 0.07 (Bef. 30)

z, & x,) is the calculation of the principal value in-
tegrals appearing in Eqs. (5.2). We have applied
a standard numerical procedure writing

dx =—g(z, ) ln—P ' g(x) 1 1-z,
"7 X 82 Tt' 8 X

XQ 2 2 Q

' g(x) —g(~, )
d'r

X
X Z2

XQ

and computing the last integral using quadrature
programs. For the double integral entering the
coefficient c in Eqs. (5.2) the above formula was
applied twice.

Except for the bounds on the unpolarized differ-
ential cross section do/dQ we have also calculated
bounds on the differential cross sections for pol-
arized photons for which some experimental data
are reported in Bef. 28 and 29. The results of
our calculations are presented at several angles
8, in Figs. 1-9. Only the lower bounds (compu-
ted with a threshold v„' corresponding to ~,„=1210
MeV) are graphically represented since the upper
bounds turned up again to be by an order of mag-
nitude too high. For reference, we have drawn
in Figs. 1-6 and 9, together with the calculated
lower bounds, experimental points taken from
Refs. 25, 26, and 28. As a general feature one
notices that the lower bounds are very close to the
experimental values and, at the same time, very
near to the semiphenomenologic bounds discussed
in Sec. VIII of Ref. 7. However, unlike the latter
bounds, the present ones are rigorous and resul-
ted from a consistent exploitation of the fixed-t
analyticity properties of the amplitudes and of the
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i t i

200 250 300 350 400' 450~(FeI(j

FIG. 1. Energy dependence of the c.m. unpolarized
differential cross section at c.m. -scattering angle 8, ~
= 50 . The continuous line is the lower bound computed
in the present paper; experimental data taken from
Table III of Ref. 26.

consequences of the (two particle} unitarity condi-
tion.

An important output of our calculations as seen
from Figs. I, 3, and 4 is that in some cases (8„
=50, ~ =360 MeV, and & =400 MeV; 8&.m.

——70,
~ = 400 MeV, and w =440 MeV; 80.m. =90 (g) =214
MeV, and &v =320 MeV) the lower bounds appear
to lie definitely above the experimental points
(with the quoted error bars included). These vio-
lations clearly reveal that the results of the pion-

FIG. 3. The same as in Fig. 1 for 8 =70'.

photoproduction multipole analyses used in the
evaluation of the bounds and at least some of the
experimental data for the Compton-scattering un-
polarized differential cross section in the %*-
resonance region are at variance. This conclu-
sion, previously reached in a phenomenological
way in Ref. 27 on the basis of a purely unitarity
bound and afterwards strengthened within the ap-
proach from Sec. VIII of Ref. 7 (where analyticity
requirements were somehow taken care of but in
a very crude way} is now reached rigorously. In
order to make sure that the violations are really
significant, one has, of course, to estimate the

0c.~.=50
~ 20

&1

0c. .
=

l I l I t

150 200 250 300 350 400 450m(NeYJ

FIG. 2. The same as in Fig. 1 for 8, =60.

I I I I I I

200 250 300 350' 400 450~(+~I(J

FIG. 4. The same as in Fig. 1 for 8, ~ =90; except
the experimental point at 214 MeV which is taken from
Ref. 25.
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0, =l

I I 1 I I I

2Z 250 300 350 400 450 a)(Ne'I/)

FIG. 5. The same as in Fig. 1 for 8 =110'.

uncertainties affecting the calculation of the
lower bounds. Keeping fixed the imaginary parts
from Eg. (2.1) (which are being tested), the possi-
ble uncertainties originate mainly in the experi-
mental errors on the cross section for v'~ v, „'
(the errors introduced by numerical integrations,
etc. , were estimated to be not greater than 2-3%).
To get a corridor of variation for the computed
lower bounds, we have varied the input cross-
section data inside reasonable limits and estab-
lished how this change affects the output. A vari-
ation with +10/p of the cross section given on the
boundary (v'~ v„') had an effect not greater than
+5%. An overall error of approximately 5-7%
seems therefore to be a most pessimistic estima-
tion. The discrepancies mentioned above still
persist even if we decrease the lower bounds by
such an amount. Also they are still present if one

I

kg 3gg M 400 Q0&(bfe(J
FIG. 7. Energy dependence of the c.m. polarized dif-

ferential cross sections at c.m. -scattering angle 8
=50 . The curves represent the lower bounds computed
in the present paper.

~20—

0 = 120'

Ci

~w10—

/
wfg —/

l

200 250 300 350 400 450ed(@el)

FIG. 6. The same as in Fig. 1 for 8 =130 .

I

50 300 M 400 4M cd(MeY)
FIG. 8. The same as in Fig. 7 for 8 =70'.
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lowers the threshold v„up to a value correspond-
ing to the laboratory photon energy ~„=600MeV.
The conclusions are therefore quite stable against
various sources of bias in the numerical con-
sideration of the bounds.

We have found that an overall increase and de-
crease of 5% of the imaginary parts ImZ, . (v', t)
led to a change of approximately +10/0 in the lower
bounds.

20—

8, =¹

VI. SOME COMMENTS

In this paper we have presented a modern dispex:-
sion approach to proton Compton scattering able to
yield results unaffected by the usual model depen-
dence introduced by subtractions and the accom-
panying annihilation-channel contributions. The
lower bounds on the (polarized or unpolarized) dif-
ferential cross sections appear very restrictive
and improve substantially previous constraints
based on unitarity alone. In some cases the
bounds are clearly violated and thereby show in-
consistencies between results of single-pion-pho-
toproduction multipole extractions and some
Compton-scattering data. The upper bounds come
out disappointingly poor but possible ways remain
open to strengthen them through appropriate mod-
ifications of the initial statement of the problem
so as to include additional physical information.
For instance, one may try solving the problem of
finding similar constraints (it is hoped, optimal)
in the case in which apart from the knowledge of
the six absorptive parts, along the interval
[v,', v. '] of the unitarity cut, one takes as known
the unpolarized differential cross section all along
the interval [v,', ~) and not only along [vh,', ~) as
considered in this work.

We end with the remark that the techniques em-
ployed here in order to exploit optimally the fixed-

I- ~so xo ~Ã ~au ~so~(~.~)

FIG. 9. The same as in Fig. 7 for 8 =90', ex-
perimental values taken from Ref. 28.

t analyticity properties of the Compton amplitudes
may, with various degrees of utility, be used in
connection with other hadron reactions as well.
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