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Given a simple self-dual quantum Hamiltonian H =KB +TB, where K and T are cou-
pling constants, and the condition that [B,[B,[B,B1]]=16[B,B], then we construct an
infinite set of conserved charges Q,,; [H,Q,,]=0. In simple models, like the two-
dimensional Ising or Baxter eight-vertex, these charges appear in the associated quantum
theories and are equivalent to those which result from the transfer-matrix formulation
and exact quantum integrability of the system. The power of our result is that it is an
operator statement and does not refer to the number of dimensions or the nature of the
space-time manifold: lattice, continuum, or loop space. It is suggested how the establish-
ment of this link between duality and integrability could be used to exploit the Kramers-
Wannier-type self-duality of the four-dimensional SU(N) gauge theory to find hidden

symmetry.

I. INTRODUCTION

Kramers-Wannier duality is a far-reaching
powerful property of certain statistical systems. It
may be used to connect strong- and weak-coupling
phases from model to model and in the case of
self-duality within the same model.! It is striking
that many of the theories possessing this property
are also exactly integrable, i.e., interacting theories
in which the number of constants of motion is
equal to the number of degrees of freedom. The
inverse-pro- blem method of describing completely
integrable quantum systems has brought together
the transfer-matrix formalism, the exact solution
of the Ising and Baxter models, infinite sets of
conserved charges, the Bethe-ansatz solution of
quantum field theories, and the diagonalization of
quantum Hamiltonians.>3

In this paper we propose to adjoin self-duality to
this remarkable collection, as a step in elucidating
the hidden symmetry and subsequent integrability
of gauge theories. The intriguing fact that closed
strings have proven to be the appropriate choice
for the fundamental excitation in descriptions of
both the infinite set of conserved cur- rents*> (or
integrability) and the ’t Hooft® self-duality relation
led us further to develop the concept of a connec-
tion between these two properties.

Since two-dimensional models have provided a
solid base for solvability, we begin in Sec. II with a
discussion of hidden symmetry, integrability, and
duality in some standard systems of statistical
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mechanics and field theory and how these concepts
may be used in discussing integrability in gauge
systems. In Sec. III, we prove the main result of
this paper: Given a self-dual quantum Hamiltoni-
an H =KB +T'B (where K and T are coupling con-
stants and B is the operator dual to B; B=B) and
the one condition

[B,[B,[B,B]1]1=16[B,B]

(conservation of the first charge), then there exists
an infinite set of conserved commuting self-dual
charges Q,, =K (W,, — Wzi’ —2) +T (W,

- W2n —2) where W2n = ?[B’[B’ W2n —2]]

— Wz,,_z and Wy=B, Qy=H,n=1,2,....

The power of this result is that it is an operator
statement and does not depend on the dimension of
the system or the nature of the space-time mani-
fold, i.e., lattice, continuum, or loop space. Exact-
ly integrable systems are characterized by the num-
ber of constants of motion being equal to the num-
ber of degrees of freedom. In several specific
models, the charges are seen to equal those found
as a consequence of the exact integrability of the
system.’

In Sec. IV, we outline how our result might be
used to improve understanding of both the choice
of the appropriate non-Abelian dual transformation
and the explicit form of the hidden-symmetry con-
servation laws for the four-dimensional gauge sys-
tem. In any case, the result proved in Sec. III es-
tablishes a rigorous connection between simple
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self-duality and an infinite set of constants of mo-
tion. It provides a framework in which self-
duality may be exploited to uncover extra symme-

try.

II. INTEGRABILITY AND DUALITY

Classical statistical mechanics in d dimensions is
transparently connected with quantum field theory
on a (d —1)-space-dimensional lattice via the
transfer-matrix formalism.®~!! This formalism
has led through a rather circuitous path to the
complete integrability of quantum systems.>?
Since the transfer matrix is perhaps more familiar
to statistical mechanicians then to particle physi-
cists, we review it here with the purpose of expos-
ing those properties we believe may be useful for
gluon dynamics.

In d =1 dimension, define a classical lattice par-
tition function to be

n—1

lat (5, x" )_f_ deke , @.1)

where the fundamental variable x; defined on site

25
points takes on a continuous range of values,
— 00 <Xj < o0, and let
€ < 2
= ; (x;—xj_1)? 62 — +o’x;?| . 2.2)

The initial and final configurations x,=x and
x,=x" are not summed over. For comparision in
the one-dimensional Ising model, the fundamental
variable is s (k)=+1 and the classical partition
function is

1 1
Z=3 - 3 b7, (2.3)
s(l)=-1 s(n)=—1

where

H=—J i s(k)s(k—1) . (2.4)
k=1

The transfer-matrix formalism follows from the
definition of the measure of the Feynman path in-
tegral.” Equation (2.1) can Jbe written in terms of a

k of a one-dimensional lattice k =0,1,...,n of n zero-dimensional operator T the transfer matrix:
J
Zlc*}‘(x,x’)[,g:l/ﬁ: f_w dx - dx,_exp —f—w x'?
X(x’[f"\|x,,_1)(xn_1|f|xn_2)~ (x||T[x)exp szxZ
=exp —éwz(x 2 (x| T %), (2.5)
where
(Xk | Tlxk_l) =exp (xk —xk_l) +—(Xk +xk_12) ’ ] (26)
and
. eco 22 € 2 _ €Eo” 172
T=
exp a7 X |exp | =B |exp n ﬁ 2 | (2mhie) 2.7

Here the zero-dimensional operators X and p are canonical, [£,§]=i#, and act in the following space of

complete states:

f_idx|x)(x | =1,

eipx/ﬁ

Plp)=p|p), (x IP>=W ,

L)x)=x|x), (x'|x)=8x—x"),

(2.8)
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so that
’ e 172 ) "
<x exp ~2% x> = | 2ic exp —%(x —x') . (2.9)
For periodic boundary conditions, x'=x, and we can sum over x to define
Z"3(periodic b.c.)= f_: dx Z3 (x,x)=TrT" . (2.10)

The space of st/gtesldescri}oed above is familar from the derivation of the path-integral representation of
the kernel. For H=5p>+ 50’%?,

n— 2)

o _N ©
(x’le—gf/“lx)=nli{r:°(27rﬁ)_"f_ I1 dp: f_ ipj(xj—xj_l)——g—(pj2+w2xj

1 1 &
dxiexpi—
, 7=

e ®i=1 P k= j=1
ne=rt
2m# n/2 w n—1 n 1
= lim 2m#) ™" |— f I dxiexp {— = 3 (x;—x;_1)*— +o’x;?
n— o € —® e 2% j=1 €
€—0
ne=rt
(2.11a)
1 T 1.2 1
=N [ Dx(tlexp | —— [ dt(5*+ 3077 | . (2.11b)

Equation (2.11b) is the sum over paths [the normalization factor N depends on the normalization of the
measure Dx (¢)] and Eq. (2.11a) tells us how to compute it.

As an aside, we remark that the sum over paths (2.11) is also what appears in the proper-time!? represen-
tation of the four-dimensional propagator. For free-particle amplitudes, in Euclidean space, we have, in
analogy with (2.8),

(—O+m?G(x —x)=8%x —x"), G(x —x)=(0| Tep(x)p(x")|0)=(x |G |x"},

(x |x")=8%x—x"), £,x)=x,[x), Bulp)=pulp), (2.12)
o id , 3 ,
(x | Py |x )=fd4q84(q —x) —a—q;54(q —x") =—15-;;8(x —x').
Then
(Pubu+mHG=TI . (2.13)

Equation (2.13) follows from
(x| (F*+mHG |x")= [d*%(x |p>+m?|y)G(y —x")
= [d*%(—8,8,+m)8%x —p)G(y —x")
=(—O,+m?)G(x —x")=8x —x') . (2.14)
From (2.13),

G= % fowdfexp

—%(ﬁz+m2)] (2.15)

so that
(x|Gy)=Gx —y)=1 [ “dr(x|e~A|y)
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—_——é—fwdfe""z"/szDé‘M(t)exp

_%f’dtgz] : (2.16)

where A= ;p + m? and £,(2) is a path through four-dimensional space-time connecting x with y,

§u(0)=x,, §,,(‘r)—y,l

For gauge systems it has been suggested®!? that the analogy of this proper-time expression be used to de-

fine the string propagator

(o P4 -dg] ‘0>=G[§]

trP exp

as a sum over not paths but surfaces. Thus the appropriate transfer matrix for gauge theories will operate
not between points or rows of spins, etc., but between closed paths.
To return to our previous discussion of the transfer matrix, from Egs. (2.11) and (2.1), we see that

n/2

(x'|e~AT/%| x ) = lim (2m#i)~"

n— o

27h
€

€e—0
ne=T

Equation (2.17) gives the connection between the
one-dimensional classical statistical system [with
9 given by (2.2)] and the lattice approximation to
the zero-space-dimension quantum field theory
(one-particle quantum mechanics) governed by

H=1p+50%7. (2.18)

The transfer matrix (2.7) is therefore seen to be
essentially the time evolution operator between ad-
jacent discrete times on a Euclidean lattice.

In any number of dimensions, we can associate a
(d —1)-space-dimensional quantum Hamiltonian
on the lattice with a d-dimensional statistical sys-
tem. It turns out that although Tisa Hermman
operator, it is not in general local; however, InT sa-
tisfies the locality requirement.” Furthermore, for
certam problems, the r-continuum (7—0) limit!°
of HT= —(1/m)InT (where 7 is a function of the
couplmgs) is a less complicated Hamiltonian than
H itself, but can still be used to discuss various
properties of the d-dimensional partition function
such as its critical phenomena. For the one-di-
mensional example above [Eq. (2.7)] consider the
operator

PN A~ —rA
2 \inT or T=e ™" i TEE‘.

g F

Since X and p do not commute, even with the use

of the Baker-Hausdorff 1dent1ty”’ it is difficult to

find a closed form for InT. The 7-continuum lim-
it, however, is simple and is in fact (2.18):

lim—Amf=2_ 22 g (2.19)
e—>0 € 2 2

lat (

(2.17)

B=1/#

Clearly, if T or InT or any other operator which
commutes with T can be dlagonahzed then the
classical partition function Z4' =TrT" can be
solved. Onsager,'s and later Shultz, Mattis, and
Lieb,? used this observation to solve the statistical
mechanics of the two-dimensional Ising model.
Baxter'® identified a one-parameter family of com-
muting transfer matrices in the (two-dimensional)
eight-vertex model which enabled him to solve it
along with the eigenvectors of the associated one-
dimensional (lattice) XYZ Hamiltonian. Thus for
statistical mechanics, the transfer matrix is a
powerful tool for solving the partition function.
For lattice quantum field theory, it can lead to the
derivation of the eigenstates of the Hamiltonian
and eventually the quantum inverse method for ex-
act integrability of the quantum system.?

Before discussing these two models with regards
to their solvability and duality transformations, we
make a brief digression on complete integrability®3
and the infinite set of conservation laws in
(1 4 1)-dimensional systems: classical, quantum,
and on the lattice. These three cases differ in the
questions answered and subsequently in the roles of
the various components such as the conservation
laws. The classical inverse scattering method!”
(CISM) solves the following problem: Given speci-
fied initial-value data ¢(x,0) and a nonlinear evolu-
tion equation for ¢(x,t), the CISM solves for that
state at a later time. It presents a linear eigenvalue
problem (the scattering problem) whose integrabili-
ty condition is the equation of motion of the non-
linear system. The CISM (1) maps the initial-value
data ¢(x,0) into the scattering data (the spectrum
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and asymptotic behavior of the eigenfunctions of
the linear problem) (direct problem), (2) computes
the evolution of the scattering data, and (3) at any
later time, inverts the mapping to give the solution
¢(x,t) (inverse problem). This mapping is a canon-
ical transformation from ¢(x,¢) and its conjugate
m(x,t) to action-angle variables P(k,t) and Q (k,t).2
This is to say, the Hamiltonian (whose equation of
motion is the evolution equation) can be expressed
as a function of only P(k,t), so that P(k,t)=8H /
8Q (k,t)=0. Therefore, a power-series expansion
in k of a function of P(k,t) gives rise to an infinite
set of commuting constants of the motion.

As an example, we outline the classical (repul-
sive, ¢ > 0) nonlinear Schrédinger equation (NLSE)

i3,h(x,1)= —3,%p(x,1) 4+ 2cd*¢> . (2.20)

This has the associated scattering problem

Ly¥=-v, (2.212)
dL,,
T = [Lop,Mop]a at\l’= "‘Mopw ’

(2.210b)

where

id, Ve (x,t)
Loo= |vegrx,)  —id,
¢l(x’t )
¢2(x9t )
and M, is defined such that the eigenvalues have
£=0. Then the scattering data of (2.21) depends
only on ¢(x,0) not ¢(x,t). The scattering data (at

time ¢ =0) are the functions a (k,0) and b (k,0)
where

Y=

lim

X—>— 00

¥1(x,0;€=k real) elks/2
¢2(x’0;k) = 0

(2.22a)

and

| (x,05k) a(k,0)e*x/2
xll-»n:c V(x,0;k) |~ |b(k,0)e /2

(2.22b)

Given ¢(x,0) and (2.22a), we can determine (2.22b)
from (2.21). Since k =0, we can also determine
a(k,t) and b (k,t) from ¢(x,0) only. It is found
that

a (k,t)=a (k,o) ’

(2.23)
b (k,t)=e~*"1b(k,0) .
The action-angle variables are
1
P(k,t)=—=In|a(k,t)| ,
Ve (2.24)
1
= k,t) .
Q(k,t) s argb (k,t)
The NLSE has
H={ _: dx[0,40,4* +c(¢*$)?] . (2.25)

In order to write the equation of motion (2.20) as a
set of Hamilton’s equations, define the Poisson
brackets as

o 84 5B
A,B}=i dy | = ——
{4,B} ’f_o,, | 86(3,0) 8¢* (y,1)
5B 84
__8B . @26
3(y,1) 8¢*(y,1) 20
Then, for 7=i¢*,
. S6H
¢= {H’¢} 27 ’
(2.27)

ir={H,1r}=—% :

and (2.27) is equivalent to (2.20). The transforma-
tion from (¢(x,t),7(x,t)) to (Q(k,t),P(k,t)) is
canonical:

{m(x,2),p(x,1)} =8(x —y)
and

(P(k,1),Q(k",t)} =8k —K') .

The equations of motion (2.27) in terms of (P,Q)
are

8H
8P (k,t)) ’

P(k,t)=0.

Olk,t)=
(2.28)

The infinite set of conservation laws is given by
M,, the moments of P:
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1

Ina (k,t)= —ic 2 Mlkl—+1‘

1=0

or (2.29)
1 *® 1
My=—7= [ dk P(k0k!.

Note that M, =H. Since a(k,t)=0, all M;=
Since {P(k,t),P(k',t)} =0, all {M;,M,}=0.

We remark that the classical nonlinear o model
(NLoM), although integrable in the sense that
there exists a linear problem!'®

[a#——;tew(aum) P30 =0

whose integrability condition (3,0,¥=0,3,¢) is
duA*=0 (the equations of motion for
& =trd,gd g ~!, A#=g~'3"g), has not been solved
in the sense that given g (x,0) we can compute
g(x,t). This is due to the fact that the scattering
data a (k,t), b (k,t) for this linear problem remain
constant for all time. The quantum NLoM may
be easier to solve.”®

The quantum inverse scattering method®?
answers two questions: the direct problem diago-
nalizes the Hamiltonian and the inverse problem
solves for the operators and Green’s functions. In
the example of the quantum NLSE, ¢ and ¥ be-
come operators. Although the scattering data
a(k,t), b(k,t) are complicated functions of ¢ and
#*, a and b have simple commutation relations
among themselves and the Hamiltonian: [H,a]=0
and [H,b]~b. Thus a(k,t) generates an infinite
set of quantum charges and b (k,t) creates energy
eigenstates which turn out to be the same as those
derived from Bethe’s ansatz. [The NLSE equation
is the second-quantized form of the N-body
quantum-mechanics problem with a 8-function po-
tential:

2
5 +e 2 &(x; —x;) . (2.30)
=1 Ox; i<j

Bethe’s guess was that the N-particle wave func-

tion ¥(xy,...,xy), where HY=E, took the form
Y~exp [— 3 [xi—x;] ] . (2.31)
i<j

This solution was extended to the field theory by
Thacker.”®] In the NLSE, the solution to the ap-
propriate linear eigenvalue problem

3, ¥V=—i:QV¥:,
where
- |—gr2 —Veo ¥ ¥
= Vet £ and V= " 1/},;’, (2.32)

can be written as a path-ordered exponential

W(x,1)=:Pexp [—ifxdz Olz,t:6=k) ]‘I’(y,t):

— Gim ] L%, (2.33)

N—ow
€—0
Ne=x—y

where
L,(k)=exp[—ieQ(y —(n —1)e,t;k)] .
(2.34)

As Thacker® has pointed out, Eq. (2.33) mo-
tivates the lattice quantum inverse method and its
relation with the transfer matrix. For, on the lat-
tice, the classical partition functlon is expressed in
terms of the transfer matrix 7(Z=TrT™) and T
can sometimes itself be written as the trace of a
product of matrices. That is to say, if we define
from (2.33) the 2 X2 matrix

A(k) B(k)

70 =TI L= C(k) D(k)

n=1

(2.35)

then, on the lattice, T is the trace of 7(k) a func-
tion of the scattering data: T ~A +D.
For example, in the XYZ model

A N A
F=u][ 2.7 . (2.36)

n=1

Here & 2(¥V) is a 2X2 matrix with operator entries
and the trace is now in the 2X2 space:

Z.V)= Zwlaj (2.37)

This comes from the underlying (d =2)-dimen-
sional classical statistical mechanics of the sym-
metric eight-vertex model.!® A comprehensive
treatment of dual transformations, commuting
charges, quantum lattice integrability, and the
transfer matrix can be made in this model.? The
partition function is

Z=Se¢*, (2.38)
alle



where each site (ng,n;) of a rectangular lattice has
an associated energy €; depending on the vertex

configuration (see Fig. 1 and Ref. 16 for more de-
tail). Assume periodic boundary conditions. Now

8

j=1

Here N; is the number of vertices of type j in an
allowed configuration:

8
ENj=NM. (2.40)
j=1
Also define
&’,,oz(a,,ol,. ) (2.41)

where @yn, =+ 1 represents a single vertical lattice

link. From (2.38), Z can be expanded in terms of
the direct-product vector states

|Gn =]} ® @ |agy), (242

where
|ann 2= (3] or 3] (2.43)
Then
Z= Ea (@|T|dy) - (@y|T|a,)
@, @y
=™ (2.44)

where T is given by (2.36) and w; are functions of
16

€ e

Baxter'® found a parameterization of w; in terms

of three parameters V, &, I such that for fixed ¢

and /,

M e . o ° .
I amn
. . . ° .
. . °
. . °
. . L] no"
N

FIG. 1. Rectangular lattice for eight-vertex model.
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Smi
Suo ® ¢ o e e e Suy
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e o o o o o
B e o o o o o

” L
m
. ] . . ) . SON

Soo Sar n,=0,1,2;--N
Ng=0,1,2,---M

FIG. 2. Rectangular lattice for two-dimensional Ising
model.

[T(n,T(V)]=0. (2.45)

The remarkable existence of a one-parameter fami-
ly of commuting transfer matrices led to the diago-
nalization of T, a set of conserved commuting
charges?! (6,, for A xyz), and the diagonalization of
A xyz since

¢ =" i (2.46)

and

A 1 A

SR — : 247
CO stn(zg,l) HXYZ -+ const ( )

where

R N 3
HXYZZ_% > > J,5,(n)6,(n+1) (2.48)

n=la=1
and
Jy J,
a =cn(2¢,1), -J’— =sn(2£,1) . (2.49)
Also

[aa(n),ab(m)] =2ieabc3c(n)8,,m N
(2.50)
0,(n)o,(n)=084 +i€u.0.(n) .

The integrability of (2.48) via the transfer matrix
in a way follows the standard inverse scattering
method. The equations of motion are
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&,(n)=i[H,5,(n)] .
We then wish to find action-angle variables so that
the equations of motion can be hneanzed and ex-
plicitly solved. The transfer matrix T(v) is like
the action variable since [HXYZ T( V)]=0, A XYz
can be reexpressed in terms of T(V) [(2.47)], and
T generates the set of conserved charges. In
some sense we could say we are lead to the ap-
propriate variable by the transfer-matrix formula-
tion. In a loop-space formulation of gauge sys-
tems, a transfer matrix which acts between loops
might be used to generate the functional symmetry
currents.

A Kramers-Wannier dual transformation in the
eight-vertex model is reflected in Hyy; as follows:
Define a dual transformation on the operators
0.(n):

pn)=o(n)=05n) ,
pAn)=0,(n)=—o,n), (2.51)

u3(n)=c3(n)=o0n) .
Then

ﬁXYZ(Jl’JZ’J3;6')ZﬁXYZ(JbJZ,JI;,a) (2.52)

and H vz is self-dual under (2.51). The inter-
change of high and low temperature, or here the
exchange of couplings, is the general feature of du-
ality transformations, and it is one of the proper-
ties that make them so useful. Self-duality is not a
general feature, but occurs only for certain
theories.

It is the purpose of this paper to exploit this
property in the search for hidden symmetry. To
do so, we first describe one more theory, the some-
what simpler Ising model® which has all the
features of Hyyz necessary for this pursuit.

_ N
B1 3, 64(n)

n=1

T\(Bl,ﬁz)=(2 sinh(23))¥%exp

exp

In d =2 dimensions, we define the classical (lat-
tice) partition function of the anisotropic Ising
model to be

1
Z= 3 7, (2.53)

Snom )=

where the fundamental variable Snon,> defined on
site (ng,n;) of a two-dimensional square lattice (see
Fig. 2), takes on the discrete values Sngn,=*1 and

M N
H=— 2 E (BZSnonlsnonl—l
ny=1n;=1
+ Blsnonlsno—ln1 ). (2.54)
For periodic boundary conditions (Son, =Swn,,
Sny0="Sn,N> S00 =Sm0=Son =Smy) the lattice is a
torus and all nearest-neighbor interactions are ac-

counted for in # above. Then (2.53) can be writ-
ten as

z- 3
T, Ty

=TrT¥, (2.55)

G| TI8) - Gyt | T$a)

where
{§n0> = Isnol,' .. 9snON>

= [$g1) © 0 @ [spn) (2.56)

is the state which describes a set of spins for one
row (ng). |3 Sn, ) is a direct-product vector space
of the basis states Is,,o,,1 ) which describe a spin
for one site, i.e., either (}) or (?). The operator T
which is the transfer matrix of the Ising model is a
function of the couplings B8, and B,:

N .
B 65(n)65(n +1) | . (2.57)

n—1

Here 5,(0)=0,(N) and tanhB1—~exp(—2B ) or equlvalently tanhB; =exp(—2p,) or sinh(2f3,)sinh( 2B)=1.
Equation (2. 57) _has the form T c exp(BlA Jexp( BzB) Clearly any symmetrized version [e.g.,
T'=c exp(B2 > B)exp(BlA Jexp(+5 ﬁzB )] gives rise to the same Z [see (2.55)]. Given the form of 4 and B
from (2.57), however, it is dlfflcult to find a one-parameter family of commuting transfer matrices,'* which
could then be used to construct a set of commuting charges.

Nevertheless, first observe the duality transformation in this model. On the partition function it is

Z(B1,B,)=Tr( f’(Bl,Bz))M

! dual transformation

=5 (sinh(28,)) X(sinh(28,))¥*Z (B, B) .

(2.58)
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From the self-duality property of Z, it follows that if we define an operator dual transformation (away from

the end points®):

pi(n)=6(n)=o03(n)os(n +1), pi(n)=ci(n)=0,(1)- - o(n), (2.59)

then the dual transform on the transfer matrix T’ is
)W ,ze(ﬁz/z)ﬁe Blﬁewz/z)ﬁ .

f;‘(Bl,Bz)=(2sinh(261)

(2.60)

That is to say, f;,(fi,,&) gives the same Z as f’(Bz,Bl), apart from an overall spin-independenzfg factor.
To associate a (d = 1)-dimensional simple quantum Hamiltonian with T, consider the r=e '=A"'8,

—0 continuum limit. Then,

A A N
lim — %1nT=HIM= — S [A85(n)63(n +1)+8,(n)] . (2.61)

n=1

So that, although diagonalizing éf m does not lead
to a full solution of Z since [T,H Jim70, we can
discuss, within the context of Hpy itself, duality,
and commuting charges.

In Sec. III, we prove our main result, that for
certain self-dual quantum Hamiltonians
H=KB +I§, /’Ehere exists a set of conserved
charges [Q,,,H]=0, by the explicit construction
of 0,,. As stated in the Introduction, the power
of this result is that it is an operator statement and
it does not refer to number of dimensions or the
nature of space-time manifold, i.e., lattice, continu-
um, local, or loop space; Q,, is thus a form useful
for gauge systems.

To make our result more familiar, however, two
specific examples of it are (1) the Ising model
where

N _ N
B= 3 54(n)gy(n+1)and B= 3 &(n), (2.62)

n=1 n=1

and (2) the XY model where

N

n=1

and the dual transformation is

N
B=35,n6(n+1). (2.64)
n=1

In both cases, our extra condition (the conservation
of the first charge, [B,[B,[B,B]]]1=16[B,B)) is sa-
tisfied and the set of commuting charges Q,, are
those which result from the exact integrability of
the system. This holds since the charges in both
models can be obtained from C, of the XYZ
model.”

Although the full XYZ model does not fit con-
veniently into our calculation, it is reasonable to
assume that just as integrability itself is a property

—
of certain interacting systems shared with free sys-
tems (the set of conserved integrals says that the
interactions in some sense preserve the symmetry
of the free system) so too the connection between
self-duality and integrability will hold in the fully
interacting system.

We make this statement since it is well known
that Hypy and Hy are equivalent to free-fermion
lattice theory via a Jordan-Wigner transformation.®
Also it has been suggested? that the three-
dimensional Ising model is equivalent to a free-
fermionic string theory. The three-dimensional
loop currents for Z(2) gauge theory might be used
to linearize the loop-space equations of motion (via
the Kramers-Wannier transformation) of the Ising
model.

Thus although the sample models are in some
sense expected to be integrable, we believe the ideas
developed here will be applicable to more compli-
cated theories and may open the way to hidden
symmetries in four-dimensional gauge systems.

III. CONSTRUCTION OF AN INFINITE SET
OF CONSERVED CHARGES

In this section we shall construct an infinite set
of charges for a specific class of self-dual theories,
namely those whose Hamiltonians can be written
in the form

H=KB+TB, (3.1)

where K and I'" are coupling constants and B is
some operator. The form of the dual transforma-
tion need not be specified beyond that it is a linear
operation which changes B to B and B to B. Only
one additional condition is needed to guarantee the
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existence of an infinite set of charges. The charges
are given by

Qo= K(Wy— Wy, )
+ T(Wy—Way_3) ,n=1,2,3,...
(3.2)
where
Wins2=—5[B,[B, W, 11— W, (3.3

and Wy=B, n=1,2,3,.... The charges have been
labeled with positive even integers in order to
match as closely as possible the notation of Ref. 7.
In order for Q,y to be a conserved charge,

[Q.n,H]=0, 3.4)
it is sufficient to show that

[B, W, 1=[B,W;,_,], (3.5a)

[B,W,]=—[B,Wy,] (3.5b)

[B,W,] = —+[B,[B,[B,W,]1]—[B,W,]

1

= E[B’[B’[E’[Br[E’B]]]]]'"’[B’ WZ]

for 1 <n <N. We shall prove (3.5) inductively for
all N. In order to perform the induction in N it is
easier to consider (3.5b) with n—n — 1 as the na-
tural partner to (3.5a), i.e., we shall prove the fol-
lowing set inductively for all N:

[B’ W2n]=[B9 I"i}Zn —2] ) (3.6a)
[B, Wi _sl=—[B,W,,_] (3.6b)

for 1<n <N. First, consider n=1:

[B,W,]=—<[B,[B,[B,B]]]- [B,B]. (.7

We see that (3.6a) will be true only if
[B,[B,[B,B]]]=16[B,B] . (3.8)

This we shall have to assume as an auxiliary condi-
tion to (3.1). Equation (3.6b) is seen to be trivially
satisfied for n=1. Going on to n=2, we observe
that

= < [B,[[B,B1,[B,[B,B]11]1+ < [B.,[B,[B,[B,[B,BI11]1]—[B, W,]
= %[[B,E],[B,[B,[E,B]]]]+&[B,[E,[B,[B,[E,B]]]]]—[B, WZ] . (39)

Using (3.8), we find

[B,W,]1=+[B,[B,[B,B]]1—[B,W,]=[B,W,] (3.10)
so (3.6a) is valid for n=2 and
[B,W,]=—+[B,[B,[B,Bl]]=—+[B,[B,[B,B]]]=—[B,W,], (3.11)

so (3.6b) is also valid for n=2.

It will be useful to consider an alternative formula for W,, , ,, valid when (3.6) is valid for a given n.

From the definition (3.3),

W 12=—5[B,[B, Wi 11— Way=—+[[B,Bl,Wa,]— 5 [B,[B, W, 11— W), . (3.12)

Applying (3.6), we obtain
Wony2= — %[[B,E], Wanl
— +[B[B, Wy _, 11— W, , (3.13)
Wins2=—5[BBLWoul+Wy_r. (314

Equation (3.14) can be extended to n =0 by defin-
ing

W_,=—W,. (3.15)

T
It can be further extended to # <0 by defining

W_s=—Wy_» (3.16)

for r=1,2,3,..., as can be seen by taking the
dual of (3.14). Thus if (3.6) is valid in the range
1<n <N, (3.14) will be valid in the range
—N-—-1<n <N.

Instead of proving only Egs. (3.6), it will be con-
ceptually easier to prove a more general equation
(3.17). Furthermore, proof of (3.17) results in not
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only [H,Q,,]1=0 but also [Q,,,0,,]1=0, i.e., the
conserved charges all commute, a hallmark of ex-
act integrability. We will prove

(Wt Wan 21 —21=[Wa1_2, Wan _] (3.17)

for all n >0, I >0. The equation then follows for
all /, since if we let I =n +p in (3.17),

p=12, ..., and take the dual of the equation we
obtain

(Wan 120 W _3p 2]

=[W2n +2p—2 W—Zp] sy P =1,2,3,. .o (3.18)

which is (3.17) with / = —p. It then also follows
for n <0 since with use of (3.16), (3.17) is
equivalent to

[W_21-2W _on sl =W _st,W _sp y21 2] .
(3.19)

Letting n'= —n, I'=—1, and taking the dual of
(3.19), we have

(Wt s Wane—av 2 1=[War—2,Won_ar'1 s
(3.20)

which is valid for n' <0, — w0 <!'< . Thus if
(3.17) is proven for n >0, [ >0 it will also be true
for all integral n and /. If we set /=0 in (3.17), we
obtain

[B, Wi _s]1=—[B, W], (3.21)

which is (3.6a) plus (3.6b). When (3.17) is added
together for I=1,1=2, ..., I=n —1, the result
is

[WZn —27B]=[§’ W2n—2] ’ (3.22)

which is (3.6b). Thus it is sufficient to prove the
more general equation (3.17).

For n=0, (3.17) is trivially valid for
— o <l <. The case (n=1, [=0,1) follows from
(3.8) as shown earlier. We also have proven the
case (n=2, 1=0,1,2) explicitly: (3.10), (3.11). We
now prove (3.17) by induction. Assume (3.17) to
be true for

n=N, O0<I<N,

n=N-1, 0<I<N -1,

n=N-2, 0<I<N-1,

n=N, O0<I<N,

n=N—4, 0<I<N -2, (3.23)

n=N—k, 0<I<N—5k=5(N+n),

n =2, 0glg%N+l ,
n=1, Oglg%N+%,

n =0, Oglg%N (n and / are integers) .

Equation (3.17) has already been shown for N=2.
This will serve as the base level for the induction.
We now must prove (3.23) for N—N +1, i.e., we
must show (3.17) to be true when

n=N+1, 0<I<N+1,
n=N, O0<I<N,
n=N-—-1, O<I<N,
n=N-2, 0<I<N -1,
n=N+1, O<I<N+1,

n=N—4, 0<I<N -2,
(3.24)

n=N—k O<I<N—sk+5=+5(N+n+1),

Note that in addition to adding a new level to the
induction [the first equation of (3.24), n =N +1]
we must also raise the limit on / on half of the pre-
vious levels. The proof will consist of three parts.
First we will prove (3.17) for n =N +1, 1</ <N.
Then we will extend this to /=0 and / =N +1.
Finally we will raise the limit on / for the previous
levels, n < N.
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Part I. We now begin with the first part of the proof. Commute —%[B,E ] with (3.17) for n =N:
— < UB.BLIWy, Wan _51211=—5[[B.BLIWy_2,Way ]l - (3.25)
Then
—5[[[BBL Wyl Woy 2 51— 5[ W [[B.B]l, Way 1 21]
=— %[[[B7§]’ W2, Wan —al— ‘;’[Wzl—b[[B:E]’ Won_ull . (3.26)
For 0</ <N, (3.14) allows us to write
~ W2 Wan a1 21+ W0, Wan—21 21+ [ War, Way — 1] — [ Wat, Wan _21 4]
= —[Wa, Won —al + [ Wa_as Wan —al+ [Wa_2, Wy a1 421 = [ Wy, Way _a—2] . (327)
With the assumption (3.23) for n =N —1, Eq. (3.27) gives, for 1 </ <N —1,
AW, Wan —a]=[War12:Wan —s1 21+ [ War_2, Wan _a142] - (3.28)

Each of these equations is the sum of two adjacent equations in the desired set [(3.17) with n =N +1].
Equation (3.17) with n =N +1 and 1</ <N is a system of N equations in N + 1 unknowns (it states that all
of the considered commutators are equal). Equation (3.28) is a set of only N —1 equations in the same
N +1 unknowns. The former set implies the latter set. To prove (3.17) (with n =N +1, 1 </ <N) from
(3.28) we therefore need one more condition. There are two cases, depending upon whether N is odd or
even.

Case 1. N is odd, N >3. We now prove the additional equation [WN+1, WN_1]=[§, Wyn]. From the
assumption (3.23) with n =N,

[B,Win _51=[Wn_1,Wn_1] - (3.29)
Then,
—3[B.[B[B, Wy _,111=—5[B,[B[Wy_1,Wy_i11], (3.30
(B, Won1+ (B, Wiy _s)=—5[B,[[B,Wy_11,Wy_111— 5[B,[ Wy _1,[B,Wy 1111, (3.31)
(B, Won1+[B.Win _2]= [Wy 41, Wy 11— 51[B, Wy _1],1B, Wy_i]]
- ‘;‘[[E, Wy _3L,[B, Wy _s11+[ Wy _1, Wy _sl, (3.32)

where we have made use of the Jacobi identity, definition (3.3), and the assumption (3.23) with n = %(N —1).
Using this same assumption again we obtain

[B,Won1+[B, Wy 21=[Wy 1, Wy 1]+ [ Wy _1, Wy _3] - (3.33)

Finally using the assumption (3.23) with n =N —1, [ =% (N —1), we get
[B, WzN]=[WN+1,WN_1] > (3.34)

which is an equation derivable from (3.17) with n =N +1, 1</ <N, and independent of (3.28). Together
(3.28) and (3.34) prove (3.17) with n =N +1, 1 </ <N, N odd. The crucial step in this proof is the cancella-
tion of the second term on the right-hand side of (3.32). If we had chosen an arbitrary equation from (3.17)
as our starting point, instead of (3.29), then the corresponding term would not have canceled.

Case 2. N is even, N >2. For this case, the extra condition derived is [ B, W,y]=—[B,W,y]. To prove
this we first show an intermediate result, based on assumptions (3.23):

FB.W3pL[B, Wam —3p —211=(p +D([B, W]+ [B, W2 ]) (3.35)

for integral p, 0<2p <m —1 and 1 <m <N. First we show (3.35) for p =0:
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+[[B,BLLB,Wap _211= — 5 [B,[B,[B, W _2111— 5[B,[B,[B, W), _,11]
= [B’ WZm]"'[E’ W2m] ) (3.36)

where we have used the fact that [B,W,,, _,] is anti-self-dual (ASD) as a consequence of the assumption
(3.23) with n =m —1. Since (3.35) is true for p =0 and all m, 1 <m <N, the desired result is true for m =1
and m =2 (for these cases p is restricted to the value zero). We shall now prove (3.35) inductively in m.
Assume (3.35) for 1 <m <K —1 for some K, 3 <K <N and show it is true for m =K. We assume p >0,
since the result for p =0 has already been shown, and also that the restriction on p following (3.35) holds:

(B, W3 (B, Wk _3p 511 = — 5 [[B.[B,[B, Wy, 2 111,1B, Wik _3p ;1]
— [[B.Wp 4L, [B, Wik _3p 1]
= & [[B,[B,Wy ,]1L[B,[B, Wiy, 1]
— w[BIB,[B,Wy, 2 111B, Wik _3p 111
—5[B,Wap _4LIB,Wak 511 3.37)

If p >2, then we can apply (3.35) with m =K —2, to the last term in (3.37). It can then be shown to be zero
by the appropriate assumption in (3.23) [specifically in the form (3.6b) with n =K —1]. If p =1 this term is
zero, since W —2=—B. Therefore,

B WyLIB, Wak _3p_211= 5[[B. Wy 21,1, Wk _311+5[[B, Wy, 2 LIB, Wak 35 _4]]
+ «[B.[[B,W,,_,),[B,B, Wk —2p 21111
— w[B.[B,[[B, W, 2118, W _3, ,]11]
+ BB, W, _2),[B.[B, Wk _3p 1111 (3.38)

We can apply (3.35) with m =K —2 to the second term, since 2p —2 <K —3, the condition for applicabili-
ty, follows from the restriction on p for m =K: 2p <K —1. The second term is then zero by (3.23). Simi-
larly, the fourth term is zero by (3.35) with m =K —1 and (3.23) with n =K. Also note that the third and
fifth terms are the duals of each other. So we can write

%[[B» sz],[ﬁ’ W2K—2p—2]]—“‘27[[3, sz—zl,[E, Wik —2l]
=—51B[[B, W3y 21, Wak 21— 5[B,[[BWry 2], Wk 3p2]]+dual ,  (3.39)
where dual indicates the dual of the expression. Consider the right-hand side (RHS) of (3.39):
RHS= %['g’[W2p—21[B9W2K—-2p]]]_%[§’[B’[WZp—Z’WZK—-Zp]]]
— 3B W32 ],[B, Wik 35 s11—5[[B,[B,W3, 211, Wk 3, ] +dual . (3.40)
As before the third term is zero:

RHS= $[[B, Wy, _sL,IB ,Wak _sp 211+ 5[ Wp_2,[B,[B,Wax 3, 5111

- %[E,[B,[E, WZK-—2]]]+[W2p’W2K—2p—2]+[W2p —2 Wik _2p—]+dual . (3.41)
Again, the first term vanishes. Consider the fourth term:
[WZp,WZK—2p—2]=[W2K——2p —W_op_1]. (3.42)
Let /=K —p—1,n=K —2p —1. Then
(Wap Wk —2p 2 1=[Wat,Won _21_5] . (3.43)

If we eliminate p, then
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=2 (K+n—1)<5(N+n—1). (3.44)
Since n < N (3.43) is therefore covered by the assumption (3.23) which implies that it is ASD:
[W1p, Wik _2p—2]1+dual=0 . (3.45)
The fifth term of (3.41) is also ASD by (3.23) with n =K —1. So
RHS= —[W,, _5, Wk 5] Wip_2:Wak —2p 2]+ [B,Wak]+[B, Wk _4]+dual . (3.46)

The first term can be disposed of in the same fashion as (3.42). The second and fourth are ASD by assump-
tion (3.23). Therefore, recalling the left-hand side (LHS) (3.39) we have

S[[B,Wap 1B, Wak _3p_211—51[B, Wiy _21,[BWog _3p11=[B, Wox]+[B,Wi] . (3.47)

If we add this equation for successive p’s: p=1, p=2, etc. up to p =¢q and use (3.35) for p =0, m =K, we
get

%[[B, WL, LB, Wk _2q_211=(q + (B, Wk ]+[B, W] , (3.48)

which is (3.35) for m =K. Thus the proof by induction of (3.35) is complete.
Returning to the main proof, we are considering the case when N is even. As the additional equation
from the set (3.17) with n =N + 1, for the present case we choose to prove

[B,Wl=—[B, W], (3.49)

i.e., that [B,W,y]is ASD. This is linearly independent of the equations (3.28). Consider the quantity
[Wy, Wy 1, which is ASD by construction:

[Wy, Wy l=—[[B,[B,Wy _ ], Wy 1—[Wy_2 W] . (3.50)

The second term can be reduced to -—[E,B] by assumption (3.23) with n =1, lzéN, %N—l ,...,1. We
can therefore write

—+[B,[B,Wy_,]1,Wy]=ASD, (3.51)

LB, Wy _2),[B,Wy11— 5 [B,[[B,Wy_,), Wy]]=ASD . (3.52)
The second term is
—+[B,I[B,Wy _,],Wy] = —[B,[B,[Wy_0, Wy 111+ 3B, Wy _0,[B,Wy1l]
= —3[B,[B[B, Wy _,]l]
+5[[B, Wy _oL[B, Wy 11+ 5[ Wy _0,[B.[B,Wy11]
= [B,Won1+[B,Way 2]+ 31[B, Wy _s],[B, Wy _,]]
—[ Wy Wy1—[Wy Wy _s] . (3.53)

With use of (3.35) with 2p =N —4, m =N —2, on the third term of (3.53) and (3.23) again on the last two,
(3.53), except for the first term, can be shown to be ASD. Thus, returning to (3.52), we find

FLIB, Wy _2L[B, Wy11+[B,Woy]=ASD . (3.54)
The first term can be reduced with the help of (3.35) with 2p =N —2, m =N:
(3N)[B,Wyy1+[B, Wy +[B,Woy]=ASD . (3.55)

Adding to (3.55) its dual, we obtain
(N +1)[B,Wyn]+[B,W,x1)=0. (3.56)



25 CONSERVED CHARGES FROM SELF-DUALITY 1601

Therefore, we have proven (3.49). Together with (3.28), (3.49) implies (3.17) with n =N +1, I<I<N, N
even. Part I is now complete.

Part II. We now extend this result for n =N +1 to include / =0 and / =N +1. Since (3.17) with
I =N +1 is just the dual of (3.17) with [ =0, there is only one equation to prove, namely n =N +1, I =0,
ie.,

[B, Wy +2]=—[B,Wyy] (3.57)
or, with the result just established
[B, Wy 421=[B, W] . (3.58)

We expand [B, W,y ,,] in the by now familiar manner:
[B,Wan 421 = — 5[B,[B,[B,Way111—[B, W]
= —5[B.[[B,B],Way11— 5[B.[B,[B,Way111—-[B, Wan]

= %[B’[[B,E],[B,[E, W2N—2]]]]+':{[B,[[B,§],szv—z]]'l'[B, Wan 21, (3.59)
where (3.23) has been used for n =N, [ =0, i.e,,
[B,Wy]1=[B,Wyy_,] . (3.60)

The first term on the right-hand side of (3.59) is

w[B[[B,BL[B,[B, Wy ;1111 = % [[B.[B,BILIB,[B,Way _, 111+  [[B.BLIB,[B,[B, Wy _,]1]]]
= — & [(B,[B,[B,BIILIB, Wy _;11+ [B,[[B,[B,BILLB, Wy _]l]
— +[[B.BL[B,Way11—5[[B,BL[B, Way _]1]
— — +[[B,BLIB, Wy _>11+ w[BIB[B,BLIB, Wy _,111]
— «[B[[B,B),[B,[B, W,y _,1111—7[[B,BL,[B, Wy _,]]
= & [B.[B,(—[B,[B,[B,Wyy _»111—[B,[B,[B, W,y _,]11D]]
— < [B.[[B,B],[B,[B, Wy _,111]
+B,[B,([B,Won]+[B, Wy _;1+[B, Wan1+[B, Wy _2D]]
~ %[B.[[B,B),[B,[B,Ww_,]11] . (3.61)

Il

The first term in (3.61) is zero due to the assumptions (3.23) and (3.56). Therefore, we have shown that
the expression on the left-hand side of (3.61) is equal to its negative and is therefore zero. Returning to
(3.59) we may now write

[B,Wiy 2] = %[B,[B,[E,szv—z]]]—%[B,[ﬁ,[B, Wan _21114+[B, Way ]
= —[B,Way _41+[B,Woy1+[B, Wy _2]1=[B,Wyy] . (3.62)

Thus (3.58) is true and (3.17) holds for n =N +1and /=0 or [ =N +1.
Il’art III. The final step involved is to raise the limit on / for n =N —1,n =N —3,... . Commute
— 5[B,B] with (3.17) with n =N, [ =N to obtain (3.27) with [ =N:

[ I;f"21v+2’§] —[ W2N—2’§] +[Wan,B] +[W2N, pﬂf’z]

= —[Wa,Bl+ [ Wiy —a,Bl+[Won _2, W21+ [ Wy _5,B] . (3.63)
Using the results of the previous sections [(3.17) with n =N +1, I =N +1, and I =N] and the assumption
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(3.23) with n =N —1, I =N —1, we find
[W2N1W2]=[W2N——29§]

(3.64)

which is (3.17) with n =N —1, I =N. Thus we have obtained the de51red result for n =N —1. The same
procedure can be applied to the lower levels, namely, if we commute — 3 [B B] with (3.17) with n =k =N
—2j for integral j, 0<2j <N —1, and forl-—(N +k)=N —j we get (3.27) with N—k, I—>-(N +k):

— Wy ks Wien 2+ [ Wy sk Wiy 2]+ [ W i Wi v 1= [ Wiy 0o Wi —v —a]
=_[WN+k’Wk—N]+[WN+k—-4’Wk——N]+[WN+k—2»Wk-—N+2]_[WN+k—2:Wk——N—2] . (3.65)
The right-hand side can be seen to be zero from the assumption (3.23) with n =k +1, I =N —j and

n=k—1,1=N—j—1, leaving

[WN k12 Wiy 2l =Wy 1 Wi _n1=—[Wn 1 Wi v —a) = [ Wy s Wi_n 2] - (3.66)

The left-hand s1de [of (3.66)] i is zero if (3.17) with
n=k4+1,1=- (N+k)+1—— 2[N~+-1+ k+1)]is
true. The nght-hand side i is zero if (3.17) with

=k —1, l——(N+k)-— LIN +1+(k —1)] is
true. If we add Eq. (3.66) tlmes (—1Y for
j=0,1,2,...,q successively (recall k =N —2j) we
get

—[Wan42,B1—[W,y,B]
= (=1 —[WZN—2q>W—2q—4]

+ [ Wan—2g—2W _24_2])
(3.67)

for0<g< %(N —1). The left-hand side is zero by
(3.62). Thus

[Wan _2gs W _2g_4] =[W2N—2q—2, W _2q-21]
(3.68)

for0<q<i(N—1) Setting n =N —2q —1,
I—N q in (3.68) we get (3.17) for n =N —2q —1,
l——(N+n+1)

[W2l’ W2n =21 —2]=[W21—2’W2n —21] . (3.69)

Looking at (3.24) we can see we have achieved the
desired result, i.e., raising the integral limit on / by
one forn=N—1, N—-3,...0o0r 1). Thisis
equivalent to ra1s1ng the half-mtegral limit on /
given by l=—(N +n) by 7 for all n <N. All en-
tries in (3.24) have now been derived. The proof
by induction of (3.17) is complete.

Thus, (3.17) holds for all #n and ! and charges
Q,, defined in (3.2) are conserved for all n
(n=1,2,3,...,). This result requires only two as-
sumptions. The first is that the Hamiltonian can
be written in the self-dual form (3.1). The second
assumption is (3.8), which states that the first

I
charge in the set, i.e. Q,, is conserved.

In addition to the conservation of charges
[Q,n,H]=0, it is also possible to show that the
charges Q,, commute with each other. [Q,,,05,]
will vanish if
(W 2n—Wan—2),(Wap— Wapn _2)]=0 (3.70)
and

[(Wap—Wap_2),(Wom—Wam_2)]=ASD . (3.71)
Consider [ Way, Wap,]. By (3.16) and (3.17)

[WZn’ W2m] = - [ W2m I/IN/'—Zm —2]

=—[B,Wy_m-2]. (3.72)
Also,
[WZn—Z’W2m —2] = _[WZn—Z’W—Zm]
= —[B, W _sm—2]
=[BWy_m-2]. (373
So,
(Wons Woml=—[Wan_2,Wam 2] . (3.74)

By a similar argument (3.17) shows that
[ W2m l;I.}Zm —2] = [ W2n -2 l:i}Zm]
= —[Wa_2Waml. (379
Together (3.74) and (3.75) prove (3.70). It can easi-
ly be checked that (3.17) implies that all four of

the commutators in (3.71) are ASD, thus (3.71) is
satisfied. Therefore,

[Q2mQ2m]=0 (3.76)

forall nym, 1<n< w0, 1<m< w.



25 CONSERVED CHARGES FROM SELF-DUALITY

IV. GAUGE THEORIES

The relevant framework for studying nonpertur-
bative effects in non-Abelian gauge systems ap-
pears to be a nonlocal reformulation. Instead of
the local Lagrangian .& (x)=%FZV(x)FZ,,(x), the
theory is described by a functional formalism
whose fundamental variable is the element of the
holonomy group

JE]=Pexp [gﬁA -dg] :

Loop-space Green’s functions can then be defined
as

(O] tryp[ & Jtry[&,] - - - |0)

and expressed in terms of the “string propagator”

G[£1=(0]try[£]|0) .

It has been suggested®!? that once the propagation

of free strings is described, knowledge of the hid-
den symmetry of interacting strings could be used
to restrict the Green’s functions and thus solve
gluon dynamics, in analogy with this chain of
events in the nonlinear o model.

So far, the only example of interacting string
symmetry is in three dimensions. In this case, the
equations are similar to the chiral model, where it
is known that a Kac-Moody infinite-parameter
subalgebra is responsible for the nonlocal currents.’
It is not unreasonable to speculate that this
abstract Lie algebra can also be realized in the
four-dimensional theory, but the explicit form of
the conserved charges has remained well hidden.

The ultimate goal of our investigation is to ex-
ploit the suggested self-duality of the four-dimen-
sional gauge system in pursuit of the conservation
laws. ’t Hooft® introduced path-dependent opera-
tors for the gauge system in order to concentrate
directly on the formation of flux tubes like mag-
netic monopoles which could drive a magnetic
Higgs mechanism resulting in electric confinement:

A(C) = 7 trPexp [i¢1_5;-di’

e 4.1)

|
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The dual operator B(C) measures electric flux and
was defined by its commutation relation with A4:

A(C)B(C')=B(C")A(C)emin/N | (4.2)

where N is from SU(N) and n=1,2,..., is the
number to times the closed path C’ encircles C.
Furthermore, the operator B(C) can be derived
from A (C) also by a partial Kramers-Wannier
Z(N) dual transformation. That is to say the
operator A (C), an element of SU(N), can be ex-
pressed in terms of matrices of the factor group
SU(N)/Z(N) and of the group Z(N). A transforma-
tion similar to Kramers-Wannier duality for Z(N)
gauge theories then results in the disorder parame-
ter B(C).2 Also, in treatment of the whole theory,
the four-dimensional SU(N)-gauge-theory partition
function has been noted to reflect a self-duality
property similar to the two-dimensional Ising
model.®

In order to generate conserved charges with our
result, the fundamental operators must satisfy the
extra condition [B,[B,[B,B]]1=16 [B,B]. If we
define B =4 (C) and B=B(C’), then

[4(C),[A(C),[4(C),B(C")]]]
=AXC)(1—e?™m/N32[4(C),B(C")] . (4.3)

That is to say, with this choice of B and B, the
first charge is not conserved and we cannot gen-
erate the infinite set.

This may be due to the fact that B(C’) is only a
partial dual of 4 (C). In this way, we can think of
the extra condition as a guide in choosing the
correct duality transformation. It of course must
also have the property that A =A4.

V. CONCLUSION

In this paper we have developed a rigorous con-
nection between simple self-duality and a set of
commuting conserved charges. For a finite lattice,
the set is finite. For an infinite system, the set is
infinite. The number of charges equals the number
of degrees of freedom of the system, the charac-
teristic of exact integrability. In the XZ and Ising
models, our charges coincide with known results.
For the family®*

. N
Hy= K 3 oin)oyn+1)- - oyn+kloy(n+k +1)

n=1

N
+T 3 (—Dros(n)oyn +1) - - - ox(n +k)os(n +k +1)

n=1

(5.1
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the first charge is conserved and we can generate a
previously unknown set of conserved charges.

The advantage of our result is that it does not
depend on the lattice formulation or the number of
dimensions. Although the self-dual formulation of
four-dimensional SU(N) gauge theories in terms of
A(C) and B(C') operators does not fit exactly into
our calculation, the ideas in this paper seem valu-
able for gauge theories as well in that they estab-
lish a connection in simpler models which may be

reflected in Yang-Mills theory, and thus provide a
new tool with which to search for symmetry.
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