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We have calculated the post-Newtonian approximation of the maximum four-
dimensional Yang-Mills theory proposed by Hsu. The theory contains torsion; however,
torsion is not active at the level of the post-Newtonian approximation of the metric.
Depending on the nature of the approximation, we obtain the general-relativistic values
for the classical Robertson parameters (y=pB=1), but deviations for the Nordtvedt effect
and violations of post-Newtonian conservation laws. We conclude that in its present
form the theory is not a viable theory of gravitation.

I. INTRODUCTION

In this paper, we investigate the post-Newtonian
limit of the maximum four-dimensional Yang-
Mills gauge theory of Hsu.! This is a rather in-
teresting theory in that the tetrads (and hence the
metric) and torsion are postulated to be a function
of the gauge fields which are related to the covari-
ant derivative of the fermion fields. We have used
the standard form of the post-Newtonian approxi-
mation? modified and extended slightly for use
with tetrads and torsion terms. In our approach,
we will choose the free parameters of the theory
and thus attempt to align the theory as closely as
possible for comparison with the known results for
the general theory of relativity (GR). We con-
clude: (1) Torsion (i.e., spin energy-momentum)
does not contribute to the metric in the post-
Newtonian limit and (2) the theory is in disagree-
ment with experiment, for example, with the
Nordtvedt effect. There is also the question of the
position of the spacetime metric g,g in the theory.
It is not clear in its formulation that the author in-
tended to use the holonomic metric to raise and
lower spacetime indices in the Lagrangian formula-
tion of the theory and this thereby leads to some
confusion in interpretation. In its present form the
theory is not viable. However, this may not be al-
together fatal to this approach since, in our opin-
ion, the theory is not complete because of the ab-
sence of other fields which would contribute to the
energy-momentum tensor and also the position of
the metric in the theory.

In Sec. I we derive the field equations for the
gauge fields following the formalism of Hsu. The
nature of our approximations is listed in Sec. III,
and we calculate the gauge fields in Sec. IV. Our
conclusions are given in Sec. V.

II. FIELD EQUATIONS

We follow the notation of Hsu (and references
therein)' except we use the Minkowski metric
7;;=(—1,1,1,1). The matrix representation of the
generators of the de Sitter group Z, is given by

Yi vyve

ZA =(Zi,ij)E 2L, 2 s (2.1)

where ¢ are the constant Dirac matrices which
satisfy ¥')Y + 1//=2nY. The generators satisfy the
commutation relations

[Z3,Zc)=ifpc"Z, . (2.2)

The structure constants fpc” then lead to the de-
finition of the group metric

84 = %fACDfDBC . (2.3)

The gauge covariant derivative of a Dirac spinor
wave function in the theory is given by

D“d;:(a“—{—iFh,,AZA W, ' (2.4)
where F is a real, dimensionless constant and
-
h,A=(h,'h, %) 2.5)
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are the gauge fields. (Greek letters a,. .. refer to
holonomic indices and Latin letters j,k, . .. refer to
anholonomic indices.) The action of the theory is

S= [ d*(E,Ly—Fu Fog®84pE*" P+ L"),

(2.6)
where
Ly=— i3, +iFh, Z, )Y
i, —iFh, Z )y
+mPY+(P—e,m—m,) , 2.7)

where ¢ and ¢, are, respectively, the nucleon and
electron wave functions,

E,=(—detg,,)"?, (2.8)

with g, the metric tensor which is related to the
gauge fields through the tetrads e,’,

gu=eu'e /i (2.9)
by the definition
e, =[exp(W) =8, +h, '+ sh, h'+ . ..
(2.10)
and
L'=—53,h "5 . (2.11)

Note that the field Lagrangian L’ is the form used
by Hsu in his calculation (cf. the erratal).
There are two problems which are worth men-

tioning about L' at this time. The first is that we
must necessarily take Eq. (2.11) literally in that
3*h2=0k(g*Ph g% and not g*P3#hg". There is also
the question of the covariance of the term itself
without the E; factor. Both of these factors cause
no problem in the Newtonian limit but do yield
considerably different results in the post-New-
tonian limit. Finally,

Fu =0, —3,h, ~Ffpc*h,h,C. (2.12)

Hsu also defines the torsion

Saﬁ‘}’zeiﬁej'}’haij (213)
and the matrices
H=ety . (2.14)

For simplicity in our calculation of the post-
Newtonian approximation (i.e., low-density small-
velocity expansion of the metric), we will suppress
in the equations the contribution to the metric due
to ¢,. This in effect introduces the parameter
m*= %(m +my)=~ -;—m into the field equations (cf.
Sec. III). In the end, we will discover that the ra-
tio F/m* is fixed by the Newtonian limit of the
gravitational field. This simplification may not be
possible for the torsion terms since it results from
the spin density. However, we ignore this con-
sideration since in the end we will not specifically
concern ourselves with the torsion but only with
how h,Y enters into the metric equation.

The variations of the action (2.6) with respect to
h, ¥ yields the field equation

[—3,h, 3,1 /g 7P("" 81" +8“"8)*) — B,30h '8 *h (8781 T +878F)]

%[ —3,8"g"P9,h g/ —g3,3,(8"Ph ) — 8"°¢*°8,3ah o' — 8"V 3 ,8"°]
Mij
oL

—Eg | S (0198, — Q1] — T TAZ+Zav 1 ([ — B8]+ 3 (885 h, ¥+ 8/8]hi )]

FE E 509204 2 5]~ 81851+ (0 —0,)=0

(2.15)

where the tetrads have been expanded to second order in h ,,j, and in which we have used the identity L,=0
which is obtained by varying the action with respect to ¥ and 1, fields.

Varying (2.6) with respect to h,7 gives

. . y F- . .
[877°8,3h 7+ (38 )3,k o) + 51 o 73,38 N nuemu — M )+ Eg 5V 2+ Ziayej Y+ (§—9,)=0 .

(2.16)
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III. NATURE OF THE APPROXIMATION
A. Metric

From Egs. (2.9) and (2.10), the post-Newtonian
expansion of the metric is given by

goo=—1—2n" —[2h§° + 2 P]+ ...,

(3.1)
0a=h—n+ ..., 3.2)
8ab =08u +hP+HP 4. . (3.3)

For the purposes of comparison with GR, we as-
sume the gauge conditions for the post-Newtonian
approximation due to Chandrasekhar?

850a+283) —8ia =0, 3.4)

28600 —8adlo=0. (3.5)

The number in parentheses, e.g., hE)N 0 refers to the
order of vV,

For the sake of comparison, we list the standard
form of the parametrized post-Newtonian (PPN)
approximation (see Ref. 3 for details):

goo=—1—2U —2BU%+4® , (3.6)
8ij=08;—2v8;U , (3.7
g0j=—%A1V1'_';'A2Wi ’ (3.8)
where U is the Newtonian potential,
f p(X t)Q(x t) FEW (3.9)
|X—X’
with
¢=B'—B,U , (3.10)
vi=[ —B——d3 ' (3.11)
and

_ f pV¥(x —xi )(x; —x] )d3 , (3.12)
l —X» —- ’ [ 3

The parameters ¥ and 3 are the classical Robertson

parameters. The general theory of relativity (GR)

predicts the values for the parameters
’}/:B:B1=B2=A1=A2=1 . (313)

(Note that the internal energy fraction and the
pressure terms related to the PPN parameters 33
and f3; have been omitted in this first approxima-
tion.)
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The procedure we use is only equivalent to the
PPN approximation if ¥ can be made equal to 1.
The metric is then gauged so that the time-space
components satisfy the gauge conditions (3.5). For
the PPN metric this requires 7A; —A,=6y. In ef-
fect we have chosen special values of L and F for
the most convenient comparison with GR, the de-
viations, if any, then showing up in the fourth-
order part of gg.

B. Densities

We assume (similar to Hsu) that we can replace
to the order of the post-Newtonian approximation

A S Pu=mu, (3.14)

where u#=u%1,+/) is the four-velocity. In addi-
tion we assume a consistent scheme for replacing
densities,

Eg(myp+m,d.9,)—p(X,0) (3.15)
Eg(ma}'yv“/’"f‘me(?}eyvlpe )_’puv s (3.16)

where p(X,?) is the mass-energy density and then
pu, is the momentum density. This is based upon
an analogy with the Dirac equation for which
Eg%ﬁ“z/; =j# is the current density. The replace-
ment (3.15) is justified in Sec. III C below.
Finally, we will encounter terms such as

DOV YUY+ Vi vy W= 29y, vy
=2€mum¥V’Y™, (3.17)

where in the last step we have used an identity for
Dirac matrices.* The axial vector iy y"=W™ is

called the polarization vector and satisfies the fol-
lowing relations®:

Wn= 5" oy i Y =iy’ Y™, (3.18)
where the tensor o= %i [7157«] is proportional to
the spin tensor operator s = %ﬁojk. Equation
(3.18) is then consistent with the relation

Sm =7 U's¥emp; (3.19)
providing we identify the spin vector operator

SO=AW=Hhiyy” . (3.20)

Note that in the rest frame, s,, only has nonzero
spatial components (also, #i=1). We then define

FR=E,miy* vy (3.21)
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as the spin-density vector and correspondingly the
spin potential
k 73,1
Sk— __1_ f _{ix_ .
47

It is then possible to identify S™ as the intrinsic
angular momentum vector.

(3.22)

| X=X

C. Energy-momentum tensor

For a general Dirac field ¢, it is possible to in-
troduce a canonical energy-momentum tensor,’

-0ZLy 0Ly
= —_— 4 — —8L y+(Wp—,) ,
® al»t aa‘ﬂ?} + 33,¢ alt’/' u-Z yt v

v

(3.23)

where L is the matter part of the total Lagrangi-
an. We obtain from (2.6)

T,'=—E, é[ayvaﬂtp—(a,,z?;)y%/z] +(W—¢.) ,
(3.24)

where we have used explicitly L, =0 and dropped
the F? term since it is of order O (v°) and therefore
does not contribute to the post-Newtonian limit.
We note that (3.24) is not necessarily the sym-
metrized form of the energy-momentum tensor,
but in anticipation of our results below, the torsion
does not contribute to the metric in the post-
Newtonian limit and only the symmetric part of
(3.24) is required. This would apparently not be a
justified approximation in the post-post-Newtonian
limit, since in general for theories with torsion, the
canonical energy-momentum tensor is not sym-
metric.’

Note that if we take the trace of (3.24) and com-
pare with the trace of (2.15), then to lowest order
the density relation (3.15) is an identity. Further-
more, we find that the field equations give the
same results to lowest order whether we use T," or
the approximations (3.14—(3.16).

IV. CALCULATION OF GAUGE FIELDS

A. Lowest-order metric gauge fields—
Consistency with metric gauge conditions

From Eq. (2.15), to the first nontrivial order, we
find

- F. - N
V2h)'= —E, Ly P+ E, LIy

+(Pp—1,) . (4.1)
Utilizing the approximations of Sec. III, we obtain
v = Lpuu+ - gy “2)

(At the level of this approximation, there is no
longer any distinction between Greek and Latin in-
dices.) The time component of (4.1) becomes

FL
V%= 4 |L2+ e |P (4.3)
so that
(2)0 1 2, FL =
=+4+—|L U(X,t), 4.4
ho + 4 + m* (X,1) (4.4)

where we have used the definition of the Newtoni-
an potential

Uzn=— [LEDIXT 4.5)
| XX

Similarly the spatial components of (4.1) are

Vzh'.‘Z)f:;'—L*Sj'p, 4.6)
so that

@i_p@j_ 1 FL

b =h; 1:@ P 8; 4.7)
The time-space components of (4.1) are

Vh P = — L% %u;=—L*pv 4.8)
and

V2h1(3)0= —L2u'pu0=—V2h§)3)I , 4.9)
so that

, .
p— Ly (4.10)
47

From the definition of the metric (3.1)—(3.3), we
then have

¥ =—o 2L2+% U, @.11)

@_ 1 FL

&ij =4_7T-7n78ijU N (4.12)
2

gLy 4.13)

0i A
Substituting (4.11) and (4.12) into the gauge condi-
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tions (3.4) yields the consistency relation
F=—Lm*. (4.14)
Since the Newtonian limit requires that g%

= —2U, we obtain the further constraint from
4.11)

L?*=387G . (4.15)

[We have put G into (4.15) so that its position in
the theory is explicit even though in our units
G=1. Also note that if we had followed the PPN
prescription Eq. (4.12) would yield

= —FL /8mm* and the Eq. (4.15) would read
L?=47G (1+y). The interested reader can easily
fill in the remaining steps.]

The gauge condition (3.5) is not satisfied by
g = —4V,, where we have used (4.15) explicitly.
This situation can be handled by the gauge
transformation®

gap=8ap—Eup—EBa - (4.16)
For the particular choice

£p=5(30X,0) , 4.17)
where X is the superpotential defined by

g =V, (4.18)

and noting from (4.11) that the changes to the
metric occur at O (v*) or higher so that gHt =g
and g,~(_,-2)+ =g,~(jZ), then the time-space component of

the metric
go =gl — X o
=—3Vi—5W 4.19)
where the last step follows from the use of the
continuity equation
dgp+9(py)=0, (4.20)

and parts integration. The second gauge condition
(3.5) is now satisfied.
Similarly we find, using (4.16) and (4.17), that

4) (4)
00 T =800 —X,00

=—2n"0 —2h°)Y+0,0% . (4.21)

4

From here on we will refer only to the gauged
metric and will therefore drop the ( 4 ) for con-
venience.

B. Torsion gauge fields
From Eq. (2.16) to first nontrivial order, we find

F -
Viho= —EngIW[va?’I]l/J

= - ‘I ;vaklfm s (4.22)
where we have used (3.17) and (3.19)—(3.21) in go-
ing to the last step. Finally, upon inverting (4.22)
and using (3.22), we obtain

okt = = iaS™ - 4.23)
If we are to identify S™ as the intrinsic angular
momentum vector, then S”‘=(O,§ ) in the rest
frame.’> This says that the lowest-order terms are
of the form hqy = — hyo are of O (v*) where /,k are
spatial indices. The purely spatial part hj; is of
O (v*). Consequently the torsion contribution to
the metric gauge fields does not occur until O (v%)
and therefore does not contribute to the post-
Newtonian approximation Eq. (2.15) since only
S2-type terms occur in the metric gauge field.

C. O(v*) Metric gauge fields—
post-Newtonian approximation

First we expand Eq. (2.15) to terms of O (v*) and
substitute the energy-momentum tensor (3.24) in
the form

T,/=e/T, ~(8/+h)T,”,

for the matter field terms, and because of our ar-
guments of the last section, drop the contribution
of the torsion-squared terms from the term con-
taining Z,. We get finally for the time-component
equation

____1_2_[ _Zv2h§)4)0 _zaoaoh E)Z)O _2gg))v2h 82)0 +2gi(j2)aiajh§)2)o _h%(O)VZg(O%)
L

_‘2akg(2)klalh£)2)o+2h£)2)0V2h£)2)0—2(Vgé)%)))'(Vhé)Z)O)]—TE)‘”o‘F%phEZ)o—_—‘O , (4.24)
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where the order of each term is explicitly given
and the energy-momentum tensor is expressed in
terms of its holonomic coordinates. From Egs. .
(3.1) and (3.3) for the metric and the gauge condi-
tion (4.21), the time component of the metric is
given by

V2% =V —2h 50 —2(h )]+ V?3,3%
=2VAU2—16mp(F +3U),  (4.25)

where in the last step Eq. (4.24) has been evaluated
using the perfect fluid model of the energy-
momentum (cf. Ref. 3 for details). Solving Eq.
(4.25) we obtain

5
E=q

D. The PPN parameters

By comparing Eqgs. (4.11), (4.12), (4.19), and
(4.26) with the definition of the PPN parameters
given by Eqgs. (3.6)—(3.10), we find that Hsu’s
theory predicts the following set of parameters:

y=B=p=A1=47=1,
By= -% .

We note that 3, is considerably different from the
GR value given by (3.13).

(4.27)

V. CONCLUSIONS
A. Theoretical considerations

We should point out that our treatment of densi-
ties is open to criticism. For this reason we have
dropped consideration of the internal energy and
pressure terms. We have been as explicit as possi-
ble in our approximations and calculations since
others may also wish to calculate the post-New-
tonian limit for tetrad-based gauge theories.
Furthermore, we emphasize that the introduction
of the energy-momentum tensor into the field
equations is very sensitive to (1) the order of the
approximation (spin-density contributions and sym-
metrization), (2) additional fields [their contribu-
tion to energy-momentum as seen in (3.23)], and
(3) the use of the (pressureless) perfect fluid model.
Each of the above considerations should be criti-
cally examined before attempting to determine the
post-post-Newtonian approximation, at which level

25
torsion is expected to play an important role in any
tetrad-based gauge theory of gravitation. Also we
have, through the use of the energy-momentum
tensor, suppressed the distinction between torsion
contributions from the nucleon wave function v
and the electronic wave function 1,.

B. Consideration of alternate Lagrangians

The theory is extremely sensitive to the form of
the Lagrangian L’ given by (2.11) which does not
contain only the natural order of the indices for
the gauge fields A uA' As a result uncertain terms
in the variation due to the metric can occur and
will result in different values for 8 and B,. In a
more recent paper,” Hsu introduces a somewhat al-
tered theory which partially alleviates this uncer-
tainty by constructing the Lagrangian using only
the Minkowski metric. We have not as yet investi-
gated that theory but do consider here this ap-
proach, among others in what follows.

For this L', we obtain the usual results!®!! for
light bending, perihelion shift, and red-shift. How-
ever, the parameter 3,= —% implies for the
Nordtvedt effect,'? described by the parameter 7

7723’}’+43—7A1—%(23+232—3‘}’+A2—2)

=10, GR
0.00+0.03,lunar laser ranging (Ref. 13) .
(5.1)
The experimental limts on 3, are very poorly
known, so that 7 itself, determined experimentally
by lunar laser ranging, represents the best experi-
mental test of 3,. One concludes that B,~1.
Among other effects there would be variations in
the local gravitational constant and the ratio be-
tween the active and passive gravitational would be
proportional to external gravitational potentials.
With these consequences in mind let us consider
the appropriateness of the field Lagrangian L’
given by Eq. (2.11). There is of course the ques-
tion of whether it is a scalar density unless one in-
cludes the E, factor, Eq. (2.8). In the Newtonian
approximation there is no distinction but devia-
tions do occur at the post-Newtonian level. In-
cluding E, in the calculation, we obtain S=3 and
Br= —% which seems to give worse results than
before. Furthermore Will has shown that for a
Lagrangian-based theory® there are the constraints
in particular,
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2B+42B,=3y+1 (5.2)

required for post-Newtonian conservation laws.
This result was later modified and extended by
Lee, Lightman, and Ni'* who showed that almost
all Lagrangian-based, generally convariant metric
theories possess conservation laws which thereby
lead to conserved quantities if constraints such as
Eq. (5.2) are satisfied. Unfortunately neither of the
field Lagrangians discussed above satisfy this con-
straint.

Because of these problems, we have investigated
alternate field Lagrangians with the hope of dis-
covering an acceptable choice. We summarize our
results in Table I; no acceptable field Lagrangian
was found.

It is interesting to note that the typlcal gauge
field Lagrangian of the form — E F,, A FrBg g
leads to inconsistent results. Thls may be because
this form is not an overall SO(4,1) invariant ac-
tion.! Lee, Lightman, and Ni'* also point out that
theories with absolute variables, such as the group
metric g4p, or those with a partial gauge group
symmetry may not yield the same conserved quan-
tities or constraints. Since the above field Lagran-
gians are not SO(4,1) invariants, they then will in
general admit a partial gauge group sym‘metry
Unfortunately, the SO(4,1) invariant — 5 F,,*

X F o584 pEP also gives incompatible results.

We have also considered the case (last line in
Table I) in which we treat the theory as a two-
metric theory. The action is then constructed on a
background, Minkowskian metric, and the particles
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then move on a spacetime metric built-up out of
the gauge fields obtained from the action. We do
not obtain a viable post-Newtonian limit in this
case either.

In all cases considered, none satisfy the con-
straint, Eq. (5.2), required for post-Newtonian con-
servation laws. Although the theory seems to be
Lagrangian-based theory, the relationship between
the metric and the gauge fields is fixed (defined)
outside of the action and hence the variation of the
action as well. One possible solution to this prob-
lem could be the use of Lagrange undetermined
multipliers which can introduce the metric-gauge
relation as a constraint on the action itself."> This
will ensure consistent relationships between the
metric, gauge, and the fields. We will consider this
approach elsewhere.

Finally we note that one of the referees has
pointed out that smce h,* is a vector field on
spacetime, then 9 h is not generally convariant
and therefore none of the field Lagrangians dis-
cussed above is generally covariant. He notes that
ep”h,*=hp* is a spacetime scalar and thus the
Lagrangian

Lr=—7E;3,hp"3"hc"8"%p (5.3)

is generally covariant. We have taken this sugges-
tion and recalculated the post-Newtonian limit.
We obtain y=1, B=3, and B,= —+ which unfor-
tunately gives 2(8+3,)=5. Although this Lagran-
gian is manifestly covariant, the problem seems to
persist. Thus we can only refer back to our origi-
nal conjectures in this section.

TABLE 1. Alternative field Lagrangians for Hsu’s gauge theory of gravitation.

Field Lagrangian Y B B 2B+B,
— 30, #h*Pgp=L" 1 1 — -3
— 3 Egd,h,"h g 1 3 - 5
- % 28 Mg vﬂapthaah BBgAB 1 % 0 5
— %gﬂagvﬂa”thaahﬂBgAB 1 % 2 _3

— 7 E,8"%8""8,h,*3ah 5% 4
lF J*F aBBgABE pvap
E Fu/ F*Pg 4
- 777“a7lvﬁ 0,1, 0ah 558 45 1

No Newtonian limit

Incompatible. Predicts O(+v®) part for ggo

Inconsistent. Implies U =2V},
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