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Some exact solutions of Einstein-Dirac-Maxwell equations are presented for a zero-mass neutrino. It is found that,
in the presence of an electromagnetic field, even the time-dependent Dirac field has ghost solutions. But the solution
becomes “ghost-free” in the presence of (charged) matter. It is shown that the time-independent Dirac field has a
ghost-free solution if, in the context of the current speculations, the neutrinos are considered to possess some mass.

I. INTRODUCTION

Using Cartan’s formalism Davis and Ray' (DR)
obtained an exact solution of the Einstein-Dirac
equations for a zero-mass neutrino in a static
plane-symmetric space-time where the Dirac
field is time independent. The interesting feature
of their solution is that the neutrino energy-mo-
mentum tensor vanishes, whereas the neutrino
field and current density do not. Hence they refer
to this neutrino as a “ghost neutrino.”

Later, Pechenick and Cohen? (PC) presented
a more general solution of Einstein-Dirac equa-
tions with the same metric as in Ref. 1, but with
a time-dependent Dirac field. They obtained in
their solution a neutrino field with a nonzero
neutrino energy-momentum tensor and current
density. Thus, one may think that their solution
may represent physical neutrinos.

Sections ITIA and II B of this paper aredevoted

to the electromagnetic versions of the above two
solutions in cylindrically symmetric metrics.
In both cases our solution represents “ghost neu-
trinos” only. In Sec. IIC we have therefore pro-
ceeded to obtain an interior solution of Einstein-
Dirac-Maxwell equations in a charged fluid. The
solution is now “ghost-free.”

In the context of the current speculations®** that
the neutrinos may possess some mass, we ob-
tain in Sec. III a ghost-free solution for a time-
independent Dirac field. One may then say that
general relativity demands that the neutrino should
possess some mass.

In this paper we have used cylindrically sym-
metric Weyl, Einstein-Rosen, and Marder me-
trics. It has been shown in the Appendix that
broadly similar results may also be obtained with
the plane-symmetric metric used by DR and PC.

II. FIELD EQUATIONS AND THEIR SOLUTIONS

The field equations of Einstein-Dirac-Maxwell
fields are
Rjk—égij= - 81GE ;,+87GT 1)

25

Y, +my =0, (2)
Fik'kzo, (3)
FipitFrj+Fi;,.=0, (4)
with
Ty = %(dﬁyjlp;k - d’;Tk'YIZP
3 v, = Trad),s (5)
E;=-F'WF, +ig, F'"F,,. (6)

We use units in whichZ=c=1. We adopt the con-
ventions of Jauch and Rohrlich® for Dirac y ma-
trices and the notations of Brill and Wheeler® with
regard to 97, y*, and v,y.

In the solutions of this section we shall put m =0
(zero-mass neutrino).

A. Time-independent Dirac field

In this subsection we shall restrict our discus-
sion to the static case only. Hence, the Dirac
field y is a function of 7 only.

Let us consider the line element (Weyl form).

ds®=e™ dt* — e~ 2(dr®+ dz®) — r?e~*d¢?, )

where u and k are functions of » alone. Equation
(2) can be expressed as

ZP,].*“%(% +k,1 _u,1)¢'=0» (8)

where a comma indicates ordinary differentiation.
Solving Eq. (8) we get

v= % -y ©)

Y, being an arbitrary constant spinor. From Eq.
(5) we get

Tzozéeu_k(zu 1 _k,1)ZpT7’172701P (10)
and
1
T30=%e""‘<2u,1 - ;) P Tyl 5 0. (11)
All other components of the energy-momentum ten-
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sor vanish. The only nonvanishing components
of the electromagnetic field tensor are F, and
F,. From Eqgs. (3) and (4) we get

Fy,=C,/e* and F, =C,/e* (12)

where C, and C, are constants of integration.
The field equation (1) for the line element (7)
can now be written as

U+ 2L =C2emm, (13)
J ¥
R, - kay —u =2l 9y 2= ~C2%~ (14)
W11 7 »11 v »1 ’
k U -
B+ —1'} —u, - —;} =C2%~, (15)
where

C2=4rG(C,2+C 2.
The solution of Eqs. (13) and (14) are given by

ez"=('rl'“+ —C-—z-r““)z (16)
2a® ’
c? 4
ek = (1’1"“+ EZE’V‘H“) , 1)
= l=a Cz 1+a -2 18
Foz‘cl r + Zaz r ’ ( )
- 1-g C_2 AN 19
Fy=Cy\7r +2a2"’ , (19)

where ¢ is a constant.
Proceeding exactly in the same way as in Ref. 1,
one gets from Eqgs. (10) and (11)

1
+1 (20)
+1

where y, is a scalar.
Then from Eq. (9), one gets the neutrino solu-
tion

2=q Cz 2+a -1/2
lp,,= ('r + -2a—21' l[)vo, (21)
where
1
1
Puo=ao *| (22)
i
+i

a, being an arbitrary constant.
The current density S’ =iy Ty%y when evaluated
will take the form

2 e 2/ 20
0 2

S'=4|a
%

(6 +69). (23)

Equation (21) together with Eqs. (16)—(19) will
give the complete solution.

B. Time-dependent Dirac field

In this subsection we shall consider a field func-
tion which depends on 7 and ¢. Separating the
variables, § can be written in the form y,(7)e™%*",
where i, is a spinor function of », and w is a
positive real number.

We shall consider the Einstein-Rosen metric

ds?=e?@"B) (d¢? — dr?)
_,rze-zsd(pz_ezﬂdzz. (24)

where o« and g are functions of 7 alone.
Using the notations and results of Ref. 2, we
get from Eq. (2)

d (1
d—lf? = [iwvl“/" -3 (; +a, -8 1)] Yo - (25)

From the solution of Eq. (25) we get
1 1,0
y= T e(B-a)/zeiw(y 1% r-t)‘pcy (26)
¥

where ¢, is an arbitrary constant spinor.
The nonvanishing components of the energy-
momentum tensor from Eq. (5) are

28 =20

To=Tyu=- 7 WPk, (27)
T o =Tio=3e® %" (diwrt)y, (28)
To2=T = %ea_a[lﬂ (2iwy®y + (a 1-28 ,1)¢T7172‘)’0¢]’
(29)
To3=Tg=3€"% [z/)T (26wy®)y + <a 1= ,%_-)szy‘ysyOzp].
(30)

The nonvanishing components of the electromag-
netic field tensor are given by (12).

The field equations (1) for the line element (24)
will reduce to

e28-2a<a-11 “Bu- o+ %.L):c%-m = 81GT o, (31)

ﬁlm

a
328_2a<a,11 _3.11*‘23.12_3_7;1 - _;LL)
=-C%"%*+81GTy,, (32)
ezs'z"‘(ﬂ.u+ﬁ—;)=cze'2“. (33)

Adding Eqs. (31) and (32) we get
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05,11-3,11*'3,12-%1‘ =0. (34)

Equation (34) is identical to the result obtained -
by adding Eqs. (14) and (15). Again, Eq. (33) is
identical to Eq. (13). Hence, the solutions for «
and g will be similar to those for 2 and «, re-
spectively.
It then implies that

Too=T1.=0. (35)
Since all other components of T, are zero from
the field equations, we have

T, =0 for allj and k. (36)

Applying Eqs. (26) and (36) to Eqs. (27)-(30), one
gets

¢c=a0 =d)v . (37)

The wave function is

_ e+ c?/2a®)re]t /2
r

¥
(38)

The current density will be given by Eq. (23).
The ghost solution in the case of Sec. IIA does
not cause surprise, but one may not expect such
a solution in the case of Sec. II B. Let us there-
fore see if a ghost-free solution can be obtained
for the Dirac time-dependent field with the elec-
tromagnetic field in the presence of matter.

C. An interior solution

We shall consider here an interior solution of
a charged fluid at rest. The field equations (1)
will take the form

Rjk_%g!kR= —87|'G(Ejk+Mlk)+ 87TGT“,, (39)
where
M =pu, 2y = b g —U,;u,), (40)

and T,, and E ;, are given by Egs. (5) and (6). The
quantities involved in Eq. (40) have their usual
meanings.

Let us consider here the metric (due to Marder”)

ds?=g2(a=B (dt? - dr?) - r2e=28 d¢>2
_e2(8+v) dzz, (41)

where a, 8, and v are functions of » alone.
The nonvanishing components of T, are

Tm:Tmzi'eB—alPT(‘ltil)‘p’ (42)

(coswr + iy'y® sinwr)e™ ¥ty vy

Top=T =45 [y" (2 wyp
+ (a.l -2 1= V.l)‘PT')’l‘/ZVOlP]’ (43)

T03=T30=%ee-a[¢T(2iw73)¢+ (a.l - %)zp*y‘fy"zp] ’

(44)
Too=T; =5e® T (- 4iwy)y. (45)
Again for the line element (41),
Ry =R, =Ry =0.
Thus,
To1=To2=To3=0. (46)
Proceeding as before, we get
1
p= 7 o= /2 8w(y1y r-1) ¥, - (47)
Equations (46) and (47) together with the Egs.
(42)-(45) give
s
ts
. 48)
¥, = et?, (
q
+q

where s, ¢, and ¢ are arbitrary real numbers.
Also

Ton=Ty= 2 20 (49)
and
0_ _ _M_ B-a=-v
S or © , (50)
where
M= =¥y, . (51)

All other compohents of S/ are zero.
The field equations (39) for the line element
(41) reduce to

, o V,1
2820 - 2 2 el T
e (V,u o, v, + 28U+ B8, +v, p + P )

=-81Gp— 41GC?% 2~ - 871G Ty, , (52)

a1 V.1
2 — el
1 23,1",1““0‘,1”,1"" " + p” )

eza-za (_ B

=87Gp +41GC%2** + 871G T}, , (53)

. 28,
e®? 2“(“,11 - 23,11 - t +B,12>

v

=81Gp — 41GC%™>*"?" | (54)
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- 2
P2 a  +vy +2B v, +B P+, 7)

=87Gp +4nGC?e™2* % , (55)

where
C?=C,*+Cj?.
A solution of Egs. (52)—(55) is as follows:
72 167GM )
2a =
coar ex ( Z cosar), (56)
1.2 .
287 i
cos?ar ’ (57
7-2
W
€T cotar ? (58)
=|=M cos r—g ex —}M—cosm’)
p a 2 p az )
(59)
(o 167GM
p=|—M cosar +-—) exp|———>5—cosar],
2 a
(60)

where M is given by Eq. (51) and ¢?>=87GC?. From
Eqgs. (47) and (50) we get

zp~-($;7)—172—exp<— 4”;M cosar) , (61)

1
Too =T ~colar ex <— GT;EM cosar) , (62)
1 8TGM
~ - . 63
S0 cosar exp( p cosar) (63)

The above solution represents a fluid cylinder
of finite radius 7, given from Eq. (59) by

L g€
7= CO 200y, ) -

The exterior solution will be the same as that of
the preceding subsection (i.e., Sec. IIB).

We have obtained the above solution with a lim-
ited motive, namely, to see if a ghost-free solu-
tion of Einstein-Dirac-Maxwell equations can be
had in the presence of matter. The solution is
ghost-free as well as singularity-free.

III. MASSIVE NEUTRINO?

We find that the time-dependent Dirac field
which has a ghost-free solution in an otherwise
empty space as in Ref. 2 has a “ghost” solution
in an electromagnetic field. Again it has a ghost-
free solution in an electromagnetic field in a
charged fluid. It is therefore obvious that the
neutrino theory may suffer from some basic weak-
ness. All solutions should be ghost-free if this
weakness is identified and removed. In the con-
text of the current speculai:ions:"4 that the neu-

trinos possess some mass, we think that we
should attempt to find a solution for the massive
neutrino. We do this here.

Equation (2), when solved for the line element
(41), will give

_l - 1[ a=g (B=a=v) /2
zp._\/-;exp( myl | e Pdr)e , (64)

). being arbitrary constant spinor. The only non-
vanishing components of 7';, are Ty, Ty, and T3.
The Einstein-Dirac field equations for the line
element (41) can be written as

8TGmA eB-a- v

aq, v
Ul,w,i+—;i+—;1—3,.12—2ﬁ,.1v,1= , (65)

a v
24, 2_ % Va_
V=, v, 128, 8,,° tv,," - p” + o =0, (66)

2
a'11_23'11+3'12"_fg=07 (67)
a.n+V,11+ZB.1V'1+B.12+V.12=O’ (68)
with
Tu:];.LneB-m-v , (69)

where x=9¢!y, and T,, and T, are given by
Ty = %ea-a(a,1‘23,1_".1)¢’ YylyE Oy, (70)

Ty=1e"" (O‘.x" %)d’f?l')’s'}’o‘l’- (71)
The solution of Eqs. (65)—-(68) is

a=Inr+3In(r +A)-In[(r +A)* +a?], (72)
B=Inr+In(r+A)-In[(r+A)®+a?], (73)
v=In(»+A) —=Inr +In[ (»r +A)3+4a?], (74)

where a and A are constants of integration and
87Gmr=12. (75)
Since R,, =Ry, =0, we have
Tpo="Ts=0. (76)

Equations (64) and (76) together with (70) and (71)
give

Y= e, (17)

tq

where s, ¢, and ¢ are arbitrary real numbers.
From Egs. (64), (69), and (72)-(74), we have
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p=(r +Ay3/2[(r +A) +a®]-1/2
X exp [—E-m('r +A)% 1] b s (78)

Ty =xm(r +Ay*[(r +A) +a®]* (79)
and
S'=4|a, [2(r +AyS[(r +AP +aT*(8)+8]) .  (80)
The metric for the massive neutrino will be

ds® = (r +A)(dt? - dr?)

[(1’+A)3+a3]2

- dpP-(r+A)dz®. (81)
Giar 99!

To investigate the possibility whether the space-
time is singular at any point, let us calculate the
components of the Riemann tensor. The non-
zero components of the Riemann tensor are

2
R0101= lezz m’
4

R0202=" (L A6
R — 4 6(r +A)2

WTT (y+A)° " (r+AP+d>’
RO — R -2 6(r+A)*

303 — 323 — ('r+A)6 - (1’+A)3+a3 .

The Kretchmann scalar K is calculated to be
K=24(r + Ay?[(r + AP +a°] 2 [6(r + A)° +4a®].

(83)

Equation (83) shows that K is finite at »=0 if A
is positive and tends to zero as » — . It should
be noted from Eqs. (82) that all the nonzero com-
ponents of Riemann tensor approach zero as
r—. Hence, the space-time is asymptotically
flat. Also §', 9, and T, all tend to zero as
r— o,

The energy-momentum tensor component Ty,
will have a nonzero value if the Dirac field is time
dependent. However, from the results of this
section, one may infer that general relativity is
consistent with the existence of the massive neu-
trino. In other words, the discovery of the mas-
sive neutrino may be an important test of the
theory of general relativity.
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APPENDIX

Here we shall briefly derive with the plane-
symmetric metric all the results corresponding

to those already obtained in this paper. The me-
tric is

ds?=e®(dx?-dt®) +e®(dy*+dz?), (A1)
where # and » are functions of x alone.

1. Time-independent Dirac field

The time-independent Dirac function i for a
massless neutrino is given by

b= e'(v+u/2)¢0' (AZ)

The nonvanishing components of the energy-
momentum tensor are

Tzozée-u(v.l'“.1)4”71’)’27%, (A3)
Tyo=3e"(v,, ~u,) "'y % . (A4)

The nonvanishing components of the electro-
magnetic field tensors are

Fpo= C,e~* and Fyy= C,e-?” (A5)

where C, and C, are constants of integration.
The field equations can be written as

€,y 2,0, = B (C24CH)e (A6)

b
-2y 2y é 2 2 -4y
e (uyy +2v y, =2u,v,,+20, %)= > (C2+Cl2)e v,
(A7)
- k -
e 2“(”,11+2U,12)= - _2_ (C12+sz)e w, (A8)

where £=87G A solution of Eqs. (A6)—(A8) is
given by®

e®=C,A(3Ax+B) 2?8, (A9)
e*=(3Ax+B)*" | (A10)
F,,=C,(3Ax+B)™2# (A11)
F,=C,(3Ax+B)2R (A12)

where C;, B are constants and A = (% /2)(C,?
+C,?). Then from Eq. (A2) one gets the neutrino
solution.

by = (CSA)""‘(3Ax+B)'”Szp,,0 , (A13)
and
S7=4a,|*(C,A) *2(3Ax+B) 155! +5]). (A14)
2. Time-dependent Dirac field

As in Sec. II B we have the following field equa-
tions:

e *(u,y,+2u,v,,) = % (C2+Cle™*+k Ty, (A15)
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-2y 2
e Mu,y, +20 1, —2u v, +20,,%)

- l;_ (Clz+ sz)e""’ -kTy,, (A16)

e (v, +20 ) = ~ g (C2+C2)e™v. (A17)
Adding Eqgs. (A15) and (A16) we get
e'z"(u'u+v'u+v,12)=§ (C2+ClRe v, (A18)
which is identical to the equation obtained by
adding (A6) and (A7). Equation (A8) is identical

to (A17). Hence, the solution of Eqs. (A15)-(A17)
is given by (A9)-(A12). It implies that

w0=T1,=0. (A19)
The field function y becomes
P=e Ul exp(iyly wx)e” o, , (A20)

where # and v are given by (A9) and (A10).

3. An interior solution

Proceeding as in Sec. II C for the line element
(A1) we get

z];=e"”""/2’e"“"r

1 1
X eio! | eiws e10+ e'iwxe'i9 3
F
-1 7
“8'}’2 -(zwu) (A22)

where 7,6, and ¢ are real constants.
The field equations reduce to

. k
e®(2v ;- 2u,v,,+3v %) =kp - 3 (E? —H?) -RTy,

(A23)
e (2u, v, +v,,7) =kp+ 'I;_ (E?~H?)+kTy,,
(A24)
- k
e, 1 +v,1+0,, ") = kP - 5 (E? -H?), (A25)
where
F,F"=E?and F,,F®=H?,
The Maxwell equation will take the form
01
2P M, 0 ) =470, (A26)

where ¢ is the charge density.

Since we have four equations (A23)-(A26) to
determine six quantities, let us take # and v as
free variables and choose them as

u=3ax?, (A27)
v=3(bx2+c), (A28)

where a, b, and ¢ are arbitrary constants.
Using Eqs. (A27) and (A28), we get

Too = Ty, = Bwr 2e e (@* %" , (A29)
§0=gy2e e’ (A30)
R(E?-H?)=—(a+b —2abx2)e=?
- 8kwr2e e e ®x? (A31)

kp=4(a+b)(1 +2bx"’)e""‘2

— 4By 2e ce art)x? , (A32)
Ep=1(3a ~b)(1+2bx2)ex?

- dkorie e st (A33)
’329= 3‘1;(1?°l)+2x(a+b)F°1. (A34)

4. Massive neutrino

Proceeding as in Sec. III we write the field
equations as

2u v, +v,, = -swgwome“%, (A35)

U, TV, T -0 (A36)

20, —Zu'lv,1+3v,1 =0, (A37)
with

1=V 3o me™ . (A38)

The solutions of Eqs. (A36)—(A37) are
u=v=21n (A + %ﬁn‘x) , (A39)

where A is a constant of integration and
e L 2
Thus we get

b= (A + %V?n*x) ey, (A40)

A - -6
Sf=4|a0|2(A+ Ew/mx) e?(61+67), (A4l)

and
7\ —_ -6
11=zbgz[)0m<A+§\/mx> ’ (A42)

where

E=mylx(A2+3 AxVmx+ 5 ®mx?). (A43)
The metric for the massive neutrino is confor -
mally flat. Calculating the Riemann tensor and
the Kretchmann scalar, one can conclude that the
space-time cannot be extended beyond x = — 24/
AVm , while the space-time is asymptotically flat

on the other side of the origin. Thus a sort of
bound state occurs as in Ref. 2.
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