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The Feynman rules for Majorana neutrinos are reviewed and applied. The processes
discussed are v' —vy, v —>ve *e ~, and neutrino oscillations, especially with regard to the
difference between Dirac and Majorana neutrinos. Some special features of CP violation

in the neutrino sector are pointed out.

I. INTRODUCTION

Recently, there seems to be some indication that
the neutrino mass might not be zero."? If that is
the case, one important question is whether these
neutrinos are described by Dirac fields or Majorana
fields. The main difference in these two descrip-
tions is that the massive Dirac field has four in-
dependent components and has a well-defined fer-
mion number (or lepton number). Theoretically, it
is more economical to have a two-component Ma-
jorana field® which can be identified with v, and
its antiparticle ¥g =(v; ). These are the com-
ponents which are observed in the usual weak-
interaction phenomenology. But for the massive
Dirac neutrino we have to introduce additional
new components, vg and its antiparticle
¥, =(vg)S, which have not been seen in the ordi-
nary weak interactions. To distinguish these two
types of neutrinos one might either look for
lepton-number-violating processes which involve
the Majorana neutrinos* or effects which depend
on the number of components of the neutrinos.

On the other hand, it is well known that as far as
the weak interaction is concerned, in the limit of
vanishing v masses the Dirac field has only two
components and is equivalent to the two-
component Majorana field. This means that the
lepton-number-violating processes which can dis-
tinguish Dirac neutrinos from Majorana neutrinos
will be proportional to (m,/E), where E is the typ-
ical energy scale in the problem. Thus, if the neu-
trino masses are very small compared to the typi-
cal energy scale in the problem, practically there is
no distinction between these two types of neutri-
nos. However, the present laboratory limits on the
neutrino masses are m,, < 60 eV, m";; <500 keV,
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m, <250 MeV. Hence neutrinos in the mass
range of a few MeV which can decay into e te ~v/
are not ruled out and one might be able to see the
difference between two types of neutrinos if the en-
ergy is not too high.

In this paper, we will study neutrino decays and
neutrino oscillations to differentiate the Majorana
type of neutrinos from the Dirac type of neutrinos.
We will give the general formalism for the Majora-
na neutrino in Sec. II. Some peculiar aspects of
CP violation in this context are noted. In Sec. III,
we will study the decays v—e te ™V, v—9v' and
the neutrino oscillation of the type ve—v, and
Ve — v, to illustrate the difference between the
Dirac type of neutrino and the Majorana type of
neutrino. Whether or not any of these processes is
practically observable is problematic; we consider
them mostly as exercises to understand the some-
what unfamiliar Majorana masses.

II. GENERAL FORMALISM
OF MAJORANA NEUTRINOS

In this section, we will illustrate how can one go
from the familiar Dirac field formalism to the Ma-
jorana fields. For convenience, we will use the
Majorana representation where the Dirac matrices
are all imaginary>:
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In this representation, the charge-conjugation

matrix ¢ which has the property that

c(y*)*e¢~'=—y* is just a trivial phase factor

which can be taken to be unity. Then the charge
conjugation of the classical fields will just be the
usual complex conjugate

¢C=¢* .

Thus the Majorana field x which is defined to be a
self-conjugate field is just a real field

X=X‘=X*.

To see the connection with the usual Dirac field,
we start with the free Lagrangian for the left-
handed Dirac field given by

Lo=59.id¢; ,
where
Y =5(1—ys) .
Suppose we add a Majorana mass term given by
LM=";—(1712¢L +YL9E)
where
U= ) =514y .
The combination defined by
X=4p +91
is a Majorana field, i.e.,
X=X=X*".
From the identities
XX =107 +PY1
Vo iduy, =T idvf =3 (Boiduy +T7idv5)
=5 XioX

we can write the Lagrangian as

L= %t_ﬁLi&bL — %(ai’ﬁL +¥L )

——.‘-‘P m—
XioX — ZXX.

IS

This shows that the propagator for the X field is
just the usual one:

d4k eik-x

@2m* k—m +ie

(0| T(X(x)X(0)) | 0) =

The left-handed Dirac field is just the left-handed
projection of X,

Yr=51—ys)X,

so the weak currents in terms of Majorana fields
take a simple form:

Jo=8y, 7 (1—yshve+. . .
=y, s (1—ysWet . . .,

JZ:T/ey“%(l—n)e—}- c.
=)7e7,,%(1—‘;/5)e+ ce

The current J ;r, can be written in terms of the
charge-conjugate fields as

1
Jh=ey, s (14yshi+ . ..
=&Y, (1+ysXe+ . ...

From the fact that X, is a Majorana field X=X,
this means that X, can produce either e~ ore ™,
but with different chiralities. Since only the mass
term can flip the chirality, in the zero-mass limit,
where chirality is the same as the helicity, these
two processes involving different chiralities will
not interfere with each other and the Majorana
field is equivalent to the Dirac field.

The Feynman rules for calculation with Majora-
na neutrinos of course can be read off from the
above. It is then easy to see “by inspection” that
even in nuclear decays like H>— He*+v+4e ™,
where the ¥ is very soft, there will be no detectable
difference between Dirac and Majorana neutrinos.
Differences only arise the neutrino and antineutri-
no of opposite chiralities can interfere.

The extension to the cases of more than one v is
straightforward and will give rise to the presence
of mixing angles in the lepton sector. The result is
very similar to the quark sector except that unlike
the quark fields, the Majorana v’s are real fields
which cannot admit any phase transformation.
This will give rise to additional CP-violation
phases. To see this, write the v mass matrix in
the form

Ly =X;MyX;+H.c. .

A simple calculation gives
XMyX;=XMyX;
XMX ) =X MGX; =X;M};X; .

These imply that the mass matrix can be taken to
be real and symmetric, and can be diagonalized by



the orthogonal matrix
OMO;=M, ,

where M is diagonal. On the other hand, the
charged lepton mass matrix is diagonalized by the
biunitary transformation

ViM'vyg=M]
so the mixing matrix in the weak current is
u=o0Tv, ,

which is a unitary matrix. For the simple case of
two generations, it has one angle and three phases.
Redefining the charged lepton fields by the phase
transformation can remove two phases, and one
CP-violating phase will be left over in contrast to
the absence of the CP-violating phase for two gen-
erations of quarks. In general, for n generations of
ljeptons involving Majorana v’s there will be
sn(n —1) CP-violating phases in comparison to
5 (n —1)(n —2) phases in the quark sector. Since
in the zero-mass limit all the phases and angles can
be transformed away, the effects due to the phases
and angles are suppressed by a factor of (m, /E).
Furthermore, the extra CP-violation phases due to
the Majorana character of the neutrino fields will
show up only in the lepton-number-violating
processes which are of the order of (m,/E) com-
pared to the lepton-conserving processes, since it is
the Majorana term which violates the lepton
number.

It is interesting to note that the Majorana field
has the property

X(x)y,X(x)=X0,,X =0,

which implies that the Majorana neutrinos cannot

have a magnetic moment or charged radius, as ex-

pected from the charge-conjugation property of the
Majorana fields.

III. NEUTRINO DECAYS
AND NEUTRINO OSCILLATIONS

In this section, we will investigate the effects
which can, in principle, distinguish the Majorana
neutrino from the Dirac neutrino. The processes
we will study are v;j—v,— +7, vi—>v,+e T +e ™,
and neutrino oscillations.

A, vi—o>w+y

If all the v’s are lighter than 1 MeV, this will be
the main decay mode for the v’s. For simplicity,
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we will consider the limit that v, is very light com-
pared to v, and parametrize the effective interac-
tion as

Ly, = —Aj%[vzaw(a by,

+F10 0@ +b s, 3%, (3.1)

where M is the mass of v; and f, a, b are con-
stants. We will assume CP invariance so that a
and b are real. The second term in (3.1) can be
rewritten as

T/EU”V(G —b‘}/5)V€ .

Then the first term in (3.1) will give the decay
vi{—v,+7v, while the second term gives the decay
v,—¥,+7 as shown in Fig. 1. These are two phsi-
cally distinct processes for the case of Dirac v’s.
But for the case of Majorana v’s, these two
processes are the same because v;’s are self-
conjugate and we have to add these two contribu-
tions. Thus, the effective interaction for the Dirac
neutrino decay vi—v,+7 is

LD, = —{Z[vza,w(a Fbysvi]ora” (3.2)

while for the decay of the Majorana neutrino we
have

L= {4‘[720#1,1/1]8‘% v. (3.3)
It is straightforward to calculate the angular distri-

bution for the decays of the Dirac neutrino to give
dr __ fM%(Ja |+ b |?)
d(cosf) 32
1— 2ab
la |*+ b |?

X cos@ |, (3.4)

where 6 is the angle between the momentum of the
photon and the polarization of v;. It is clear that
the angular distribution for the decays of a Ma-
jorana neutrino is isotropic, i.e.,

Y v Y, v,

(a) (b)

FIG. 1. Processes which interfere for Majorana, but
not for Dirac, neutrinos.
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dat _ f*M?%*
d(cos®) 8w
In general, the decay v;—v,+ 7 comes from the
higher-order diagrams of the type shown in Fig. 2.
If the neutrino coupling to the gauge bosons W is
predominantly left-handed, as is usually the case,
then we have

a~—b . (3.6)

(3.5)

The angular distribution for the case of the Dirac
neutrino is then

ar
d(cos6)

Thus, in principle, by measuring the angular distri-

bution of the photon one can distinguish Dirac v’s

from the Majorana v’s.”

~(14 cos 9) . (3.7)

B. vi—»v,+et e~

If one of the v’s is heavier than 1 MeV, this will
be the main decay mode.® The advantage of this
process is that there are charged particles in the fi-
nal states which can be measured rather easily.
Also this decay can go through the usual lowest-
order charged-current interaction and give the
same rate as the usual weak decay except for the
suppression of the phase space and the mixing an-
gle. We parametrize the charged-current interac-
tion between v; and e as

szg\g;—i[a’p(l—ys)( cosd vy+ sin 6 v,) ¥

+H.c. . (3.8)

For the case of the Dirac v’s, the contributing dia-
gram is shown in Fig. 3, where k,, k, are the mo-
menta of vy, v,, and ¢_, g are the momenta of

Y t'_g G %
Y

(a) (b)

FIG. 2. Feynman diagram leading to radiative neu-
trino decay.

FIG. 3. v,—e*e ™, for a Dirac neutrino.

e~, e*. In the rest frame of v;, the decay-angular
distribution is then given by

dr Gr? sin 20 cos*0m ’E _dE _

d( cosb) 4873
4F _
X [3— (1—afB cosf) (3.9)
my
with
(1—4E_/m1)
= 1
(3—4E_/my)”’ 3.10)

where a is the average polarization of v, 0 is the
angle between the momentum a of the electron and
the direction of the polarization of v, E_ is the
energy of the electron, and m, is the mass of v;.
In these formulas, we have made the approxima-
tion m,=m,=0. Just as in the previous case,
there are also two diagrams contributing to the de-
cays of the Majorana neutrinos (Fig. 4). In the
limit m,=m, =0, v, from the first diagram is
left-handed and v, from the second diagram is
right-handed. Thus there is no interference be-
tween these two diagrams. The angular distribu-
tion is then

dr’

mm(l—aﬁ cosf) (3.11)
with
T (9—16E_/m,) '
e__ +
4 Y
R e* _ e”
w w
Y2 v2
(a) (b)

FIG. 4. Coherent amplitudes for v,—e*e~v,, for a
Majorana neutrino.
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Thus, the angular distribution for the decays of the .
Majorana neutrino is readily distinguishable from M;,= \-/T’)_-f ~Ui(k;)
that of the Dirac neutrino.’
X[mi( 1 —vs)—m(1 +'}’5)]V#(Q) , i=1,2,

C. Neutrino oscillations

(3.14)
As we have explained in Section II, for the case
of the Majorana v’s, there are additional CP- where f. is the usual pion decay constant. Simi-
violating phases, which are not present for the case larly, the amplitudes for the decays m~—u~¥; are
of the Dirac v’s.!® For illustrative purposes, we given by
will take the simple case of two generations of v’s G
where there is one CP-violating phase for the Ma- M;,= \/—% fﬂ-ﬁy(q)

jorana v’s while thre is no CP violation for the

Dirac v’s. We write the left-handed doublets as
’ X[m(1+ys)—m(1—7ys)Iv(k;) . (3.15)

Ve cos® v+ sin 0 e,
e, = e ’ The amplitudes for the charged-current neutrino
reactions are written as
(3.13)
T —EUN' Iy | NYT,(ply"(1—y5)Ulk;)
V| _ |—e®sind vi+cosd v, TV v U Ea i
He # L (3.16)
To see the effect of the CP-violating phase 8, we for vi(k;)+ N—e~(p)+N', i =1, 2, and

will compare the oscillation v,—%, with the CP-

conjugate oscillation %,—v,.!" More precisely, for T - Gr i ot T (e W1 — v U
the v, —7V, oscillation we consider the situation e /) (N [Ty [N DUk v (1 =75)Ue(p)
where v, is produced from the 7+ decay at 1 =0 (3.17)
and at a later time ¢ the neutrino will hit a nucleon '
target to produce e *. We denote the matrix ele- for v;(k;) +N—e ™ (p)+N',i=1,2. Then, for
ment for the decay 7t —pu*v;, i =1, 2 by the v,—¥, oscillation the amplitude is
|
Ty 5, =  sing cos® e[(M,, T, +M,, Ty, —e Ty o By i)
(M, T\y— My, Ty)e TV e =28 ~F2)] (3.18)
[

where E; =K;*+m;%. If we assume that where AE =E| —E,. Similarly, for the ¥,—v, os-

cillations we get, in the same approximation,
IMy T o+My Top| >> M, T —My, T, & PP

(3.19) l TV . !2200529 Sin29‘M1_T1_] 2
wVe g le
we get
) l
T, , = sin 0 cosf X4sin(7AE 1 +38) .
Ve

i —iEt is —iE,t
XeISMI#Tlf( —e e M) Thus, there is a phase difference between these two
CP-conjugate oscillations. It is not hard to see
from the structure of the matrix elements M,
M Ty, Ty, given Egs. (3.14)—(3.17) that these os-
| Tvu 7, |2=cos’0 sin’0 | M, T 2 cillations are suppressed by (m; /E)? relative to the
usual oscillations of the type v,=>v,. But it can be

in2(- S .
X4 sin(7AE 1 -8), significant if the m;’s are not too small compared

(3.20)
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to the energies of v beams. It is amusing that
these oscillations are nonzero at ¢t =0; a pure elec-
tron neutrino has a nonzero amplitude to be a
muon antineutrino!
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