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%'e have calculated the first-order radiative corrections to the muon decay p+ ~e+v, v„
along with the radiative decay p+~e+v, v„y for the case of a single intermediate-mass
Dirac neutrino mixing in the three-neutrino world. The method of dimensional regulari-
zation was used. The e+ spectra are shown for both unpolarized and polarized p+ de-

cays.

Recently, there have been several experiments at
the meson factories' to look for new structures in
the weak interactions by precision measurements of
the Michel parameters, in particular the p and g
parameters, in the ordinary decay of muons,

The radiative decay

p'""=0.752+0.003 (4a)

P""=0.972+0.013 . (4b)

The agreement between theory and experiment is

P ~8 VV f
has to be included in the consideration of Eq. (1)
since the photon is not detected in these experi-
ments.

The standard SU(2) XU(1) gauge theory with

massless neutrinos differs from the prediction of
the four-fermion V —A theory for the decay (1) by
terms of order m& /M~ . When radiative correc-
tions are included the two theories differ' by terms
of the order of am& /Miv, where a is the fine-
structure constant. In fact, with radiative correc-
tions the Michel parameter is modified to '

p"'"=0 708

and this is to be compared with the uncorrected
canonical value of p=0.75. The experimental
values for p and g are

quite good.
Hence any deviation from the canonical values

3of p = —, and /= 1 in the new measurements would

signal that new physics is operative. Otherwise,
they will constrain the parameters of the possible
new physics. One such new physics is the ex-
istence of right-handed 8' bosons coupling to the
lepton families (v„,p )I, and (v„e )I, at some
detectable strength. Another source of possible de-

viations could be due to intermediate-mass neutri-
nos (IMN's), namely, neutrinos in the range of a
few MeV/c, mixing into the light neutrinos. The
second scheme does not require the existence of
right-handed weak currents due to gauge bosons
but could lead to other effects such as violation of
p-e universality in the branching ratio of pion de-

cays and neutrino oscillations.
In this paper we concentrate on the effects of

IMN's on the precision measurements of p and g.
In a previous paper hereafter referred to as I, such
effects on the free decay [reaction (1)] were dis-

cussed. We present the calculation including radia-
tive corrections to reaction (1) and the radiative de-

cay of reaction (2) for massive neutrinos.
Next we give a brief discussion of the physics

involved in the role an IMN plays in the precision
measurements of p and g. As seen in I, the most
interesting effect occurs at the high-energy end of
the e+ spectrum, i.e., at x =2E, /mz near 1. In
the standard V —A theory with massless neutrinos,
angular momentum conservation calls for the e+
to come out with the maximum energy; in other
words, the spectrum peaks at x = 1 [see Fig. 1(a)].
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( a ) AElowed

ISZ 2

e

SZ 2

( b ) Forbidden

SZ 2~S IZ" 2

V = e+~ SZ= —
2

the neutrino weak eigenstates v, are related by an
N)&N unitary transformation to the mass eigen-
states v; ~ Explicitly,

iv, )=XU„
i
v;),

FIG. 1. Helicity considerations for the Michel spec-
trum for p+ decay with massless neutrinos. Angular
momentum conservation allows the configuration (a) and
forbids (b).

Similarly, if one examines the phase-space point of
o.z.p, = —1, where o.

&
is the spin of the p+, the

spectrum should vanish if chirality is good. These
are precisely the predictions of the V —3 theory
with massless neutrino. Hence, any mechanism
that violated chirality conservation would lead to a
decrease from maximum of the spectrum at x=1
and also a nonvanishing spectrum at a.&.p, = —1.
Two such possibilities are right-handed currents or
massive neutrinos with predominantly left-handed
interactions. For the latter, the amount of the de-

viation from the standard values will be controlled

by (m„/m&) and the mixing angle between the
heavy and the two light neutrinos. In this paper
we always assume that the neutrinos in the doub-

lets (v&,p )L and (v„e )I, are predominantly
light neutrinos. '

It was observed a long time ago that radiative
corrections would change significantly the Michel
spectrum. For the decay of unpolarized muons,
the tip of the spectrum at x =1 is brought down

from its maximum to the value zero when virtual
radiative corrections to reaction (1) and the brems-

strahlung process of reaction (2) are included.
Since radiative correction is large at the edge of
the phase space for the standard theory with mass-
less neutrinos, it is not a priori clear that such
corrections to the massless case would be small.
As we shall see later, the corrections are also large
just as in the massless-neutrino case. It is the pur-
pose of this paper to establish quantitatively the ef-
fects of radiative corrections to massive Dirac neu-
trinos. Since we have shown in I that the differ-
ence" between Dirac and Majorana neutrinos is
very small for the Michel spectrum, we expect this
is true when radiative corrections are included.
Hence, for simplicity we work only with Dirac
neutrinos.

Our next simplifying assumption involves the
mixing of the neutririos. Within the framework of
SU(2) XU(1) gauge theory with N lepton doublets,

where a =e,p, ~, . . . and i =1,2, 3, . . . . We also
order the masses of the neutrinos m; such that
m ~ & m2 &. . . & m~. Furthermore, we assume
that the mixing is hierarchical, i.e., U, & p U, 2

U 3 etc. and the dominant matrix elements lie
in the diagonal. The next dominant elements are
the ones immediately next to the diagonal. We
shall call this case the hierarchical-nearest-
neighbour (HNN) mixing scheme. This is expected
from grand unified models. From a naive extrapo-
lation of our knowledge of the mixings of charge
——, quarks we expect the v mixings to be as'indi-

cated above. Thus we only need to keep terms that
involve at most one heavy neutrino in the decay of
the muon. Recent experiments' give 10 & m

&
&40

eV/c and m2 &0.5 MeV/c . This holds if one as-
sumes that v, is principally v& and v& is mainly v2.
Within the accuracy of the muon decay experi-
ments we can set m~ -m2-0. However, v3 can be
heavy' and can have a detectable mixing with vi
and/or vz. In our numerical calculations we will

deal only with the case of a three-neutrino world
with v3 or v, heavy in the MeV/c range. Present-

ly, the general N-neutrino world will involve so
many unknown parameters as to render a numeri-
cal analysis meaningless.

It was shown that the difference between the
SU(2) )& U(1) theory and the four-Fermion theory is
very small at low energies; hence, we shall use the
four-fermion theory to calculate the photonic radi-
ative corrections. Doing it in the full-Aedged
SU(2) && U(1) gauge theory will only give correc-
tions to the order of a(m& /Ms ) to our results.
As in the massless neutrinos case both the ultra-
violet and infrared divergences cancel to order a
and a finite answer emerges. ' In fact, the terms
involving neutrino mass can be factored out clean-
ly. We shall use the technique of dimensional reg-
ularization' to regulate the divergent integrals that
occur. To our knowledge this is the first time a
complete calculation of muon decay using this
technique is presented. The infrared part of the
problem for massless neutrinos was discussed in
Ref. 14 using the dimensional regularization tech-
nique. Next we will present the results of our cal-
culations. The theoretical details of dimensional
regularization and the cancellation of divergences
are given in the Appendix.
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The e+ spectrum for the decay of p+ at rest is
given by

2E, 3
=2E,Q I U„; I I Uj I

where X' is the number of neutrinos that can

kinematically couple to the processes (1) and (2).
Within the framework of SU(2) X U(1) theory of
dominant left-handed weak interactions only,
X' &X, the total number of lepton doublets.
Under our assumption of hierarchial mixing only
neutrinos in the same doublet of p and e or the
nearest-neighboring doublet contribute to the sum.
Thus, after performing the azimuthal angular'
(see I) integration

d R
2 5

", I:( I U~i I

'+
I U, z I

')(
I
U. i I

'+
I

U.21 )R0+
I

Up31'(
I U. i I +

I
U.z I

')R3 1d cosodx }92~3

where we have used m
&
2-0 and x—:ZEe/I&, and the angle the emitted e+ makes with the z axis is denot-

ed by 0. The quantity Rp is the usual radiatively corrected spectrum for massless neutrinos and R3 is the
spectrum when only one massive neutrino enters the decay. Hence, the correction to the Michel spectrum is
due to R3 and is proportional to the strength of the mixing

I U„3 I
. In the three-neutrino world, unitarity

of U gives
I U, & I

+ I U, z I
=1—

I
U, 31 . Under the nearest-neighbor hierarchal mixing assumption this

factor is approximately unity. However, the kinematic factor in R3 enhances this effect. The result for Rp
is well known and is given by

Rp=Rp+Rp

Rfo ——x (3—2x) —oq.p, x (1—2x), (8b)

R 0
———x (3—2x)r (x)——x lnx

7T
2

+ (5+17x—34x ) ln ——22x+34x2, —g„p,R', ,
e

(8c)

and the spin-dependent term is

2

R,', =—x ~(1—2x)r (x)— lnx
77. 2

(1+x +34x )ln +3—7x —32x +—(1—x) ln(1 —x)
6 6, X

where

X 1 —x
r (x)= ln —1 21n

6, X
+ —+ln(1 —x) lnx ——+ 1 —lnx+2Liq(x)—3 1

'
1

2 x 3 2
(8e)

with 6,:—m, /m& and a& is the spin of the p and p, the unit vector of the outgoing e . The dilogarithm
or Spence's function Li2(x) is defined by

Li2(x) = —I dt (t & 1) .
x ln(1 t)—

t

The massive neutrino spectrum R3 is calculated in the Appendix. %e divide it into a free-decay piece R 3

and the radiatively corrected piece

R3 —Rq+R3 .f

The first piece R 3 was calculated in I and is given by

(10a)
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x(1—x —5)2 2

2[(l —x) +5 (I —x)—25 ]+ I ——+—0 P,
2 2 4 X X

(I —x) p e

+ (I—x)[(1—x) —2(1 —x)5 +5 ](I—o„.p, ) 8(1—5~) .

The radiative correction to it is explicitly presented as

(Iob)

R3 —Ro+ x[—35 (I—x) —35 +5 (3—x)]r(x)

21 27 17 2 3 x lnx j,+5 — x+ x —— + ( —9—3x +21x —17x )ln(x/5, )2 2 2 2 (I—x) 2x

+5 —9—3x —x~+ lnx+ (9+9x +2x )ln(x/5, )
2(1 —x ) 2x

+5 —,(13+43x —I lx )+ Inx+ ( —5 —3x —39x + I lx3)ln
2(1 —x) 6x 5,

+[In(1—5 )](I—lnx/5, )[—2x(3 —2x)+65 x(1—x)+65 x+25 x( —3+x)]

—35 In5 2x+ —(I—2x —x )Inx/5,

and

+5 ln5 I+4x —x +—(I—3x —3x +x )lnx/5 8(1—5 ) —cr .p R3 (10c)

R3, —Ro, + x[—35 (I —x)+35"—5 (I+x)]r(x)

I z 3 3 3 (12—48x+75x —39x +9x )
I

2x (I—x)

+ (3—3x + 17x —3x 3)lnx /5,

+5 ( —15+42x —13x +12x ) — Inx+ {3—12x —5x —6x )Inx/5,
2x 2(1—x) 2x

+5 (39—100x +56x —46x )+ lnx+ ln(1 —x)
6x 2(1—x) 6x

+ ( —17+45x —27x +35x )lnx/5,
6x

+5 ln5 —{—I+2x —x )+3 3(1—2x —x ) 12(1—x)Inx/5, — In(1 —x)
X X X

+5 In5~ —( —3+8x —9x )+—(I —3x+5x +x3)ln
-6 -2 1 X

X X 5,
2(1—x)

In(1 —x) 8(1—5 ),
X

(10d)



25 RADIATIVE CORRECTIONS TO MUON DECAYS WITH MASSIVE. . . 1309

TABLE I. Corrections to the polarization P of the p+ from m.+~p+v' decay due to the
mixing of massive neutrinos [see Eqs. (12) and (13)].

m (MeV/c ) P„

0
3
5

10

1

0.9912
0.9757
0.9055

1

0.9995
0.9986
0.9944

1

0.9994
0.9984
0.9937

1

0.9991
0.9976
0.9906

where r (x) is given by Eq. (8e). In the above equa-
tions terms that are multiplied by 5, and higher in
powers of 6, are dropped but we retain ln6, terms;
also 5 =5 /(1 —x). Owing to the presence of 5
terms and not only 5, the effects of radiative
corrections for massive neutrinos are very impor-
tant near the upper end of the spectrum, namely, x
close to 1 —5.

Both the terms Ro and R3 have a singularity as
x~1 coming from ln(1 —x). This is due to the
famous infrared catastrophe of a charged particle's
capability of emitting a large number of soft pho-
tons. We have adopted Kallen's smearing pro-
cedure for the term ln(1 —x) by making the
replacement

ln(1 —x)~ln(1 —x+M)

given by

8=1—/Uq3[ +IU„3( P„

and

m
(1—S'g, '" 1,

m~
2 2

(1+5') 1—
m~ m~

2
m~

2m

m„+4
m~

(12)

(13)

0.24—

where A,(x,y,z) =x +y +z —2xy —2yz —2zx, and
we have assumed only the third neutrino with mass

for x near 1 and (m&/2)M = energy resolution of
the apparatus. An alternative procedure of ex-

ponentiating these terms has also been suggested. '

The practical differences of these two procedures
are small. Furthermore, Eqs. (8) and (10) are also
not applicable for x very close to the origin due to
our omission of 5, terms as well as the importance
of the two-photon contributions. For the measure-
ments of p and g the formulas [see Eqs. (8)—(10)]
are sufficiently accurate.

We also observe that no additional mass singu-
larities due to m, +0 are present in R3; i.e., no
terms of the type ln6 appear. All logarithmic
terms of 6 are correctly accompanied by powers of
5 and thus vanish in the limit 5~0. Hence, the
only mass singularities are due to the electron
mass, i.e., ln5, terms. This is precisely as expected
from the Lee-Nauenberg-Kinoshita' ' theorem.

The spin terms involving cr„p, —=P cos8, are
relevant for the measurement of the g parameter,
where P is the polarization of the p+. We have
defined the angle 0, to be that between the direc-
tion of the outgoing e+ and the initial polarization
P of the p+. However, due to the presence of the
intermediate-mass neutrino the initial polarization
P of the p+ from m+ —+JM+v decay is not 1 but is

0.23

0.22—
. l
)I

tl(
l

0.2I— . I
,

I

il
il

l

l

0.20—

O.I9 0.90
I

0.95
I

I.O

FIG. 2. The tip of the Michel spectrum for a 5-
MeV/c neutrino with mixing

I U„3 I
'=0.059 (dashed

curve) and
~ U„3

~

=
I

U, 3~ =0. 1 (dash-dot curve). The
solid curve is the standard Michel spectrum. The curves
are normalized with respect to each other.
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0.24—

0.23

0.22—

0.2l

0.20—

Michel spectrum for a 10-MeV/c neutrino. It is
seen that distinguishing between massive neutrinos
and the massless neutrino spectrum is very diffi-
cult if the mixing

l U» l

is small. For m„=10
MeV/c a mixing &0.02 is possible. In general
there are two features to look for. There is a kink
at x=1=6 which is x=0.990 for m =10
MeV/c and x =0.9998 for m, =5 MeV/c . The
latter is currently unmeasurable. The maximum of
the Michel spectrum also shifts towards lower
values of x compared to the massless case. Either
of these two effects are difficult to measure.

In Fig. 4 we give the values of Up3 that are al-

lowed by the current data' of the p measurement
as a function of the neutrino mass m, . Under the
HNN assumption for 10 MeV/c only a very small
mixing

l U„3 I
&0.025 is allowed. Similarly for

m„=3 MeV/c we have
l U„3 l

&0.185 although
this mass is beyond the energy range of ~I2 due to
the energy resolutions of current experiments. In

0.I9
0.85

I

0.90
I

0.95 1.0

0.5—
FIG. 3. High-energy end of the Michel spectrum for

a 10-MeV/c neutrino with
l U„3 l

=0.059 (dashed

curve) and equal mixing of
l U„3 l

—
l

U 3 l

=0.1

(dash-dot curve). The solid curve is the standard Michel
spectrum. The curves are normalized with respect to
each other.

0.4

0.3

0.2

lu„l -o

m is significantly coupled to p+. The decrease of
P from the value of unity for different values of 5
and mixing parameter is given in Table I. It is
seen that the polarization is not very different
from unity for most cases unless both the mass m„
and the mixing

I U» l
are large. Recent experi-

ments' of the p+ spectrum for ~12 decays have
ruled out a large mixing for neutrinos of mass
m ~ 10 MeV/c . However, no information is
given for m & 10 MeV/c due to the energy reso-
lution. '

In Fig. 2 we plot the radiatively corrected
Michel spectrum for a 5-MeV/c neutrino for dif-
ferent values of U„3. Note that the shape of the
spectrum for massive neutrinos when radiatively
corrected looks very similar to the massless spec-
trum even at the edge where x=1, The standardI =0 case is also given as a reference. %e start
out at x =0.85 since 5+0 gives no visible altera-
tion to the spectrum for x &0.85. The curves are
normalized relative to each other for a given mass
and mixing.

Figure 3 shows the high-energy end of the

O. I

l

IO

m (MeV/c )

0.5— lu, l' = lu„l' (b)

0.4—

0.3—

O. I

0
I IO

m (MeVfc~)

FIG. 4. Limits of allowed mixing of
l U&3 l

as a
function of neutrino mass. Hierarchical-nearest-
neighbor mixing is depicted in (a), and (b) gives the case
for equal mixing.
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MeV/c and
I U&3 I

=0.067, i.e., Cabibbo-type
mixing and also for

I Up3 I I Ue3 I

'=o 1

Again only for the latter case can one discern a de-

viation from the massless-neutrino situation.

0.008

CONCLUSION

0.006

IA ~
CI

Ol

C9 0.004
ev

0.002

0
0.99

I

0.992
I

0.994
X

I

0.996 0.998

FIG. 5. High-energy end of Michel spectrum with

spin of p+ antiparallel to the direction of emitted e+.
For m„=5 MeV/c, the dash-dot curve stands for

I U„3 I

2=
I

U, 3 I

=0.1 and the dashed curve for

I U„3 I
'=0.067. The massless neutrino with radiative

corrections case is depicted by the solid line. For refer-
ence the dash-cross line is the case with no radiative
corrections and is of the form y =1—x. The curves are
arbitrarily normalized and displaced from each other to
reveal the difference.

Fig. 4(b) we plot the same for equal mixing in a
three-neutrino world.

Next we discuss the spin terms. Looking at Fig.
1 we conclude that angular momentum forbids the
e+ in the forward direction if the initial polariza-
tion of the p is pointing in the —z direction.
This is reflected in Eq. (8b) where Ro ——0 at x = 1

for o& p, = —l. Equation (8b) is for massless neu-

trinos where chirality is good. This feature is
again preserved when radiative corrections are tak-
en into account as can be seen by setting o &.p,
=—1 in Eq. (8c) and evaluating it at x =1. With
the mixing of a massive neutrino the spectrum for
o& p, = —1 does not vanish at x =1 in a linear
fashion. Figure 5 depicts the correction for m„=5

We have calculated the first-order radiative
correction to the decay of a JM+ at rest plus the
bremsstrahlung decay with one massive neutrino
mixing into the (e,v~)L and (p, vz)L doublets.
Both the e+ spectrum [Eqs. (7)—(10d)] and the
bremsstrahlung spectra [Eq. (A21)] are given. The
assumptions we made are that weak interactions
are predominantly left-handed and that significant
mixing only occurs between the nearest-neighbor

ing families of lepton doublets in the standard pic-
ture. Our result can be generalized to include any
intermediate-mass neutrino that may have a large
mixing with vz and v, . Obviously, by changing
the parameters 5& and 52 and m„we can use the
results for w+ decays or any three-body leptonic
decays of heavy leptons.

We found that for IMN's with small mixing the
deviations from the standard massless-neutrino
spectra are small. In previous calculations where
no radiative corrections are included sensitivity of
the Michel spectrum at x near 1 to IMN's was
found. Here we report that this sensitivity is
mostly reduced when first-order radiative correc-
tion is included in the calculation, so that the spec-
tra look qualitatively the same. Quantitative
difference, however, still remains but is very diffi-
cult to detect experimentally.

The asymmetry measurement is also largely
unaffected by IMN's if their mixing is of the order
of Cabibbo mixing or less (see Fig. 5). An IMN
with large mixing is unlikely since it gives rise to
additional peaks in mI2 decays as well as including
a large deviation from the universality in the

~, /vr&2 branching ratio.
Alternatively, our results can be interpreted as

the v, must have a mass less than 5 MeV/c if it

to) (b)

p (p+)
e (p )

+v (p) t
I

v; (p;)

FIG. 6. Feynman diagrams for the
(d) are the self-energy corrections.

v)

"' (p')

free-muon decay plus the virtual-photon corrections. The black dots in (c) and
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Pe

FIG. 7. Self-energy correction diagrams of the
charged leptons.

Trl =n,

(A2)

(A3)
mixes with v„with a strength of the order of Ca-
bibbo mixing.
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and

yiy y"=(2 &)y—. (A6}

I y5, yq I =0, p =0, 1,2, 3

The prescription for y5 we used is that of Ref.
13, 1.e.,

APPENDIX

The relevant Feynman diagrams are depicted in
Figs. 6 and 7. The interference between graph Fig.
(6a) and the sum of Figs. 6 (b) —6(d) gives the radi-
ative correction to the reaction (1). The brems-
strahlung graphs of Figs. 8(a) and 8(b) are calcu-
lated separately and the double-differential cross
section is given. This will be of use for some fu-
ture experiments that measure the photon spec-
trum. To obtain the correction to the Michel spec-
trum due to the bremsstrahlung process, we inte-
grate over the undetected photon. It is well known
that the diagram Figs. 6(b) —6(d) and Fig. 7 have
ultraviolet and infared divergences. We use the di-
mensional regularization procedure of 't Hooft and
Veltman' to deal with both problems at once. To
our knowledge this is the first time a complete cal-
culation to the p-decay process using this tech-
nique is presented.

The convention for the Dirac y matrices in n di-
mensions is as follows:

[y5,y„]=0, =iu4, . . . , n —1 . (A8)

ep =(Plp ) e, (A9}

where e is a dimensionless quantity in n dimen-
sions.

In the Feynman gauge the sum of the two self-
energy graphs of Fig. 7 gives, after subtraction of
the appropriate mass counterterm,

2

8

2 —yE —ln5,
4—n

The external lepton lines in Fig. 6 are taken to be
four-dimensional vectors and are not continued to
n dimensions.

In n dimensions the coupling eo is scaled by a
dimensional parameter. We shall choose the natur-
al scale of the muon mass; thus,

y(k)
P

y(k)
+. 21n2Vn. +4 ey" iM,

2

(A10)

FIG. 8. Bremsstrahlung graphs correction to free-
muon decays.

where yE is the Euler-Mascheroni constant.
Similarly after some manipulation of the Dirac

algebra and integrating over the virtual-photon
momentum in n dimensions, we obtain the vertex
correction (see Fig. 6) to be
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2
1

2

V'= ', 2 +In2M~ — ' », +1
g~2 4—n

2

r

2

+2 ln 5, +lnx ln — +Li~(x) —41n5, +lnx 3—
x 6 1 —x

~ (1 —y5)
ey p2

1 Pe

1 —x m p
1+— lnx

2x —1

1 —x
Pp,

lnx
x

Pl P 1 —x
1+Xs

p (A 1 1)

where we have neglected all terms O(5, ). The ultraviolet divergence of the graph appears as a pole in

n =4. The photonic virtual corrections to the electron spectrum are then given by multiplying with the am-
plitude of the free-decay graph (see Figs. 6 and 7) and integrating over the phase space of the two outgoing
neutrinos. Thus, with only the ith neutrino being of intermediate mass,

2 5
dRij a ~z~l x

2 2

dz dx .~ )
2&

x(1—5; )
X ' (1+25; )(2—2x+3x Inx)

1 —x

(2+5,~)(1—x) 1+ lnx (1—o& p, )
1 —x

+2x(1—5 )'I (1+25 )(2—x)+(1—x)(1—5I')

+oP [(1—5;~)(1—x)—(1+25; )x] I F (A12)

where

1

4—n

VE x
2

+ ln2Mn ln —2
2

2

+Liz(x)+ln 5,

+lux ln(1 —x}—ln x ——, ln5, + —, 3—
1 —x

lnx —2 (A13)

and

2
2

1 —x
(A14)

(A15)

where e" is the polarization vector of the emitted photon. It is trivial to check that M is gauge invariant.
The differential decay rate for the process (2) is given by

In the limit of massless neutrinos, 5;—+0, we reproduce Kallen's results. The factors containing 6; arise
only from the phase-space integrations of the neutrinos, since the Fierz-rearranged form of the effective
Lagrangian factorizes into a product of (pe) current and (v;vj ) current.

The amplitude for the bremsstrahlung process [see Figs. 8(a) and 8(b)] is

peg t Pp g+ m~M=
q Ueq U~r u(A)Y"(I —'Y5)

"
~ q

p~u (pq)u(pg )yq(1 —y5)v(p~)(p„—k }'—m„~

P,'+X+m,+ u(p, )Y ~ ~
y"(I —y5)u(p„)u(p;)y„(1 —y5)v(pj)

(p, +k) —m,
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(2E,)(2') 3 3
——

8 J I 5 (p~ —p, —p; —pj —k) g iM i

dp; dpj. 2

d'p, d3k 2m„(2m. )'
(A16)

Next we integrate over the neutrinos' phase space (and sum over the photon polarization); in the usual

four-dimensional space-time this gives

d P d3k 64dR=
2E, 2' (2m') (2~)s

mq 2 pq'p~
, + „„" [&(p, Q)(p„Q)+BQ'(p, p„)](k.p, (k p„

[A(p, .g)(k Q)+Bg (p, .k)]+ [A(pq Q)(k.g)+BQ (pq. k)](k-pq) z —.
(k p„) (p, .k )

T

+BQ', [(p. k)(P, p, ) —(p, .k)(p, p,)]+,[(p, k)(p„p, ) —(P„k)m, ']
(p .k)2 ~ P i~ 8 9 &

( .k)2

+A 2 [(Q k)(pq.p„)—(k pq)(g.pq)] —A [(Q.k)m, —(k p, )(g.p, )](p, Q) (p„Q)
(k p )

" " " " (k p )

2

[(p, p„)(k p„)+m, (k p„) (k p, )(p„—p„+p, p„)]

where

+ " [(p„'p, )(k Q) —«p. )(p Q)]— k
[«'Q)(p. 'Pp) —«» p)(p. Q ]

(kp„)(kp, )
" ' ' " (kp„kp,

(A17)

with

and

(~)3/2(Q2 m2)2(2g2+4m2)A=
3r(3/2)(2)'(g 2)3

(~)3/2(Q2 2)38=
3&(3/2)(2) (g')'

Q =pp —p. —k

(Alga)

(Al gb)

(A 1gc)

(Alger)

This is infrared divergent in the limit co~0. To obtain the electron spectrum an integration over the photon

space has to be performed and this is a divergent operation. To regularize this divergence we generalize to n

dimensions the photon phase space

1 d k 1 d" 'k

(277) 2CO (2S') 2N
(2~)"-'r ——1

E1

2

max
1

d (1—z2)(n/ )—
p —1

(A19)

where the maximum photon energy is given by

1 —x+6, —6;

2[1—x/2+z/2(x —45, )' ]
(A20)
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with z =cos0 and 0 is the angle the photon is emitted with respect to the z axis.
Thus, for the bremsstrahlung graph we have performed all the Dirac alegbra first in four dimensions

since the momenta involved are physical four vectors; continuation in n dimensions is performed only at the
end. Thus, we have the contribution due to the photon bremsstrahlung process,

262 5
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—I+ +In ——In(1 —x) + (I—5; ) x ln ———2x
(x —2) x 2 (I —x) —2s x
(I—x) 5, x x ' 5,

(A21)

The jnfrared divergence appears as a pole in n —4. This precisely cancels that in the virtual corrections [see
(A12)] and we obtain the final expression given in Eqs. (10c) and (10d). As noted in Ref. 14, to obtain the
result of the cutoff method all we need is to substitute

1 1——yE+In2V sr~Ink, ;„,4—n 2
(A22)

where 1, ;„ is the cutoff photon energy. If the photon energy spectrum is measured in addition to and dis-
tinguished from the electron energy, then this cutoff is replaced by the energy resolution of the apparatus.
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