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Cosmic-ray experiments are approaching energies where electromagnetic-cascade calcu-

lations must include the Landau-Pomeranchuk-Migdal (LPM) reduction in bremsstrah-

lung and pair-production cross sections. The LPM effect is already significant for cas-

cades in Pb at 100 TeV and very important at 1000 TeV; for cascades of incident energy

Eo the LPM effect is significant if Eo»ELPM ——61.5L, TeV, where L, is the radiation

length in centimeters. Two totally independent Monte Carlo computer programs have

been developed which, in approximation A, agree with each other and with Konishi,

Misaki, and Fujimaki. One of these programs (by Stanev and Vankov) has been extended

to include calculations of the lateral and angular distributions of cascade particles; the

other (by Streitmatter, Ellsworth, and Bowen) has been utilized in a hybrid Monte Carlo

and analytic method to calculate the longitudinal development in approximation B.

THE LANDAU-POMERANCHUK-MIGDAL (LPM}
EFFECT

Landau and Pomeranchuk' showed with a semi-
classical argument in 1953 that the bremsstrahlung
and pair-production cross sections should decrease
approximately as E ' when the incident energy
E becomes sufficiently high in a dense medium, in
contrast to the Bethe-Heitler (BH) energy-
independent cross sections at lower energies. In
1956 Migdal gave a quantum-mechanical treat-
ment of the effect (which we denote as the LPM
effect) upon which all subsequent workers have re-
lied for the fundamental radiation and pair-
production probabilities at ultrahigh energies. Al-

though Greisen pointed out the potential impor-
tance of the LPM effect in a 1965 review of air-
shower studies, further developments came slowly
because the LPM effect becomes important only at
energies far above those availabe at accelerators

and where cosmic-ray events are very rare.
As the attention of cosmic-ray physicists has

moved toward energies & 10 TeV (=10' eV) in
emulsion chambers and & 10 TeV in air showers,
there has been a revival of interest in the LPM ef-
fect, both in experimental confirmation of the
LPM radiation and pair-production cross sections
and in including the LPM effect in electro-
magnetic-cascade calculations. Varfolomeev et al.
first reported qualitative evidence for the effect in
a 1959 nuclear-emulsion study for bremsstrahlung
in 10"-to-10' -eV cosmic-ray-produced electron-
photon cascades. More recently Vafolomeev's

group has quantitatively confirmed the LPM-
predicted bremsstrahlung reduction in experiments
with a 40-GeV electron beam at Serpukhov.
Comparisons were made of the intensity ratios of
20-to-80-MeV photons from Pb relative to Al and
from W relative to C. In this energy range the
predicted (and observed) intensity ratios from equal
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thicknesses (measured in radiation lengths) of
high-density and low-density materials fall in the
range from 0.5 to 0.7. By observing the starting-
point distributions of photon- and electron-initiated
cascades with energies g 1 TeV in emulsion
chambers, Koss et al. have found results con-
sistent with the LPM cross sections.

By the time of the 1977 International Cosmic
Ray Conference in Plovdiv, Bulgaria, three groups
were developing Monte Carlo calculations of elec-
tromagnetic cascades which included the LPM ef-
fect. ' However, although all began with the
Migdal cross sections, no two calculations were in
satisfactory agreement. In 1979 three of the au-

thors (Streitmatter, Ellsworth, and Bowen) became
interested in the LPM cascade problem and carried
out a fourth independent Monte Carlo calcula-
tion, "both in "approximation A"' for comparis-
on with the other groups, and a hybrid Monte Car-
lo and analytic calculation in " approximation
B."' The results were found to be in excellent
agreement with those of Misaki's group. ' A one-

year visit by another author (Stanev) to the United
States allowed detailed comparisons which un-

covered a programming error in the calculation of
the Bulgarian group. ' Because the cross checks of
independent Monte Carlo programs proved to be

very important, we agreed to publish together the
combined results of the United States collaboration
and the Bulgarian group.

9,-mc /Eo .

Let the parameter s be defined by

S[g($)]1/2=—g /p(g 2)1/2

(4)

(sa)

2Ep(Ep —ck) i'l-
(mc )

where Eo is the initial electron energy, k is the
photon momentum, and m is the electron mass. If
the medium has sufficient density, other atoms

may be encountered in traversing the distance I.
These additional atoms cause multiple Coulomb
scattering of the two electron waves introducing
decoherence between the two states which reduces
the result of the integration to obtain the transition
matrix element.

The LPM suppression of the radiation matrix
element becomes important when the rms
multiple-Coulomb-scattering angle (8, ) ' be-

comes larger than the scattering angle O„due to
the radiation process:

(8, )' &8„(for LPM effect) .

The multiple-Coulomb-scattering angle is

(8,') '"=(E,/E, )(I/1.}'",
where the scattering constant E, =mc (4n/a)'/.
=21 MeV and L is the radiation length of the
medium. The order of magnitude of the scattering
angle due to the radiation process is

QUALITATIVE EXPLANATION
OF THE LPM EFFECT mc

2E.
mc
2'

' 1/2

For explanations of the LPM effect, the reader
is referred not only to the original papers, ' but
also to a discussion by Nishimura. ' The effect be-

comes important when the two electron momenta
(initial and final electron momenta for radiation
processes or e+,e momenta for pair-production
processes} become ultrarelativistic. Then the two
electrons and a photon at a vertex have approxi-
mately zero mass, so the longitudinal momentum
transfer q~~

can be very small. Conversely, the dis-

tance l along which the radiation process occurs
becomes very long:

(mc ) k
X I.

Ep(Ep —ck) mc
(5b)

where g(s} is a logarithmic factor-unity. Then
the LPM suppression of the BH cross sections
must be considered if

s & 1 (for LPM effect) .

If the radiated photon energy kc is measured as a
fraction u of the electron energy (u:kc/Ep), then-
Eq. (Sb) becomes

1/2
mc
2A

1/2
2

' 1/2
mc

1/2 ' 1/2
I.

(bremsstrahlung), (7)

where a is the fine-structure constant. The expression in the first square brackets in Eq. (7) has the numeri-
cal value 1.37/10 if I. is in cm; this numerical constant often appears in LPM probabilities. For any
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given electron energy Ep » mc, it can be seen from Eq. (7) that there is a region at the lower end of the
radiated photon spectrum such that s «1.hence the LPM effect always prevents an infrared catastrophe at
the low end of the bremsstrahlung spectrum.

In pair production, Eq. (Sb) can still be employed, but the energy E of one of the electrons is a fraction u

of the incident photon energy ckp (v =E/ckp), so

1 a
2 4m.

1/2
mc
2'

1/2
2 1/2

mc 1

ckp v (1—u)

1/2 ' 1/2I.
(pair production) .

Since 1/u (1—u) &4, the I.PM effect in pair pro-
duction only becomes important at very high pho-
ton energies.

It is convenient to define an energy ELPM which

characterizes the energy above which the LPM ef-

fect is significant (i.e., s « 1 for u & —, and s « 1

for any u):

LLFM (Ep/ELFM)' L (when Ep »Ei pM) (10)

where L is the standard Bethe-Heitler radiation
length for the medium. The factor —, for pair pro-

duction should be compared with the familiar 9

factor for Eo «ELPM. The values of density, ra-

diation length, and ELPM for water and lead are
listed in Table I.'

4mc
ELPM = mc

2A
Lmc (9a)

LPM RADIATION AND PAIR-PRODUCTION
PROBABILITIES

=[(8)(1.37)&10 )] L, mc (9b)

=61.5L, TeV, (9c)

where L, is the radiation length in centimeters.
VA'th this choice, the radiation length for brems-

strahlung and —, of the mean free path for pair

production are given approximately (within

-20%) by

In the quantitative theory of the LPM effect
given by Migdal, all radiation and pair-production
cross sections are given as probabilities per BH ra-
diation length, and all electron and photon energies
(E and k in this section) are in units of mc, the
electron rest energy. Many formulas are simplified

by using the fractional radiated photon energy
u:—E/ko and the fractional energy of one pair
electron u =—E/kp. If E(Ep, u )du is the probability
per radiation length of radiating a photon with
fractional energy between u and u +du, then

+(Ep, ii)=g($) jt/ H($)+2[1+(I—g) ]p($)I/3ii (1 1a)

=g(s)[u g(s)+( —,)(1—u)$(s)]/u (bremsstrahlung) . (1 lb)

If G(kp, v)du is the probability per radiation length of pair production with one electron (say the e ) with

fractional energy between v and U +dU, then

TABLE I. Values of the density, radiation length, and EIpM for water and lead.

Water (H&O) Lead (Pb)

Density p (g/cm )

Radiation length (g/em )

Radiation length L, (cm)

ELpM (TeV)

1.00
36.4
36.4

2240

11.35
6.4
0.56

3S
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G(k, u) =g(s) [H(s)+2[U + (1—u) ]P(s) J /3

=g(s )[1('(s ) —( —, )U (1—U)p(s )] (pair production) .

(12a)

(12b)

The functions H(s), P(s), and f(s) are given by

2 ~ 1 " „sin(st)
4 2 o sinh(t /2)

(13a)

=12~s —48s g[(j+s+—, ) +s ]
j=0

(13b)

12~s (s && 1)

1 —0.029/s (s » 1),
(13c)

(13d)

P(s) = 12s e "coth(t/2)sin(st)dt 6n—s2
0 (14a)

=6s —6~s +24s g[(j+s) +s~]
j=l (14b)

6s(1 mrs) (s &—0.01)

-='1—exp[ —6s[1+(3—~)s]+s /(0. 623+0.796s+0.658s )J (0.01(s &2)

1 (s&2),

(14c)

(14d)

(14e)

P(s) —=[H (s)+2/(s)]/3 (15a)

4s (s (0.01)
1 —exp[ —4s —gs /(1+3.936s +4.97s —0.05s +7.50s )] (0.01 &s &2) .

1 (s &2)

(15b)

(15c)

(15d)

The approximate formulas in Eqs. (14c)—(14e) and (151}—(15d) are accurate within 0.15% and were
developed and employed by the the U.S. authors [Streitmatter, Ellsworth, and Bowen (SEB)] to reduce the
computer time required to calculate the slowly convergent series in Eqs. (13b) and (14b). The series expres-
sion [Eqs. (13b) and (14b)] were given by Migdal, ' and were employed by the Bulgarian authors [Stanev and
Vankov (SV)] in performing their calculations.

The approximate expressions given by Migdal for the logarithmic factor g(s) are

2 (s&s&}

g(s) = 1+(1ns)/lns& (st &s & 1),
1 (s&1)

(16a)

(16b)

(16c)

where

(17)
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FIG. 1. Differential bremsstrahlung intensities per
radiation length in Pb, uF(Ep, u), for Ep ——0.1, 1, 10,
100, 1000 TeV. The Ep ——0.1 TeV curve is very close to
the limiting curve for Bethe-Heitler' cross sections;
curves for higher Ep cross this curve because of
Migdal's approximation for f(s) in Eqs. (16a)—(16c).

FIG. 3. Differential bremsstrahlung intensities per
radiation length in H20, uF(Ep, u), for Ep ——10, 10, 10,
10, 10 TeV. The Ep ——10 TeV curve is very close to
the limiting curve for Bethe-Heitler cross sections;
curves for higher Ep cross this curve because of
Migdal's approximations for g(s) in Eqs. (16a)—(16c).

and Z is the atomic number of the scattering nuclei. Equations (7) and (8) for s and s require an iterative
procedure for solution, since g appearing on the right-hand side is itself a function of s or s. However, as g
is only logarithmically dependent upon s, the following approximate formulas, accurate within 0.05%, allow

g and s to be directly calculated without iteration:

1 ELPM g
8 Ep 1 —g

1/2

(bremsstrahlung ), (18)

' 1/2
1 LPM 1

8 kp v(1 —v)
(pair production), (19)
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FIG. 2. Differential pair-production probabilities per
radiation length in Pb, G(kp, v), for kp=1 10 30 100,
300, 1000 TeV. The Ep ——1 TeV curve is very close to
the limiting curve for Bethe-Heitler cross sections;
curves for higher Ep cross this curve because of
Migdal's approximations for g(s) in Eqs. (16a)—(16c).

FIG. 4. Differential pair-production probabilities per
radiation length in H~O, G(kp, v), for kp ——300, 10',
3&10, 10, 3)(10, 10 TeV. The Ep ——300 TeV curve
is very close to the limiting curve for Bethe-Heitler cross
sections; curves for higher Ep cross this curve because of
Migdal's approximations for f(s) in Eqs. (16a)—(16c).
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h (s') =(Ins')/In(W2s& ), (20)

2 (s &~2$))

Pg) 1 h0 08(1 h)[1(1 h)](t/2g 1)
In(V 2s i )

1 (s') 1),

(21a)

(21b)

(21c)

where s~ is given by Eq. (17). Finally we obtain

s =s'/[g(s')]'i2, (22a)

(22b)

The approximation scheme of Eqs. (lg) —(22) was
developed and employed by SEB.

Figures 1 and 2 show the bremsstrahlung inten-
sity distribution uF(Eo, u) and the pair-pro-
duction probability distribution G(ko, u) for Pb;
Figs. 3 and 4 show the same distributions for H20.
The authors have published tables of the
corresponding integral distributions for Pb and
H2Q. ' It is clear from the figures that the radia-
tion and pair-production probabilities are reduced
by overall factors -(EL&M/Ee)' along with some

change of shape. The complicated behavior of
these distributions when Eo ))EppM necessitates
Monte Carlo techniques for calculating the proper-
ties of electron-photon cascades.

For use in Morite Carlo calculations, tables of
the integral distributions, such as those published
by the authors, ' were constructed. SEB computed
these tables at factors of 10'~ in energy from 10'
to 10i8.5 eV and in u, v from 10 to 1. SV chose
factors of 10' in energy from 10" to 10' eV, in
u from 10 to 1, and in v from 10 to 1.

Recently, Bourdeau et al. ' have reported LPM
cascade calculations based upon a modification of
Migdal's formulas which lower the bremsstrahlung
and pair-production cross sections. As a result, the
longitudinal development to cascade maximum oc-
curs at greater depths in their calculations in com-
parison with this work.
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FIG. 5 Calculated number of electrons Ã,~ as a func-

tion of depth t in radiation lengths for photon-initiated

cascades in Pb in approximation A including the LPM
effect. E$=10, 10 TeV and E$/Eq ——10 . 4,0: this

work (by SEB), 100 cascades each; )&: this work (by

SV), 200 cascades; o: Konishi et al., Ref. 10, 200 cas-

cades.

LONGITUDINAL CASCADE
DEVELOPMENT —APPROXIMATION A

The Monte Carlo program of SEB obtained by
interpolation, from the table of integral probabili-

ties, the appropriate mean-free path and the u or v

corresponding to each random number choice of
the integral probability. In order to generate re-

sults for comparison with Konishi et al. , ' each
electron and photon was followed in approximation
A (Refs. 12 and 14) until its energy fell below

Ez ——10 E$, where E$ is the initial photon ener-

gy. The number of electrons as a function of
depth in Pb in photon-induced cascades was calcu-
lated for E(=10, 100, 1000 TeV. At 10 TeV, the
LPM effect has negligible effect upon the longitu-
dinal development of the cascade. Figure 5 shows

the results at 100 and 1000 TeV. The results at
10 TeV are in excellent agreement with Konishi
et al. ' and with SV. The results of Ivanenko's

group at 10 TeV (not shown) have maxima at 10
to 12 radiation lengths and disagree with our re-
sults.
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FIG. 6. Calculated numbers of electrons 1V,
' and photons Nz as a function of depth t in radiation lengths for

electron-initiated cascades in Pb in approximation A including the LPM effect. Eo =10 TeV. 0:N, X:N~ this

work (by SV), 200 cascades each; solid line: X,', dashed line: N~ Ivanenko et al. , Ref. 8.

A different method was employed in the Monte
Carlo program' of SV for the Bethe-Heitler (BH)
case: A procedure proposed by Butcher and
Messel was used involving random selection and
rejection of appropriately weighted terms whose
sums comprise the desired distribution. Figure 6
shows the average longitudinal development of 200
electron-induced cascades in Pb at Eo——10 TeV
where all particles with E &Eq ——10 Eo——1 TeV
are included. The Ivanenko group results for
electron-induced cascades at this energy peak at
about 8 radiation lengths in disagreement with our
calculations.

In order to compare results with several earlier
calculations, photon-initiated cascades were simu-

lated with BH probabilities and with the more ac-
curate LPM probabilities at initial energies Et=5,
16, 50, and 150 TeV in Pb in which all secondaries
were followed down to E~ ——0.5 TeV (see Fig. 7).
The results with LPM cross sections are in excel-
lent agreement with Astaf'ev et al. The results
using BH cross sections agree, as expected, with
the Monte Carlo calculations of Adachi et al. '

and with the analytic results of Misaki. Results
for cascades induced by photons in H20
(Z ff 7.23) at E(=10, 10, 10, and 5 X 10 TeV
are shown in Fig. 8; all particles were followed un-

til their energy fell below E„=10 E$. As expect-
ed, the LPM effect causes a slower cascade
development with a lower, broader peak in the
number of electrons for incident energies

E$))ELpM =2.2X 10 TeV in H2Q.

LONGITUDINAL CASCADF„
DEVELOPMENT —APPROXIMATION B

After verifying that the Monte Carlo program
gave good agreement with others in approximation
A, SEB modified their program to a hybrid Monte
Carlo and analytic calculation in approximation
B.' ' In the early part of the cascade, where the
LPM effect is important, the development is traced
by the Monte Carlo method. The subsequent cas-
cade of each particle falling below ENK~ ((ELpM
is represented by the analytic Nishimura-Kamata-
Greisen (NKG) formula for the longitudinal
development in approximation B. Below ENKG
Bethe-Heitler cross sections are an excellent ap-
proximation and the NKG formula provides a rea-
sonable representation for the longitudinal distribu-
tion of the number of electrons. The final cascade
distribution is obtained by summing all the NKG
distributions, each with initial energy E and depth
corresponding to a particle generated by the Monte
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FIG. 7. Calculated number of electrons N~ as a function of depth t in radiation lengths for photon-initiated cascades
in Pb in approximation A. E(=5, 16, 50, 150 TeV, Eq ——0.5 TeV. The results including LPM effect are shown as V
(1000 cascades), 5, CI, 0 (200 cascades each): this work (by SV); )&: Astaf'ev et al., Ref. 7, 500 cascades each energy
(for clarity, some points not shown). The results assuming Bethe-Heitler cross sections are shown as (a) solid curve: this
work (by SV), Monte Carlo, 200 cascades and Misaki, Ref. 22, analytic; (b) dot-dashed curve: this work (by SV), Monte
Carlo, 200 cascades each energy; (c) dashed curve: Misaki, Ref. 22, analytic; (d) +:Adachi et a/. , Ref. 21, Monte Car-
lo, 500 cascades each energy (for clarity, some points not shown).

Carlo program with E &ENKG.
The NKG distribution for the number of elec-

trons N(Ep, t) at depth t (measured in radiation
lengths) in a cascade with initial energy Ep was
taken in the form

N(Ep, t) = (0.31/Pp' )

Xexp{t [1—( —,)1ns]J,
Pp =—1n

6p

(23)

(24)
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FIG. 8. Calculated number of electrons N, as a function of depth t in radiation lengths for photon-initiated cascades
in H20 in approximation A including the LPM effect: E$=10, 10', 10", 5X10 TeV, E$/Ew =10, this work (by SV),
140 cascades at 10' TeV, 200 cascades each at 10' and 10 TeV, 100 cascades at 5&(10 TeV. Solid curve: Misaki, Ref.
22, analytic calculation using Bethe-Heitler cross sections. Dashed curves drawn to guide the eye.

s=3rl(t+2Po), (25)

where eo is the critical energy and s is the shower
age parameter. (eo——73 MeV for water and 7.6
MeV for Pb were assumed. )

It was found that the hybrid method requires
following only a small number of cascades since
much of the averaging over fluctuations is included
in the individual analytic NKG distributions. This
is illustrated in Fig. 9, where the results at 10 TeV
in Pb are shown for five calculations, three of
which show single cascades, one shows the average
of two cascades, and one shows the average of 100
cascades.

For Pb, 1 TeV was chosen for ENK~. Figures
10 and 11 show the hybrid calculation results for
100 photon-initiated cascades at 100 and 1000
TeV. Also shown for comparison are the curves

given by the NKG approximation 8 formula [Eqs.

(23)—(25)] if the LPM effect is neglected. The re-

sult are in excellent agreement with independent

calculations by Fujimaki and Misaki and by
Kokoulin and Petrukhin.

Calculations were also carried out for photon-
initiated cascades in water, where 100 TeV was
chosen for EN&G. Figures 12, 13, and 14 show the
results at 10, 10, and 10 TeV along with NKQ
approximation 8 curves neglecting the LPM effect.
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FIG. 9. Examples of hybrid Monte Carlo —analytic
simulated LPM cascades in approximation 8 initiated by
10 -TeV photons in Pb, this work (by SEB). Each curve
is labeled with the number of cascades employed.

ANGULAR AND LATERAL DISTRIBUTIONS
OF CASCADE ELECTRONS

The modification of radiation and pair-
production probabilities by the LPM effect also af-
fects the angular and lateral distributions of the
secondary shower particles. Since the LPM distri-
butions are more sharply peaked then the corres-
ponding BH distributions (see Figs. 1 and 2, or 3
and 4}, the LPM effect causes an enhancement of
the proportion of very energetic secondaries in the

I I I I
i

I I I I
j

I I I I
t

! I I I
i

1 I I I
j

I I I

FIG. 11. Hybrid Monte Carlo —analytic approxima-
tion B calculation of the number of electrons N~ as a
function of depth t in radiation lengths for 1000-TeV
photon-initiated cascades in Pb; o: LPM effect includ-
ed, this work (by SEB), 100 cascades; solid curve: NKG
formula based upon Bethe-Heitler cross sections.

cascade. These energetic particles suffer less mul-

tiple Coulomb scattering.
The angular and lateral distributions were ob-

tained from Monte Carlo calculations by SV in ap-
proximation A for cascades of primary energy
E|', and following all particles with energy
E & Ez «E$'. The production of bremsstrahlung
photons and pair electrons was assumed to be ex-
actly forward relative to the primary particle of
the collision. The angular and lateral position of
each secondary was computed at depths of 2 radia-
tion lengths taking into account Inultiple Coulomb
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FIG. 10. Hybrid Monte Carlo —analytic approxima-
tion B calculation of the number of electrons N~ as a
function of depth t in radiation lengths for 100-TeV
photon-initiated cascades in Pb; 0:LPM effect includ-
ed, this work (by SEB), 100 cascades; solid curve: NKG
formula based upon Bethe-Heitler cross sections.

FIG. 12. Hybrid Monte Carlo —analytic approxima-
tion B calculation of the number of electrons N,~ as a
function of depth t in radiation lengths for 10 -TeV
photon-initiated cascades in H20; 0:LPM effect includ-
ed, this work (by SEB), 15 cascades; solid curve: NKG
formula based upon Bethe-Heitler cross sections.
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FIG. 13. Hybrid Monte Carlo —analytic approxima-
tion B calculation of the number of electrons N~ as a
function of depth t in radiation lengths for 10 -TeV
photon-initiated cascades in H20; 0: LPM effect includ-

ed, this work (by SEB), 20 cascades; solid curve: NKG
formula based upon Bethe-Heitler cross sections.
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scattering and geometry. Multiple scattering was
computed' using the first two terms of the
Moliere distributionzs as parametrized by Bethe
the first term is a Gaussian and the second term
corresponds to large-angle single scattering.

Figure 15 shows the electron mean-square angle
(8 ) and mean-square lateral position (Rz)
weighted by the factor (Eq/E, ), where E, -=21

FIG. 15. (a) Normalized mean-square angle
(8 )(Eq/E, ) in (radians) and (b) normalized mean-
square lateral position (R )(Ez/E, ) in (radiation
lengths) of the cascade electrons as a function of depth
t in radiation lengths in Pb for primary energy Eo——10
TeV, Eo/Eq ——10 . 0:photon primary, )&: Electron pri-
mary, this work {by SV), 200 cascades each; b, : photon
primary, Konishi et a/. , Ref. 10, 200 cascades (some
points omitted for clarity). The curves show the analy-
tic results for photon primaries of Misaki, Ref. 27, as-
suming Bethe-Heitler cross sections and of Fujimaki and
Misaki, Ref. 28, for LPM cross sections.
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FIG. 14. Hybrid Monte Carlo —analytic approxima-
tion B calculation of the number of electrons N~ as a
function of depth t in radiation lengths for 105-TeV

photon-initiated cascades in H20; o: LPM effect includ-

ed, this work (by SEB), 25 cascades; solid curve: NKG
formula based upon Bethe-Heitler cross sections.

MeV, as a function of depth for photon- and
electron-initiated 10 -TeV cascades in Pb including
all electrons with E & Eq ——1 TeV. For comparis-
on, curves obtained using analytic theory for BH
cross sections by Misaki and using numerical cal-
culations for LPM cross sections by Fujimaki and
Misaki are also shown in Fig 15. For depths
I; & 10 radiation lengths, which includes the region
of the cascade maximum (see Fig. 6)
(8 )(E~ /E, ) =0.12 compared to =0.2S without
the LPM effect. The mean-square lateral position
(R )(Eq /E, } is reduced by a larger factor by the
LPM effect, indicating the lower-energy electrons
tend to originate closer to the sampled layer. Re-
sults shown from Konishi et al. ' for photon-
induced cascades are in good agreement. The re-
sults in Fig. 15 indicate that the nature of the pri-
mary particle (photon or electron} has very little
effect upon (8 ) or (R ).
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FIG. 16. Normalized mean-square angle
(8~)(E&/E, )2 in (radians) and (b) normalized mean-
square lateral position (R )(Eq/E, )~ in (radiation
lengths) of the cascade electrons as a function of depth
t in radiation lengths in Pb for primary photon energy
E(=150 TeV, E$/Eq =300. 0: including LPM effect,
~: assuming Bethe-Heitler cross sections, this work (by
SV), 200 cascades each; +: Adachi et al., Ref. 21, 500
cascades.

Figure 16 shows ( 8 ) (Ez /E, ) and
(R2)(E&/E, )2 as a function of depth for photon-
initiated 150-TeV cascades of E ~Ez ——0.5 TeV
electrons in Pb for comparison with BH cross sec-
tions and with Adachi et aI. ' For these 200 simu-

lated cascades, Fig. 17 shows the distribution of
normalized lateral position R (Ez /E, ) at depths
t=2 and 8 radiation lengths. When the LPM ef-
fect is included, the maximum lateral position at
which electrons are found decreases appreciably.

Results for the mean-square angle and lateral
position in water are shown in Fig. 18 for E(=10
and 10 TeV including all electrons with E ~ Ez
=10 3E(. The solid curve in Fig. 18 was calcu-
lated from the analytic theory based upon BH
cross sections. Since TaMe I indicates

ELM =2.24' 10 TeV for water, the results of
Fig. 1S confirm that the LPM effect becomes im-

portant for cascade properties when Eo g&ELpM,.
qualitatively the changes caused by the LPM effect
are very similar in 820 and Pb.

10 10

R(E&/Es) (Radiation Lengths)

FIG. 17. Number of electrons versus normalized dis-
tance R (E&/E, } from the cascade axis for photon pri-
mary energy E$= 150 TeV, E$/Ez ——300 in Pb (a) at
t=2 radiation lengths depth and {b) at 8 radiation
lengths depth. Solid lines: including LPM effect; dashed
lines: Bethe-Heitler cross sections, this work (by SV),
200 cascades. 0: including LPM effect, Astaf'ev et al. ,
Ref. 7, 500 cascades {ordinates divided by 2.5); )(:
Bethe-Heitler cross sections, Adachi et al. , Ref. 21, 500
cascades (ordinates divided by 2.5). Each histogram en-
try represents the total number of electrons in the inter-
val R; to R;(10 ) from 200 cascades; Refs. 7 and 21
gave similar plots, but normalized to 500 cascades.

CONCLUSIONS

We have given a number of examples of simulat-
ed cascade development in Pb and H20 for pri-
mary energies Ep ))ELpM where the LPM effect
becomes important. Qualitatively, the effect
should be similar in any material as a function of
Ep/ELpM, ' the cascade properties do not scale ex-
actly with this parameter because of logarithmic
factors dependent upon the atomic number Z of
the medium. It is hoped that the results will guide
the reader in designing experiments and planning
further calculations. For the analysis of specific
high-energy-cascade events, the experimenter will
have to simulate cascades for the materials present
in his experimental situation; it is hoped that our
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very similar to a hadronic-electromagnetic cascade.
Separation of electron- and photon-initiated cas-
cades from hadron-initiated cascades by cascade
characteristics will become less effective.

Air showers typically originate in the upper at-
mosphere where the pressure is on the order of 0.1

atm. At this pressure, ELM ——1.8&(10' eV; as
primary cosmic-ray energies exceed 10 eV, the
LPM effect will cause air showers to develop more
gradually. At sufficiently high energy, air showers
will deposit only a small fraction of their energy
before reaching sea level; this effect requires furth-
er study.
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FIG. 18. Normalized mean-square angle

(8 )(Ez /E, ) in (radians) and (b) normalized rnean-

square lateral position (R~)(Ez/E, )' in (radiation

lengths) of the cascade electrons as a function of depth

t in radiation lengths in H20 for primary photon ener-

gies E(=10', 10 TeV, E$/Eq =10 . 0:E(=103 TeV,

+:E$ =104 TeV, including LPM effect, this work (by

SV), 200 cascades each energy. Solid curve: analytic re-

sults assuming Bethe-Heitler cross sections, Misaki, Ref.
27.

results will provide convenient comparisons in tests
for proper operation of his Monte Carlo routines.

At high energies where the LPM effect is impor-
tant, the longitudinal cascade development will be
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