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Electroweak production of heavy guarks in e+e annihilation
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We study the production of heavy quarks in e+e annihilation via y and Z exchange. The gluon radiative
corrections to the total cross section and to the angular distributions of the quark jets are calculated. If heavy quarks
with masses around 20 GeV or above exist, the mass corrections as well as. the radiative qluon corrections are
important even for e+e energies in the Z resonance region.

I. INTRODUCTION

With e'e colliding-beam facilities now operat-
ing in the center-of-mass energy range v s ) 30
GeV, weak-interaction effects in e e annihilation
become more and more important. The standard
unified Glashow-Salam-Weinberg theory' makes
detailed predictions for these effects from lowest
energies throughout the Z resonance region (see
Ref. 2 and references quoted therein). Apart
from purely leptonic reactions, such as e'e- e'e and p.'p. , the total cross section for hadron
production and forward-backward asymmetries
of hadron jets due to vector-axial-vector inter-
ference are of particular importance. Their
measurement determines the electromagnetic and
weak quark charges.

The predictions derived from the standard uni-
fied theory for these quantities are generally
based on the parton model for e'e - y, Z- qq
(Fig. 1A). We first discuss these parton-model
predictions for heavy quarks. Finite masses give
rise to a threshold factor —(1-4m, '/s)'~' in the
vector part of the cross section; this threshold
factor rapidly approaches its asymptotic value 1.
In contrast to this, the threshold factor of the
axial-vector part is -(1-4m, '/s)'~'; this part
of the cross section approaches its asymptotic
behavior only slowly.

Quantum chrom odynamics (QCD), ' however,

FIG. 1. Diagrams contributing to e e annihilation
into quark and gluon final states. (Gluon brernsstrah-
lung from the antiquark and quark mass correction dia-
grams are to be added. )

modifies the parton cross section of e'e annihila-
tion into hadrons. For the electromagnetic total
cross section the modification in first order of
a, (= g, '/4v where g, is the quark-gluon coupling
constant) is well known to be '

y + s & parton

)
do. (3) —do. (w —s)
do, (8)+ do, (n —3)

' (2b)

This requires the identification of the charge of
the quark which develops into the jet. Concentrat-
ing on heavy-quark production has two implica-

if quark masses can be neglected. This radiative
correction may be derived either by means of the
renormalization-group equation for the vacuum-
polarization tensor or calculated as a sum of
vertex and gluon-bremsstrahlung corrections to
the parton-model cross section (Figs. 1B and 1C).

Here we use the second method to determine
the QCD radiative corrections to the total cross
section when axial-vector contributions (due to
Z exchange in the standard theory) are included
and the quark masses are kept finite. Finite
quark masses render the theory y, noninvariant so
that the QCD correction to the axial-vector part
of the cross section differs from the vector part.
This will be of importance if new heavy quarks are
produced in e'e annihilation above 36 GeV c.m.
energy available now. We expand on previous
work which discussed the purely electromagnetic
reaction, "assumed vanishing quark masses, ' or
treated hard-gluon bremsstrahlung only. ' "

In the same way we determine the first-order
QCD radiative corrections to the differentia. l
cross section do, /d cos3 for quark jets produced
at the polar angle 3 (the angle between the quark
jet and e momentum). The angular distribution
includes a vector-axial-vector interference term
which can be isolated by measuring the difference
between forward and backward cross sections,

&,(&)= [do, (&) —do, (w —a)]/d cosa, (2a)

or the forward-backward asymmetry
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tions. Firstly, a.s long as the ratio of quark mass
to beam energy" p = 2m, /Ws ~ 10 ', one expects
one single heavy-quark-antiquark pair to be pro-
duced (directly coupled to y or Z) whereas as-
sociated production via strong interactions in the
jet development should be negligible. " Thus the
decay products of the hadron which carries the
flavor quantum number of the heavy quark, reveal
the flight direction B of the quark. Secondly, the
higher-order perturbation theory yields logarith-
mic mass terms Lnp. ' for processes in which
quark charges are measured. They invalidate
the perturbative expansion for p, -0 (Ref. 13) but
bear no problem for heavy quarks if lnp, '-1.
Neither are large logarithms expected to occur
when light quarks are included in higher-order
calculations, as their charges are not held fixed.
The detailed analysis will show that in first order
the QCD corrections to &,(8) are O(o.,m, /vs ).
'The VA interference term of the cross section is
not strongly affected by gluon radiative corrections.

The material of this paper is presented as fol-
Lows. The next section gives the definitions of
coupling constants, and the basic cross sections
for pair production of heavy quarks in e'e an-
nihilation are discussed. In the third section we

derive the quark form factors from the vertex
correction for vector and axial-vector currents
(diagram 1B}.The infrared part of diagram 1C
is added to find the properly defined cross section
&(e'e -qq+qq G„«). Subsequently we present the
hard-gluon cross section o(e+e - qq G„„~). Finally
the various parts are added to obtain the total
cross section and the angular distributions of the
heavy-quark jets.

(4)

while the differences between forward and back-
ward cross sections at the angle 8 and the asym-
metry are given as

A, (8}= —,coss a~

and

2 cos3.()=„ (5b)

The parameter n, is, as usual, defined by

o' —20'g
Qq=

o'g + 20'I,
(5c}

and the asymmetry parameter P, reads

(5d)

To evaluate the cross sections we specify the
electromagnetic and weak coupling constants of
the vertices in Fig. 1 as follows:"

(i) Electromagnetic current coupled to the photon

e,Q,. y„with Q~ = —1 for electrons,
2 1=+ —, a,nd —3 for quarks,

(ii) Weak current coupled to Z

C
m (v~y„—a~y„y, );

have been subtracted) ensues from parity-violating
vector-axial-vector interference.

The total cross section as obtained from Eq.
(3) is

II. ELECTROWEAK PRODUCTION
OF HEAVY-QUARK. -ANTIQUARK PAIRS

The cross section for the production of quarks
q in e'e annihilation via y and Z exchange
e'e - y, Z- q+ ~ ~ ~, is a binomial in cosB [8
=g (e, q)],

= 8 (1+cos's)o„+ —, sin'8 o~+ f

cossack.

d cos3
(3)

The various parts of the cross section correspond
to the following y and Z spin components along
the flight direction of the quark:

U= unpolarized transverse;

I.= Longitudinally polarized;

+=difference between right and Left polarizations.

A nonzero ar (after higher order QED ef-fects

vector and axial-vector coefficients acquire the
following values in the standard theory:

v~ =+ 1 —4 Q~ sin'Br

a,. =y $

—for electrons and quarks with charge —&, + for
quarks with charge + 3. In terms of these param-
eters the contributions of the parton diagram
(Fig. 1A) to the helicity cross sections of e'e
- y, Z- qq are given as

+U VGvv+ V +AA~
0 3

oz, = 2 0 ~ovv ~

0

0 2o'p- —'U o'vg.

o«, o», and ov„correspond to the VV, AA, and
VA quark current products, respectively; for the
quark species q,
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where

s denotes the square of the c.m. energy, p.
= 2m, /vs is the quark mass in units of the c.m.
beam energy, and v = (1 —p')'~' is the velocity of
the quark. Notice the different threshold behavior
of the VV and AA. terms in the helicity cross
sections. The overall factor v in the cross
sections is due to phase space. The matrix ele-
ment of the transverse vector current is-1 whereas
that of the transverse axial-vector current is
proportional to the quark velocity (this is related
to the fact that a qq pair at rest cannot be in a
J' = 1' state). The ma. trix element of the longi-
tudinal axial-vector current is -u'(p)(ap)v(-p)
=-0; y„y, axial-vector currents do not contribute
to longitudinal cross sections in e e annihila-
tion, unlike longitudinal vector currents which
vanish only asymptotically for p. -O. (Some of
these features can also be read off the lowest-
order spectral functions of the currents, e.g. ,
in Ref. 15).

To show the importance of mass effects in the
helicity cross sections we present the A value of
the total cross section (o, in units of o(e'e - y- p,'g ) and the parameters u, and p, in Figs. 2(a)
to 2(c), for charge +3 and —3 quarks in the
standard theory. We have taken the parameters
sin'3~= 0.23 and m~= 89 GeV. The quark mass
value is chosen" as m, = 20 GeV and I'~ = 2. 5 GeV.
Note that the asymptotic values for m, /Ws - 0
are reached only slowly (in particular on the Z
resonance); this is due to the fact that the axial-
vector matrix elements induce a strong threshold
suppression -v' in the cross sections. Qn the Z
resonance this suppression is still of the order of
2 for a quark mass of 20 GeV. To show this in
more detail we present in Fig. 2(d) the ratio of
the parton cross section for quark mass m, to the
massless case on the Z resonance.

actor form factors

4 Q~ „1+2v 1 —0
Ref, = ——' h, —2— ln

3 2m
' 2v 1+v

1+v' 1 —v

2 1 —v
+ ——4 ln'

3 1+v

1 —v 2v
+ ln ln1+v 1+v

4 Q~ 1 —v 1 —v
Ref, = ——' ln

3 2w 2v 1+v '

4 n, 1+2v' 1+v' 1 —v'
Im f, =

2 2
'

h, q
—

2
—

2
ln

4 n, 1 —v
Imf, = ——' w.

3 277 2V

Axial vector form f-actors
2

3 2w 2v 1+v '

4a, 1 —v'
Imf„=Imf, ———' m.

3 27/' 2v

The h& q& denote the infrared-divergent parts of
the form factors

1 1+v2 1 —vl
h& = lim 2+ ln, D —4 v 1+v)'

1+v
hI) = lim

4 D —4 v

(12)

III. QUARK FORM FACTORS

The gluonic vertex correction in diagram 1B
changes the pointlike vertices y„and y&y, to

y&
—

y& (1+f, ) +iv» Q'f2/2 m

yqy, - y„y,(1+f„).

(Additional terms proportional to Q„, the four-
momentum of y and Z, vanish if multiplied with
the lepton current; o'„„Q'y, cannot arise as a
second-class current. ) We have derived the form
factors and the soft-gluon-bremsstrahlung cross
section by employing dimensional regularization.
For y, we have used the prescription of Refs. 1V

which takes y, anticommuting with all y& matrices
in D dimensions. " The lowest orde-r QCD dia-
grams 1B and 1C can then be evaluated in the
same way as the vertex correction and photon
bremsstrahlung in QED."

The form factors read in the limit D-4 as
follows:
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FIG. 2. (a) P =0.(e e -y, Z —qq)/0-(e e —y —p'p ), for the production of massless and heavy quarks in the parton
model; (b) ~ parameter, e = (OU-201)/(gU+20&) with 0 z and OL being the unpolarized transverse and longitudinal
cross section, respectively (n =1 for massless quarks in the parton model); (c) forward-backward asymmetry para-
meter p; (d) p value for quark-pair production on the & resonance as a function of the quark mass m .

which get canceled by adding to the cross section
the corresponding term of the soft-gluon brems-
strahlung. "

Two points are worth emphasizing. (i) In the
high-energy limit p-1 the vertex correction of
the vector current modifies the y& term only and
does not induce a &r» term. (ii) The axial-vector-

current correction and the vector-current correc-
tion become asymptotically equal. This is a con-
sequence of asymptotic y, invariance of the theory
emerging directly from the y, prescription we
used.

The interference between the parton diagram
1A and the vertex correction 18 adds the following



122-2 J. JERSAK, E. LAERMANN, AND P. M. ZERWAS

+ 1.0
AS YMMETRY

PARANETER P q

PA RTON MODEL

mq = QGeV

mq = 20 GeV

,
+ 1.0

+05 w Qq =+2/3 Oq =-1/3 + 0.5

(c)

0 I l a I h

100

0, 2

I l S S h

100

0,2

- 0.5— 0.1— 0.1 —-0.5

-1.0

0
fs(Gevj &

lz
Q I

fs(Gev ) -1.0

1.0 = aq (mq j/aq (mq= Qj on Z

0.5-

10 20 30 m (GeV) 40 45

FIG. 2. (Continued)
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(14)

The phase-space factor g renders all these con-

terms to the parton cross sections:

5ov =vo«2 Re(f, + f,) +v'o»2 Ref„,

5o —vo „Re(ti'f, +f,),
go~ =v'o~„Re(f, + f,+ fA)

v' oT&~(f, +f,-—f„).
The additional second term in 5v~ is proportional
to the imaginary part of the Q propagator,

tributions finite at threshold.
We finally add the cross section for soft-gluon

emission up to a maxima, l gluon energy ~ in the
e+e c.m. frame. This part factorizes in the par-
ton cross sections and a universal function 5»
which depends logarithmically on the cutoff para, -
meter X for A, - 0. It is the same function as in
purely electromagnetic processes, "
e(svft brstssstrshtese)=et h, (v, —;t,'= b, b, E,

with
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TABLE I. Coefficients of the QCD heiicity cross sections io Eq. (20); & =&/&=(1 -&~)/
(l-x-,) and X,=K+K+2.

¹sN

—(x +x- —-pg)8 2 2 1 2
3 ct ~ 2

PL
4 2

3

—(x p -x-p-)4
e a e a

——(/Ii~ —T Kp~ )
4 1 2

(Kpq + Kpq —2pqpq —~ )
3

~ 1-x- 1 —x

p28 -'p2-2(~- g)+-2~
3 '

2
2

4 x~ -2(1-xg)-p, +—~,3.

(16)

QCD COEFFICIENTS

( vector part )
(a j

)t -10
The infrared-singular parts Q, of the vertex cor-
rection and the soft-gluon emission obviously can-
cel each other. [The imaginary part /I „already
disappears iri the combination of form factors
occuring in Eq. (13).]

Up to terms of the order p. the sum of the vertex
correction and the soft-gluon emission are the
same for all cross sections o~~ „,

(TI ~ (7I =(7I [1+()s+OI ( p, )j (1V)

with

4 n 2z)/' s S
6s = —~ 4 ln —

~
ln, —1 —2 ln'

3 2~ m ( m' m

I

f 3 +5ln, + —4 .s 2w

mQ
(18)

1/3 I

0 0.2 0.4 0.6

~ ~
I I I" I I I

0.8

2

1,0

g„develops a logarithmic singularity if the quark
mass m, - 0." This singularity for light quarks
disappears once the cross section for collinear
configurations of the quark and gluon quanta is
added.

QC D CXFFKIEN TS

(axial-vector part ) (b) IV. HARD-GLUON BREMSSTRAHLUNG

The cross section for the angular distribution
of the quark q in the hard gluon process e+z - y, Z-qqQ is conveniently parametrized as

/l
2/3 "~./

1/3 —~

0.2 0.4 0.6 o.e

FIG. 3. Coefficients of the @CD corrections to the
transverse and longitudinal cross sections and their
sum; (a) vector terms, (b) axial-vector terms.

+ —,sin 3 +~ cos3
d

do~, do„
XQ XQ Xq Xf

(19)

Here do~~ ~ correspond to the same y and Z spins
as the respective parton cross sections presented
in Sec. II; x, and x-, denote the energy of the quark
and antiquark in units of the beam energy. We
write the cross sections do& as



1224 3. 3ERSAK, K. LAKRMANN, AND P. M. ZER%AS

2.0

sQ /t-Q on Z

V. CROSS SECTIONS AND ANGULAR
DISTRIBUTIONS

1.0-

0 10 20

p =0.8
)

3o m (r V)40
Q

FIG. 4. QCD corrections to the quark-pair production
cross section 0 in units of the parton term. The dotted
line shows the QCD correction in the massless-quark
case for comparison.

All ingredients are now available to evaluate
the first-order QCD corrections to the parton
cross sections and the angular distributions of
the quark jets. '4 The final cross sections are
found by adding the cross section for hard-gluon
emission to the parton terms, corrected for soft-
gluon bremsstrahlung and virtual gluon exchange,
o'", (1+5sa)+la, . By combining Eqs. (12) and (15)
with Eq. (19) this can be done for any experimental
cut on the particle flow emerging from the frag-
menting quarks and gluons. Here we restrict
ourselves to the discussion of the hard-gluon-
bremsstrahlung cross section iritegrated over the
entire Dalitz plot (the infrared region excluded).
This integration has been carried out analytically
and checked numerically. Since the expressions
are rather lengthy, we do not give any details.
We merely present the final numerical results
for all the gluon corrections and discuss their
implication on the cross sections and the para-
meters n, and P, .

d(X~ Q~ 1

+vs~(S( + P ~gi)]~=us,
(20) Cross section and n parameter

crv„cannot contribute to do~ since the amplitudes
Jg(current-qqG) are real. The functions S~,
etc. , are collected in Table I." Note that the
mass-dependent terms of the vector and axial-
vector contributions N, and N, are different. p,
and p,- are the components of the q and q momenta
along the flight direction of the quark, p~ is the
component of the q momentum perpendicular to
this direction; x~ = 2-x, -x,—is the energy of the
gluon (all quantities in units of the beam energy).

Q~ Q~v+
~ ~U +vv+ v +

~ &v &~~)

n~ Q~
L PVP + XL VVV XI gAA

(21)

The coefficients r» and x~L depend merely on

Adding the vertex correction and the gluon-
bremsstrahlung contribution to the parton terms
we can parametrize the QCD corrections to the
transverse and longitudinal cross sections by
four coefficients r&, r& ..

1.0 - ————
Q = +2/3 Qq=-1/3

0.5- 0.5

10 20 30
mq (GeV ) 40 10 20 30

m& (GeV) 40 45

HG. 5. QCD corrections to the n parameter on the Z, compared with the parton-model vague.
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Q CD COEFFICIENTS

( VA part) 3

I I I I

0 0.2 O,I 0.6 0.8 ji 1.0

FIG. 6. Coefficients of the QCD corrections to the
difference between forward and backward scattering
cross sections cd.

o(qq+qqG)= v~1+
2

+ r„, o„„

+ ~ + &tot [ ~AA~
7T j

(22)

with y„, =ytf+yL„y,'„=y~+rL, . Since y„, and
in the high-energy limit, one easily re cog-

nizes the QCD correction to the total cross sec-
tion for massless quarks in Eq. (1). For inter-
mediate values of p. the coefficients are presented
in Fig. 3. The result for vector currents is well
known from quantum electrodynamics. '

the quark mass via g = 2m, / s but they are inde-
pendent of the flavor quantum numbers. Their p
dependence is shown in Figs. 3(a) and 3(b). In
the high-energy limit (p- 0) rs and rv bo th ap-
proach —', while r~ andr~ ——', . For y, -i, rv-2s'/3
and r~- w'/3; rv and r~ vanish in this limit.

Adding the transverse to the longitudinal cross
section we obtain the total cross section for the
production of a quark species q,

Of course, Eqs. (2) and (22) cannot be valid
down to the qq threshold where resonance forma-
tion invalidates perturbation theory. However,
one might expect the perturbative QCD calculation
to be applicable once the cross sections are
smeared over sufficiently large energy bins (see,
e.g. , Ref. 25). Assuming the effective expansion
parameter n, /v S —,

' and n, - 0.15, one derives an
upper limit of p,

- 0.8 for the range of validity of
the first-order correction formula. In this range
of p. the gluon radiative corrections are consid-
erably larger than the asymptotic value n, /s.
This is visualized in greater detail in Fig. 4 which
shows the ratio of the QCD-corrected cross sec-
tion to the parton cross section on the Z resonance
as a function of the quark mass m, . (The quark-
gluon coupling constant is taken to be n, = 12w/
25 ln Q'/A' with A = 0.5 Ge V.) Figure 5, on the
other hand, demonstrates that the gluon radiative
corrections to the n, parameter (which measures
the strength of the longitudinal versus the trans-
verse cross section) are small; a similar obser-
vation was made for vector currents in Ref. 6.
In the high-energy limit p, -0, the n, parameter
approaches the value (1 —n, /s)/(1+35 n, /s) = 1
——,

' n, /s independent of the flavor quantum numbers
of the quarks.

Forward-backward asymmetry

Let us now discuss the forward-backward asym-
metry of (heavy-) quark jets in the process e'e-p, Z -q+ ~ ~ ~ (for qq and qqG final states). In-
tegrating daz/dx, dx,—over the Dalitz plot one finds
that the lns/m, ' terms and the mass-independent
terms just add up to —5&&&' with the same 5~ as
given by the vertex and soft-gluon corrections.
Thus the difference between the forward and back-
ward cross sections of a quark jet h, (3) is only
modified to the order O(n, m, /v s) in first-order
perturbation theory. '6 Higher-order corrections

0.15-
Qq =+ 2/3 Qq=- 1/3

- 0.15

0.10 0.10

0.05— 0.05

I

2010 100 30 40 30 40 45
ft)q (GeV) mq tGeV)

FIG. 7. QCD corrections to the asymmetry parameter P on the Z, compared with the parton-model value.
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FIG. 8. The energy dependence of the parameters, R, , n, , and p, in (a), (b), and (c), respectively, taking full account
of quark masses and @CD corrections (m =20 GeV). Hadiative @ED corrections are not included.

which include light quarks should not spoil this
result. Since the light-quark charges are not held
fixed, all states of gluons and light quarks with
degenerate energies are summed up and no large
logarithms are expected to arise. '

Including mass effects and all QCD corrections
in vz(e+e -qq+qqG) one can parametrize oz as

Q~
V + rp 0'vs+

~
&zo'vw- (23)

The coefficients r~ and rr depend on g= 2m, /Ms
only; they are shown in Fig. 6. r~ rises up to
-2.6 while z~ stays below 1 over the whole p.

range. As discussed before, this perturbative
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calculation is not expected to be valid at the edges
of the p, interval. For p close to 1 nonperturba-
tive resonance production invalidates perturbation
theory while for small tt (1nii ' & l}mass singu-
larities restrict the validity of the perturbative
expansion. Even though ~~ and r~ vanish for
p, - 0, these singularities should appear in higher-
order calculations. " But in principle, the con-
finement mechanism could provide a cutoff which
eliminates the singularities and justifies the ap-
plication of the first-order result to light-quark
jets, too.

In Fig. 7 we show how the asymmetry parameter
P, is affected by QCD corrections. P, is plotted
as a function of the quark mass rg, on the Z reso-
nance. The deviations from the parton-model
values are ~ 20% for m, a 20 GeV, and they rise
with increasing mass. This is mainly due to the
normalization factor (vv+20~) in P, [recall Eq.
(5d)]; ez itself remains less affected by gluon
corrections. "

The energy dependence of fl„c.„and p, is fin-
ally illustrated in Fig. 8, again for quark masses
of 20 GeV. Mass effects as well as @CD correc-
tions are taken account of. These figures supple-
ment the results presented in Fig. 2 where gluon
corrections had not yet been incorporated. The
@CD corrections reduce the threshold suppression
in the parton model considerably.

VI. SUMMARY

We have investigated the production of quarks
in e+e annihilation. The total cross section and
the angular distributions of the quark jets have
been analyzed, including first-order gluon radia-
tive corrections to these quantities. This was
done for heavy quarks in the e+e c.m. range from
30 GeV upwards throughout the Z resonance re-
gion. The measurement of these quantities is one
of the means to determine the charge and the vec-
tor and axial-vector coupling constants of heavy
quarks to Z.

The results can be divided into two parts. (i}
If a t quark with mass yg, a 20 GeV exists, mass
effects in the cross section v(e'e - tt ) will be
important up to e+e c.m. energies in the range
of the Z mass. This is mainly due to the fact that
the axial-vector part of the cross section has a
strong threshold suppression - g', unlike the vec-
tor part which grows as v (the velocity of the
quark). (ii) Gluon radiative corrections to the
heavy-quark pair production cross section are
much larger than the classical correction factor
o.,/TT- 5% for massless quarks. This is due to
the fact that radiative corrections grow propor-
tionally to the inverse of the quark velocity near
threshold. In particular, tt production on the Z
resonance is increased by -20% if the t mass is



1228 J. JERSAK, E. jL, AERMANN, AND P. M. ZERWAS

of the order of 20 GeV or above. On the other
hand, the ratio of longitudinal to transverse cross
sections of t quarks is less severely affected by
QCD corrections. The difference between the
forward and backward cross section for t-quark
jets is not strongly affected by QCD corrections
either. This implies, however, that the forward-
backward asymmetry of these jets is subject to
large corrections arising from the normalization
in Eq. 2(b). These gluon corrections would be
applicable to Light-quark jets, too, if the problem

of mass singularities (occurring in higher-order
perturbative calculations when jet charges are
fixed) could be solved. This, however, is related
to nonperturbative aspects of QCD which are not
yet under control.
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