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Quantum field theory and nuclear structure
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We discuss recent successful calculations of the properties of nuclear matter within the context of theories
exhibiting mass generation through spontaneous symmetry breaking. We start with the o model of Gell-Mann and

Levy and introduce the nucleon mass (in a vacuum) in the usual manner. We relate the expectation value of the cr

field in a vacuum to a finite value of the scalar density. If the vacuum is now filled with nucleons (nuclear matter) the
scalar density is increased and the new value for the nucleon mass must be determined. We exhibit the equation
whose solution determines the new mass, and we also define a perturbative scheme for the determination of this

mass. This schem, e involves an expansion of the various quantities of the theory in terms of matrix elements

calculated with positive- and negative-energy spinors parametrized with the vacuum mass. Although the decrease in

the mass upon going from vacuum to nuclear matter at the equilibrium density is quite large (-400 MeV), we are
still able to exhibit a small parameter which allows for a perturbative expansion of the binding energy and other
observables. The leading term in such an expansion reproduces the approximation widely used in other calculations
of the properties of nuclear matter. The truncation of the expansion at the leading term is inadequate and this fact
accounts for the lack of success in previous calculations using the standard formalism. We proceed to make a
transformation to the Weinberg Lagrangian retaining the Auctuating parts of the cr field. %'e further make a small-

oscillation approximation, dropping the nonlinear terms in this Lagrangian. If one adds terms which describe p and

co meson fields interacting with the nucleons one can identify the Lagrangian used in the one-boson-exchange model

of nuclear forces. We discuss some aspects of the calculation of the properties of nuclear matter using the one-boson-

exchange Lagrangian. %'e stress the inadequacy of the mean-field approximation and point out the importance of
the effects of exchange and short-range correlations. %'e comment on the nature of the vacuum state in the presence
of nuclear matter and exhibit a wave function for nuclear matter in a relativistic independent-pair approximation.

I. INTRODUCTION

Recent calculations have shown that it is possible
to provide a good description of the binding energy
and saturation density of nuclear matter if one
treats nuclear matter as a relativistic system. '
We believe it is important to explain why the non-
relativistic theories that have been used for about
25 years have failed to provide a satisfactory
description of the properties of nuclear matter.

In a recent paper it has been shown that the
ground state in the nonrelativistic theory has not
been made stable against the addition of zero-
momentum pairs composed of a nucleon and an
antinucleon. (In Bogoliubov's terminology, one
has not eliminated "dangerous diagrams. ") In
this work we wish to discuss this matter from
another point of view. In particular we wish to
consider mass generation through spontaneous
symmetry breaking, for example, as this takes
place in the o model, ' and then note the modifi-
cation required when we consider the presence of
nuclear matter. Following Lee and Wick we note
that we can generate mass through a symmetry-
breaking mechanism if there is a finite value for
the scalar density in the vacuum. (We assume
that this scalar density acts as the source for the
finite expectation value of the o field. ) We next
observe that if nuclear matter is added to the
vacuum, the scalar density changes significantly.

(As we will see the additional scalar density dif-
fers only by a few percent from the baryon den-
sity. ) If we pursue these ideas we find that the
nuclear mass m in a region of space where the
baryon density has the value usually associated
with nuclear matter (ps ——0.17 fm ) is signifi-
cantly reduced from the vacuum value. A value
of m = 540 MeV is typical of the values obtained
in current relativistic calculations. As we will
see, if we neglect this major modification of the
mass in nuclear matter and assume that we can
use the vacuum nucleon mass, we make large
errors in determining the binding energy and
saturation density of nuclear matter. In this
work we elaborate upon these ideas and discuss
several other matters.

The plan of our work is as follows. In Sec. II
we introduce Dirac spinors, which describe par-
ticles of arbitrary mass. We show how these
spinors may be related to those of zero mass by
a unitary transformation. %e also introduce
operators which create and destroy particles with
arbitrary mass and also show how these may be
related to the operators for zero-mass particles.
We also discuss an infinite class of orthogonal
vacuum states labeled by different mass param-
eters. These transformations have been discus-
sed previously by Nambu and Jona-Lasinio who
stressed a close analogy to the theory of super-
conductivity. We believe our introduction of these
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ideas into the theory of nuclear matter is novel.
(Our ideas have some relation to those presented
by Lee and Wick in their discussion of abnormal
phases of nuclear matter, however, on a techni-
cal level, our approach is quite different. In
particular, we stress that the mean-field approxi-
mation is inadequate. Further there are no ad-
justable parameters in the calculations we de-
scribe. )

In Sec. III we review the a model of Gell-Mann
and Levy and estimate the scalar density of the
vacuum. In Sec. IV we show how this scalar
density is modified by the addition of a uniform
medium of baryons to the vacuum. In Sec. V we
introduce the Weinberg Lagrangian which exhibits
pseudovector coupling for the pion-nucleon vertex.
If we neglect various higher-order terms in the
Weinberg Lagrangian (small-oscillation approxi-
mation) and include the fluctuations of the a field,
we can begin to identify' the Lagrangian used in
the one-boson-exchange (OBE) model of nuclear
forces. ' It is necessary to explicitly introduce
the p and ~ meson fields to complete the specifi-
cation of the OBE Lagrangian (see Sec. VI).

In Sec. VII we discuss the perturbative approach
to the construction of spinors parametrized by the
self-consistent mass in nuclear matter. We point
out that when the self-consistent spinor solution
is expanded in a basis of positive- and negative-
energy spinors with a mass parameter appro-
priate to the vacuum, the calculation of various
observables involves a systematic treatment of
"pair-current" corrections to the nonrelativistic
theory. (If one avoids the expansion in an arbi-
trary spinor basis and constructs the self-consis-
tent spinor states directly, one can avoid all
reference to pair currents. }

In Sec. VIII we review methods for the calcula-
tion of the self-energy in nuclear matter using the
expansion discussed in Sec. VII. We summarize
some results of calculations reported else-
where. '

In Sec. XK we use some of the results reported
in Sec. VIII to demonstrate the limitations of the
mean-field or Hartree approximation for the cal-
culation of the self-energy. We emphasize the
role of quantum fluctuations, ' in particular we dis-
cuss the role of exchange and short-range corre-
lations. In Sec. X we refine our treatment of the
vacuum state in the presence of nuclear matter
and discuss the wave function of the interacting
system. Section XI contains some concluding
remarks.

II. SPINORS, OPERATORS, AND VACUUMS
WITH CONTINUOUS MASS PARAMETER

u(p, s, 0) = [&p(p)]'"
& 'Pxg

w(p, s, 0) = y, ypu(p, s, 0) = 5(- p, —s, 0)

( )]1/p

X8

(2.I)

(2.2)

(2.8)

Here X, is a Pauli spinor and P is a unit vector
in the direction of the momentum. These spinors
are normalized as follows. '

u'(p, s, 0)u(p, s', 0) =w (p, s, 0)w(p, s ', 0) =2&p(p),

(2.4)

u(p, s, 0)u(p, s', 0) =w(p, s, 0)w(p, s', 0) = 0 .
(2.5)

From these spinors we can construct spinors of
mass m:

u(p, s, m) = Ne so 1'P u(p, s, 0), (2.6)

(2.7}

(2.2)

w(p, s, m) = Ne po 1'o w(p, s, 0)

= ypy pu(p, s, m) .
In these equations Ã is a normalization constant
and the angle ~0 is given by

E„(p)+m —, Ipl
E„(p) +m+ I pl

where & (p) =(p +m } / . The expression for
280 is particularly simple. '

tan(2 ~p }=-mi
I p I .

(2.0)

(2.IO)

For some purposes it is useful to write

One of the essential characteristics of the theory
considered here is the modification of the nucleon
mass in nuclear matter from the value it has in a
vacuum. To discuss this question it is useful to
introduce Dirac spinors where the mass param-
eter is a continuous variable. In addition we will
consider creation and destruction operators which
create and destroy particles of arbitrary mass.
For definiteness we will denote the nucleon mass
in a vacuum as m& and we will use m to represent
a continous mass parameter. Finally, the mass
parameter in nuclear matter at the equilibrium
density will be m. We will use the Bjorken-Drell
conventions for the Dirac matrices and therefore
y will be anti-Hermitian.

We start with spinors describing particles of
m =0 {[&p(p)]'"= lpI },

u(p, s, m) =N( cos8p —y 'p sin&P)u(p, s, 0)

=Ã cosHp u(p, s, 0) + sin8p g (s'
~
v ' P ( s}w(p, s', 0)

(2.1I)

{2.I2)



L. S. CELENZA, B. GOULARD, AND C. M. SHAggN

w(p, s, m) =N(cos80 y P sin80)w(p, s, 0) (2.13)

=N cos80w(p, s, 0) —sin80 g (s'
~

o 'P
~ s)u(p, s', 0) (2.14)

These relations are particularly simple for states
of definite helicity.

As we will see it sometimes will be useful to
consider the construction of spinors of mass m in
two steps. First, one can introduce spinors of
mass m& and then by means of a further rotation
through an angle ~~„produce spinors of mass m.
Thus

from spinors of mass 0 to those of mass m.
If we ta,ke

N = [Z„(p)/Z, (p)]'"

we have

u'(p, s, m)u(p, s, m} =az„(p),

w'(p, s, m)u (p, s, m) =as (p),

(2.1g)

(2.20)

(2.21)

u(p, s, m)=Ne n"'
(up, s, m„) (2.16)

=Ne '
~// 0 ' ~ u(p, s, 0}, (2.16)

with a similar relation for w(p, s, m) = y,y,u(p, s, m).
%'e find

f z„(p) + m —z„(p) —m„

([E (p) + m][E/I/(p) + m„] + I pl )
(2.17)

a,nd

tan(28"„„)=- ~p~(m —m„)/(~p ~
+mm„) . (2.16)

Here E„(p)=(~p~ +m„)' . We remark that if we

place m„=0 in Eq. (2.17), we reproduce the re-
sult given in Eq. (2.9) for the angle that takes one

which differs from the normalization of the
Bjorken-Drell spinors. Those spinors would
have Z (p)/m on the right in Eqs. (2.20) and

(2.21).
The reader may note some similarity between

the transformations introduced here and the Foldy-
Wouthuysen transformation. This relationship is
discussed in the Appendix.

Now we may expand the Dirac field operator
4(x) =@(x,( =0) in terms of spinors with any mass
parameter, ' however, the appropriate choice will
depend on the problem at hand. (The standard
expansion using the parameter m& is appropriate
for problems involving the interaction of a few
particles in a vacuum. ) We start with an expansion
with m =0:

r
+(x) =

J 2 2,2 ~,2/2 [u(p, s, 0)b(p, s, 0) +w(p, s, 0)d (-p, —s, 0)]e ~*, (2.22)

where b(p, s, 0) destroys a massless fermion of momentum p and spin projection s. The operator dt(- p
—s, 0} creates a massless antiparticle of momentum -p and spin projection -s.

Now we may invert Eqs. (2.11)-(2.14) to find

u(p, s, 0) = — cos80 u(p, s, m) —sin80 ~(s'
~
e j5 ~

s}w(p, s', m)
p

( )
1/2

8'
cos82w(p, s, m) + sin80 g(s' ~o"p ~s)u(p, s', m)

These forms may be substituted into Eq. (2.22}. We then obtain

+(x) =g,lt,a,„,,a,-,„[u(p, s, m) b(p, s, m) + u (p, s, m)d'(- p, —s, m)] e"'*,

(2.23)

(2.24)

(2.26)

where we have introduced

b(p, s, m) = c os 80 b (p, s, 0) + sin 80 g(s ~

e '
j5 ~

s') d (- p, —s, 0}, (2.26)

d'(- p, —s, 0) =cos8, d'(- p, —s, 0) —sin8, 'g(s ~a'P ~s'&b(p, s', 0) . (2.27)

These operators will clearly be the creation and
destruction operators of particles of mass m.
%e may exhibit the operator that generates the
transformation given in Eqs. (2.26) and (2.27):

U(m) b(p, s, 0) U (m) = b(p, s, m), (2.26)

U(m) d (- p, —s, 0) U '(m) = d (- p, —s, m), etc.
(a.ag)



QUANTUM FiELD THEORY AND NUCLEAR STRUCTURE 915

%e have
~a

V(m) = exp —)t dk 80 (k)&(k) (2.so)

with

&(k) =g [b (k, s, 0)(s I &a b
I
s '&d (- k, s', 0)

SS' H=IIO+H(~t, (2.41)

Of course, the analogy to the BCS theory of super-
conductivity is manif est.

%'e conclude this section with the following peda-
gogical remark: Consider the Hamiltonian de-
scribing zero-mass fermions interacting with an
externally imposed c-number scalar-:field $0.'

—d(- k, —s', 0)(s'
I
o' k I s& b(k, s, 0)] .

(2.s1)
%e also note the commutation relations

[&(k), b(k', s, O)]

Ka= Jl
4 (x)ra ' —. v)s(x)dx,i

H„,= gy DJ
@(x)@(x)dx.

(2.42)

(2.4s)

=-Q &s I o 5I s."&d'(- k, —s", 0)b(k- k'),

[A(k), d (- k', —s, 0}]
(2.32)

V(m)
I vac,' 0& =

I vac,' m&

is only a formal statement. Indeed

(vac,'m
I
vac,'m'& =0 for

mmmm'.

%e note that

vac,' m

{2.sv)

(2.ss)

cos80 - sin80 g (s I o ' p I
s '& b (p, s', 0)

S'

xd'( p, s, 0) Ivac;0&.

For states of definite helicity this becomes

vacy sl

(2.39)

[cos80 -sin80b~(p, X, 0)d {-p, X, 0)] I vac,'0&.

(2.40}

=g &s la' b Is"&b(k s",, 0)b(k- k') .
(2.33)

The relations given in Egs. (2.28)-(2.33) are also
valid if m =0 is replaced by m& and eo is replaced
by ~ „.

At this point we can introduce various vacuum
states.

b(p, s, 0) I vac,' 0& = d(p, s, 0) I vac; 0& = 0, (2.34)

b(p, s', ~) I vacuum& =d(p s ~)
I
vac,'~& =0,

(2.85)

b(p, s, m„) I vac, m„& = d{p, s, m.„)I vac, m„& =o .
(2.36)

As discussed by Nambu and Jona-Lasinio, these
vacuum states define different Hilbe& spaces and
the relation

%e see that, rather than expanding in the eigen-
functions of Ho, it is appropriate to pass immedi-
ately to Eq. (2.25). The choice for the mass
parameter of ma= ggo immediately uts H into
diagonal form with eigenvalues +( p + mo )
and ground state

I vac; mg. This mechanism for
introducing the mass of the nucleon appears in the-

a model of Gell-Mann and I evy which we review
in the next section.

III. THE o MODEL

g =co, (3.2)

where the presence of Zq breaks, in an explicit
fashion, the chiral symmetry of Co. This Lagran-
gian may be written as

~0=% ~8. -g{ +' '

——,'X'(g'+ P f,')' '+[(—a„)'o(+a„v)'], (3.3)

where we have dropped an unimportant constant
term. The fundamental idea is to note that be-
cause of the form of the potential term (with f,
& 0), it is useful to write o(x) =f, + P,(x) where
g,(x) is the fluctuating part of the field. The mass
parameter of the theory is then m„=gf„and one
may identify

f =(vac,'mz Icr(x) I vac,'MN&, . (s.4)

The appropriate expansion of the nucleon field
operators is then in terms of spinors of mass m&.
In the a model, f, is the pion decay constant (f,
-98 MeV) and g = 18.V, so that m„comes out
about 80% too large. Mainly this is due to the
fact that in this model the axial-vector coupling
constant g& ——1, so that the Goldberger-Treiman
relation m„=gag„becomes ms =gf, . We will

%e consider the Lagrangian density fo'r the
Gell-Mann-Levy 0 model ' 2 =Z0+Cq.'

~0 4[i+ sg g(c + i+ ~ Y5)]$

+ —,'[8„o)' + (8„v)'] ——,' p, '(g' +7) —,' X'(a' + v')',

(3.1)
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somewhat arbitrarily replace f, by f", 2 = 68.6
MeV. ' (With g=13.7, this gives m„=940 MeV. )
It is useful to associate the development of an
expectation value of the 0 field in the vacuum with
a corresponding finite scalar density. I et us
write

pe —&vacp m~ i4'(x)+(x)
i vace mg) . (3.5)

%e further assume that the expectation values of
o(x) and q'(x)4'(x) are proportional. We write

&vacuum»i lo'(x)
I vac,'m»}

, & vac; m„~ 4 (x) I (x)
~
vac; m„),

mQ

(3.6)

a(x}=-G&y, (x) li&, (x)& . (3.7)

IV. THE SCALAR DENSITY IN NUCLEAR MATTER

where m, is a parameter. For example, if we
take m, ='700 MeV, we have p","=-0.32 fm . The
value assigned to the scalar density in the vacuum
does not play a significant role in the theory, but
it is of interest to compare this value to the incre-
ment of the scalar density due to the presence of
nuclear matter. It is worth noting that the theory
of nuclear matter that we have developed' does not
require that the relation given in Eq. (3.6) be cor-
rect. If this is indeed a correct relation, we can
see that a rather interesting physical picture
emerges [see Secs. IV and V]. Finally we re-
mark that Eq. (3.6) is the analog of the linear
relation that exists between the gap function i&(x)

and the anomalous expectation value of the elec-
tron-field operators in the BCS theory of super-
conductivity. '

total scalar density is

p, =p', +p~=-0.16 fm'. (4.4)

Of course our value for p', is quite model depen-
dent [see Eq. (3.6)], so that the value given in Eq.
(4.4) for p, and the value quoted for p', at the end
of the last section are subject to modification.

2 ~~2 (f eff)2

One then writes

(5.1)

(r(x) =f,'"cosa(x),

li(x) =f,'"&1(x)sins(x),

and defines

P,(x) =2f,"' tan[-,'8(x)]&1(x) .
Further with the transformation

g(X) ~ ie. &&ie&&'Si'(e&/2
y( )

one finally obtains the W'einberg Lagrangian

(5.2)

(5.3)

(5.4)

(5.5}

V. THE WEINBERG LAGRANGIAN

In this section we review a procedure which
may be used to go from the pseudoscalar pion
coupling of the 0 model to pseudovector coupling.
(We follow the review of Brown and that article
may be consulted for a more detailed discussion. )
%'e begin by recalling the 0-model Lagrangian of
Eqs. (3.1)-(3.3). As a first step we again write
c =f, + it&„where P, represents the fluctuating
part of the g field. These fluctuations are an es-
sential feature of the description of the nucleon-
nucleon interaction in the OBE model of nuclear
forces. ' I"ox the moment, however, we drop
g, and consider the o and ll fields to be constrained
through the relation

The baryon density in nuclear matter is

dp 2
PB —4 I, 2 3 —

3 2 ~I (4.1)

& =4(x)(21 &.-m )4(x)- &r&(x)~ ~" 7 0(X)f&,y,(x)

while the scalar density is

F dp m

J, (2&T)' (p'+ m') '" (4.2)

-r(V'+»'e —~ »IV+4'+~&"'&I

(4.3)

where y =(&~/m). As we will see at the equili-
brium density (pe =0.17 fm ) m=m = 540 MeV.
Therefore, y =k~/m =0.5 and p", =0.93pi&" =0.16
fm . In the previous section we gave the scalar
density in a vacuum as p', =-0.32 fm '. Thus the

2 -1D(le+; B,„e,, (5.7}

f&. q=[a, +2(4f,'+y ') '~ ~ (y xa. y,)]q. (5.8)

As a next step we assume that the complicated
nonlinear terms are small and replace the covari-
ant derivatives by the ordinary derivatives. Sec-
ondly, we restore those terms that describe the

(5.6}

In Eq. (5.6) we have replaced 2f,"'
by (f/m, ) '.

Here f is the pseudovector w-nucleon coupling con-
stant, which is related to g of Eq. (3.1) by (f/m, )
=g/2m~. Further, the covariant derivatives are
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small fluctuations of the a field about the equili-
brium point o=f,"'. With these modifications we
have

Z~(x) = g~(x)(iy" 8„-m„)q(x)

(x)y, y" v g(x)a„y, (x)

——,'[a„y.(x) a"y,{x) +m,'y, '{x)]

—,'[a„y.(x)3' y.(x) +m, 'y. '(x)]

-gA ( }4(}4( }, (5.9)

(vac;m„lP, (x) l vac;m„) =0, (5.11)

while in nuclear matter, in the Hartree approxi-
mation, one has

where we have dropped all terms that are of high-
er power than quadratic in the meson fields.

If we use Eq. (5.9) we find the equation of mo-
tion for the field P,(x):

2

i~@.(x)+m.'y. (x) =-g 4 (x)V(x)—
g'

(5.10}
In the vacuum we have

VI. THE ONE-BOSON-EXCHANGE MODEL
OF NUCLEAR FORCES

The einberg Lagrangian considered in the
small-oscillation approximation may be compared
to the Lagrangian used in the one-boson-exchange
model of nuclear forces. The essential ingredi-
ents of the OBE model are the 0, ~, x, and p
mesons. ' The Lagrangian of Eq. (5.9}agrees
with the Lagrangian of the OBE model except for
the absence of any reference to the ~ and p fields.
[The last term of Eq. (5.8) gives rise to a p-nu-
cleon interaction. ] As the p and &o fields play an
essential role in the description of the nucleon-
nucleon interaction, we add their Lagrangians to
cG Qf ~

In this way we obtain

CO~I ——Cg+2, +2, +Zp+2„
(6.1)+~gN+~eN+ &N+~cyN(

where the first five terms of Eq. (6.1) are the
Lagrangian of the free fields and the last four
represent interaction terms that are linear in the
meson fields. For the vector mesons we have

&..=-g.4 (x}&V(x}~.{X}—," C.(x)&'V( )G..(x)4m„

and

(NMly. (x)lNM&=- g, p, (5.»)
with

C, „(x)= 8„(u„(x)—3„(u„(x)

(6.2)

(6.3)

(NMlo(x) INM& =f',"-,t ~.
ma

(5.13)

(5.14)m(p) =m„+-,'trZ(p, u~, m(p)),

where Z(p, k~, m(p)) is the self-energy of the nu-
cleon that depends upon the Fermi momentum k~
and the mass in nuclear matter m(p). In general,
Eq. (5.14) must be solved in a self-consistent
manner [see Eqs. (7.5}, (7.6), and (7.9)].

(We note that in the Hartree approximation only
cr-meson exchange contributes to the modification
of the expectation value of the o field. )

%e remark that with g=13.7, ~=760 MeV and
p, =0.16 fm ', we would obtain (NM lo(x) lNM}
=39.4 MeV in nuclear matter corresponding to
a mass m =540 MeV. In our calculations, how-
ever, we do not use Eq. (5.13) since quantum
fluctuations are quite important in calculating the
effective o field in the nuclear matter (see Sec.
IX). [Presumably, quantum fluctuations will also
modify the relation given in Eq. (3.6}; however,
we will not attempt to discuss that question here. ]

%e will discuss the calculation of the nucleon
self-energy in nuclear matter in some detail in
Secs. VIII and IX. However, we will note here
that our equation which determines the mass in
nuclear matter is

Z,„=-g,q„(x)y'~ yl, (x)j„(x)

with

4, (x)o""~ y~(x)F„„(x),
4m~

(6.4)

F, „(x)=a„p„(x)—3~, (x) . (6.5)

Studies of nucleon-nucleon scattering, and other
theoretical considerations, favor f„=0, g, /4m
=0.5, and f,lg, -6. The strong p tensor coupling
seems to give a more consistent picture of photo-
disintegration of the deuteron and is favored on
other theoretical grounds. Strong p tensor coup-
ling also leads to a somewhat better result for the
binding of nuclear matter if calculations are made
using the relativistic theory described here.

The introduction of the p and ar fields has been
somewhat ad hoc,' however, once one accepts the
Lagrangian of Eq. (6.1)-(6.5), one is able to pro-
vide highly successful fits to nucleon-nucleon
scattering. (In application of the one-boson-ex-
change model of nuclear forces, one often intro-
duces additional mesons of higher mass such as
the g, q, and 5. ' These play a relatively minor
role in the theory and we need not enter into a
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detailed discussion of these mesons. ) Since one
does not usually discuss chiral symmetry when
introducing the OBE model, the coupling constant
of the o fields is treated as a free parameter. In
addition, the 0 mass is a free parameter which is
often chosen to be about 500 Mev. ' By increas-
ing this a mass it is possible to obtain good fits
to the nucleon-nucleon data with the gÃN coupling
constant of the a model, g=13.7. Fits of that
character have been reported in the literature
(see Ref. 1V, Table 7.2).

We are now able to go ori to discuss recent cal-
culations of the properties of nuclear matter that
are based upon the OBE Lagrangian. We will
discuss these calculations within the general
framework developed in the previous sections.

VII. PERTURBATIVE EXPANSIONS
AND PAIR CURRENTS

k(p, s, m) =- y, y()f(p, s, m)

I
cos8„"- u)(p, s, m„)42m

(7.1)

—sin8"„P (s'Io'P Is)u(p, s', m„)

These spinors are normalized such that

f'{p, s, m)f(p, s, m) =6,.Z.(p)/m,

k'(p, s, m)k(p, s, m) =6, E (p)/m .

(V.2)

(7.2)

(v.4)

We consider the situation in which the modifica-
tion of the vacuum mass m„ is not so large as to
invalidate a perturbative approach. Specifically
we can consider the expansion

f(p, s, m) = — — cos8„„u(p, s, m„)
v'2m, .

+ sin 8"„„g&s '
I
a PI s)u')(p, s ', m„)

The parameter m is to be determined via the self-
consistent solution of the Dirac equation

[y'p'- y p-~,"'- I'(p, k~}]f(p, s, m) =0, (V.5)

where Z(p, k), ) is the addition to the nucleon self-
energy due to the presence of nuclear matter.
Note that Z(p, k) ) vanishes as k), -0. In that case
f(p, s, m) -u(p, s, m„)/v'2m„and k(p, s, m)—u)(p, s, m„)/))'2m)p, corresponding to setting 8"
=0.

The expansion given in Eqs. (V.l) and (V.2) is
useful if one can identify a small parameter. It
turns out that for m -540 MeV, -sin8 is quite
small (8 -6'), so that we may write

f(p, s, m.)=
&

-- 1 — "
u(p, s, m„)

mg

+S„"„g(s'Is p ~s)m(p, s', m )j,
(v.6)

p, s, m)= ~--- 1-
mN

P( I
s' slsp)s(p, s', m )j.

(V.V)

One sees that the corrections to the theory propor-
tional to g have the appearance of pair-current
corrections to the standard expressions of nuclear
physics. Therefore, we will call the expansions
given in Eqs. (7.1) and (7.2) and Eqs. (V.6) and
(V.V) the pair-current expansion. This expansion
is useful in several respects. For example, it
allows for a specific description of the contribu-
tions of the negative-energy states. The approxi-
mation f(p, s, m) =u(p, s, m„)/))'2m)p will generally
reproduce the results of a lou-density theo~.
For example, it has been shown in previous work
that the expression for the energy of nuclear mat-
ter in a relativistic theory is '

E(m, k~)=Q )' f2,g,"-,f(p, s, m)[y p+m))(]f(p, s, m)

+ —'I ff ( ) ("-) ( ) ~~
((,f,ps) m, f('.t,)s)I m(1M- )plfs(s, ,ps)fm( , '1,)s)).m(p. p)

Further, M is the nucleon-nucleon scattering amplitude in the nuclear medium, appropriately modified
to include Pauli-principle corrections, etc.' In Eq. (V.S) we have written the energy as a function of the
mass parameter m and the Fermi momentum k+. These are not really independent variables since m is
determined as a function of k), via a self-consistent solution of Eq. (V.5) [see Eq. (V.10)].

If we now drop the self-consistency requirement and replace f(p, s, m) by u(p, s, m„)/)t2m„, we have the
energy expression of the Brueckner theory, for example, as used by the Bonn group"':
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E(kp) =Q Jt 2 3 2E I t7(p, 8, ~N)(|'' p+slN)Q(p, 8, sty)

+ &g,2,~ .
2 q 2,-, 2;,(N(p, s, m„)u(q, s', tn„) ~M(I —Pq2) ~u(p, s, ~)u(q, s', m„}).

(V.9)

m =gf,"'+ 4 tr Z(0, k~, m. ) . (V.11)

(This approximation would be exact in a Hartree
calculation but, as we will see, the Hartree ap-
proximation is not sufficiently accurate for the
calculation of the properties of nuclear matter. }
%'e will return to a discussion of this equation in
the next section where we discuss. the self-energy
in some detail.

%e close this section with a few general re-
marks. As is well known in many-body physics,
the use of a self-consistent representation leads
to a ground state that is stable against the addi-
tion of one-particle, one-hole excitations. If
diagrams are used to represent elements of a per-
turbation theory, one can say that the introduc-
tion of a self-consistent basis leads to cancella-
tion of "tadpole" diagrams (see Fig. 1). In the
problem discussed here, as a consequence of in-
troduction of nuclear matter into the vacuum, the
u(p, s, m„) are no longer self-consistent spinor
solutions of the Dirac equation. If the spinors

If one uses Eqs. (V.6) and (V.V) in the evaluation
of Eq. (V.S), one finds corrections to the energy
that are of order 2m„(8"„„). ' Note that for the
calculation of the energy it is important to keep
the normalization correction term in Eqs. (V.6)
and (V.V). (However„ if one is interested in cor-
rections to the coave function, it is sufficient to
consider only terms of order 8 . This is analo-

5$N

gous to the procedure used in the standard cal-
culations of "pair-current" corrections to inelas-
tic electron scattering from finite nuclei. } As has
been shown in previous works, ' the approxima-
tion given in Eq. (V.9) is only accurate at low den-
sities, k& (1.0 fm, while nuclea, r matter satu-
rates at about k& —1.86 fm . For higher densi-
ties (k& & 1.0 fm ), there are major modifications
of the saturation curve and the non-self-consis-
tent calculation represented by Eq. (V.9) is inade-
quate.

If we make the dependence of Z(p, k~) on m ex-
plicit it is clear that the self-consistency condi-
tion is

m(p) =gf,"' +tr (Zp, k, m(p) ). (V.10)

As we will see, the dependence of trZ(p, k~, m(p) }
on momentum is weak and it is useful for the pur-
poses of this discussion to write Eq. (V.10) as

t

u(p, s, m„) and m(p, s, m„) are used to expand the
self-consistent solutions of the Dirac equations,
corrections to the calculation of various obser-
vables contain the diagrammatic elements shown
in Fig. 1(b). Use of the self-consistent spinors
f (p, s, m} would eliminate such tadpole effects
from the diagrammatic representation and elimi-
nate exp/ieit reference to pair currents in the
theory.

Z(p) =A(p) + y'a(p) + p C(p),
7Ãhr

(6.1)

where we have suppressed reference to the density
dependence for simplicity. Previous calculations
have shown that C(p) is small. Therefore, C(p)
may be neglected for the purpose of tQis discus-
sion. Further, we find that A(p) evaluated at k~
=1.36 fm is approximately given by

~(p) = [-400+so(~p~/k, )'] MeV. (6.2)

The value for A(p) given here is the result of the
relativistic calculations described in Ref. 11 (see
Fig. 24 of Ref. 11). These calculations include
the effect of correlations and are obtained using a
one-boson-exchange potential which fits NN scat-

U

(a) (b)

FIG. 1. (a) Tadpole diagram which is included in a
nonrelativistic many-body theory. (Only the direct dia-
gram contributing to the particle self-energy is shown. )
g) Tadpole diagrams which appear in a relativistic
many-body theory. These effects may be treated per-
turbatively as in the "pair-current" expansion intro-
duced in this work. Alternatively, the effects of these
diagrams may be summed completely by solving the
Dirac equation tn a self-consistent manner as discussed
in the text.

.VIII. .THE SELF-ENERGY OF A NUCLEON
IN NUCLEAR MATTER

In this section we will discuss the quantity
Z(p, k„). To this end we note that a general form
for the self-energy is
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tering data and which gives a good account of the
properties of nuclear matter. The values given
in Eq. (8.2) result from the first iteration of what
could be made into a fully consistent calculation.
Thus, for our qualitative considerations, we may
take A(p) =A, a constant of the order of -400
MeV. In this approximation we obtain from Eq.
(V.11)

m =gf,"'+A =m„+A. (8.8)

Since A depends on m, Eq. (8.8) should be solved
in a self-consistent manner.

It is useful to recall Eq. (2.1V). We see that we
may put

(8.4)

so that for
l p l =hF = 268 MeV/c and A =-400 MeV

we have tan~ „=~ and 8 „-6'. For example,
if we put lpl =h& in Eq. (2.10) we find that ~ps
=-8V'. Thus we have (80&+&"„)=-81' at p=hz.
The significance of these angles may be seen in
Eqs. (2.15) and (2.16). We may say that 80"& pro-
vides a measure of the mass generation in the
vacuum through spontaneous symmetry breaking,
while 8 provides a measure of the reduction off5+

this mass in the presence of matter.
It is useful to introduce the matrix elements of

the self-energy using the basis introduced in the
last section, "
Z", (p) = u(p, s, m„)Z(p)u(p, s, m„)5, , (8.5)

P1g

important in the calculation of the energy of the
system, the value of A is only changed by a few
percent when such correlation effects are in-
cluded. " It is interesting to discuss the role of
each meson as it contributes to the determination
of A. In Figs. 2-4 we present the results of de-
tailed calculation of Z z,2&(&&&.

' In these figures
the solid lines refer to the results of a calcula-
tion based on the relativistic Hartree-Fock ap-
proximation, while the dashed lines include the
effects of correlations in modifying the contribu-
tion of each meson to Z, &'~2&«,2). The decrease in
the o and v contribution in the presence of corre-
lations is compensated by the inc~ease in the pion
contribution leading to only small correlation ef-
fects in the sum of the various contributions (see
Fig. 2). From these figures we see that in the
presence of correlations the o meson contributes
only about V2 MeV to the value of Z ' (see Figs.
2 and 8). Using Eq. (8.10) in conjunction with
Fig. 3 we can note that the contribution of the a

field alone ggould give A =-260 MeV, which is
only 65/~ of the total mass reduction upon going
from vacuum to nuclear matter. This is a mani-
festation of the inadequacy of the mean-field (or
Hartree) approximation for this problem. Cor-
rections to the mean-field approximation are
usually classed as "quantum fluctuations. " We
continue our discussion of these corrections to the
mean-field approximation in the next section.

Z, (p) = gv(p, s, m„)Z(p)ev(p, s, m„)5, , (8.6)

Z,' (p) = u(p, s, m„)Z(p)gy(p, s', m„),
2m@

and

Z,' (p) = u(p, s, m„)Z(p)u(p, s', m„).
mN

We find [see Eq. (8.1) or Ref. 11]

&'..(p)=- P &sl~ pl")lA(p)-c(p)].
S1jf

(8.V)

(8.8)

(8.8)

0
~~ 200

If we take p along the positive z axis and drop
C(p) [C(p)-10 MeV], we have

~: (p) =5. — A(p)(-1)""' ' . (8.1o)
I

We find Z' = 114 MeV for A =-400 MeV and lp l

=hz —1.36 fm . Comparing Eqs. (8.4) and (8.3),
we see that knowledge of the "transition potential"
Z', which one calculates when the pair-current
expansion of Sec. VII is used, gives a direct mea-
sure of the reduction of the nucleon mass from its
vacuum value.

While short-range correlations effects are quite

0.2 0.4 0.6
p/kF

O.S I.O

FIG. 2. Calculated values of Z&$/2)(f/2& (p) for the in-
teraction of Ref. 19. The various curves represent cal-
culations made for various values of kF. The solid lines
denote the results for calculations carried out in a rela-
tivistic Hartree-Foe@ approximation. The dashed lines
are results obtained after correlations effects are in-
cluded. (a) k~=1.2 fm, (b) kF=1.36 fm-, (c) k~=1.6
fm, (d) k =1.8 fm ~.
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IX. QUANTUM FLUCTUATIONS

(9.1)'

(9.2)

At this point is is useful to discuss the calculation of the self-energy in more detail. %e recall Eqs.
(8.5)-(8.8) and remark that in the (relativistic) independent-pair approximation, we have

z-(p) =Q. . ."- &u(p, s, m„)f (q, s')
l M(1 —P~2) l u(p, s, m„)f(q, s')),(2' Fs $q 2m N

z (p)=Q Jt, "= &u(p, s, m„)f(q, s')lM(1-P„)lou(p, s, m„)f(q, s')),

and

Z,' =g ~,"-, —
(m(p, s, mz)f(q, s") lM(1 —Pg) lu(p, s', ms)f(q, s")}. (9.8)

Note that Z '
and Z do not depend upon the spin label s. In these equations M is the scattering amplitude

in the medium and satisfies a Bethe-Salpeter equation of the form '
I'

M= U+ Ug M. (9.4)

(9.8)

In Eq. (9.4), g is a propagator that restricts the intermediate particles to positive-energy states and

includes Pauli-principle restrictions for the intermediate-state scattering. The quasipotential U describes
the exchange of the various mesons of the theory (v, m, p, ar, . . . ).

The calculation of the matrix elements of the self-energy requires the knowledge of the self-consistent
spinor f (q, s). In what is the first iteration of a fully self-consistent calculation, one can approximate
f(q, s, m„) by (2m„) u(q, s, m„). Thus one has, in this approximation,

&"(p)=g Jt, ,& I-, ,-, &u(p, s, m„)u(q, s', m„) IM(1 —P») lu(p, s, m„)u(q, s', mN)), (9.5)

(p) = g J,3 —, ,-, (w(p, s, m„)u(q, s', m„) l
M(1 —Pu) l sv(p, s, m„)u(q, s', m„)),

~, (p) = g J,2,3 2& I~ 2&,~ (m(p, s, m&)u(q, s", m&) l
M(1- Pq2) l u(p, s', m&)u(q, s, m&)) .

The Hartree approximation is obtained by replac-
ing M(1 —Pq2) by U, while the Hartree-Fock ap-
proximation is obtained when M(1-Pq2) is replaced
by U(1-P&2). The calculations reported previous-

50

50

HM2 kF=I.36 fm'

CL

+
I

44

25

25-
X

CL

+
I

W

0

0— 0.2 0.4 0;6
p/kF

0.8 I.O

FIG. 3. Contributions to Z (&+~2N&~2& (p) from the ex-
change of cr and co mesons for the interaction of Ref. 19.

FIG. 4. Contributions to Z&~g2~(~~2~(p) from the ex-
change of x and p mesons for the interaction of Ref. 19.
(Pseudovector coupling is used for the mNN vertex. )
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ly ' were performed using the approximation for
Z given in Eqs. (9.5)-(9.7). This approximation
is sufficiently accurate at low densities and in the
vicinity of the nuclear saturation point, k+ ——1.36
fm . For higher densities (ks )1.5 fm ) a fully
self-consistent calculation is required.

Since the quantity A(p) provides a measure of
the mass modification and A(p) and B(p} provide a
simple parametrization of the quasiparticle ener-
gy, we can profitably discuss the results of our
calculation in terms of the values of these quan-
tities.

e note that if we continue to neglect the small
quantity C(p), we find

Fock approximation one has A(0}=-405 MeV,
B(0}= 375 MeV, and A(0) + B(0)=-30 MeV. In
this approximation nuclear matter is unbound.
Inclusion of short-range correlation effects yields
A(0) =-396 MeV, B(0)= 300 MeV, and A(0) + B(0)

1l=-96 MeV. (These numbers refer to calcula-
tions made at ks ——1.36 fm .)

As can be seen from these comments, extreme-
ly accurate calculations of exchange effects and
short-range correlation effects are required if
one is to obtain accurate values for the binding
energy of nuclear matter.

X. THE WAVE FUNCTION OF NUCLEAR MATTER

~::(p)= A(p)+ "P B(p) 5..
SZ@

(9.6)
In the mean-field or Hartree approximation the

mass m would be a constant and therefore the
wave function for nuclear matter would be

and
Im

&., (p)= -A(p)+ " B(p) 5., (9 9)
INM& =.... b (p s m) I vac, m&. (io.i)

(9.io)

(9.11)

where

The energy of a particle in the medium (with p)0) is given by

p'(p) =B(p) + [p + (m„+A(p) f]'"'
= B.(p) + I.„(p),

This wave function is somewhat unrealistic since
it implies that all negative-energy states, inclu-
ding those of very large momentum have their
mass parameter modified from m„ to rv. To
address this question we should consider the mo-
mentum dependence of the solutions of the equa-
tion which determines the mass of a state of
momentum p,

&, ,(p) = "- A(p) + B(p)
Bs p

m(p) =m„+ —,'trZ(p, ks, m(p)}. (io.2)

A'( )
E„(p) 2[Z„(p) +A(p)]

(9.13)
p'(p) =B(p) —[p'+ m'(p)]'" . (io.s)

For a relativistic quasiparticle with momentum

p we have, for p &0,

is the effective potential energy for a nucleon in
nuclear matter in this theory. In terms of the
quantity given in Eq. (9.10), one may write for the
energy of nuclear matter

E= —,', p p+E„p 1-sin~ p

(9.is)

It is clear from Eq. (9.12} that an accurate cal-
culation of the energy requires a very accurate
calculation of & and B. Since & =-400 MeV and
8=300 MeV, even small errors in either of
these quantities would lead to large errors in
V,«(p) of Eq. (9.12) and an even larger percentage
error inP (p).

~e can consider a sequence of approximations
which would. describe systematic improvement
in the calculation of A and B. As a first step one
might work in the relativistic Hartree or mean-
field approximation. Introduction of the relati-
vistic Hartree-Pock approximation typically re-
duces the Hartree matrix elements of the interac-
tion by about 25/p. At the level of the Hartree-

&
I vac;0&, (io.4)

where 80""-0as IpI -~. Equation (10.1) is gen-
eralized to read

b (p, s, m}
I vac;m(p)& .

ytS

In this equation we have continued to neglect the
weak momentum dependence m(p) for Positive-
energy states with 0& Ip I

& ks. For such states
we have m(p}=[540+25 (IpI/ks) MeV] [see Eq.

(io.5)

The solution of Eq. (10.2) for the mass parameter
of states of negative energy is to be constructed
such that Eq. (10.3) is satisfied. It is reasonable
to assume that m(p)-ms as

I p I
-~. Once we

accept the momentum dependence of m(p}, we
can introduce a vacuum state which is more rea-
sonable (on physical grounds) than that of Eq.
(2.40). We generalize the vacuum state given
there to

I vac,' m(p)&

[ costa ' —sineo b (p, X, 0)d'(- p, X, 0)]
yak
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(8.2)].
As a further refinement we note that Eq. (10.5)

is only valid in a theory without short-range cor-
relations. If we include the effects of short-range
correlations using the independent-pair approxi-
mation, we have

~NM) =otexp[S] 5 (p, s, m)
~ vac;m(p))

with

(10.6)

s=g b (p, s~, e)l (p, s~, m)(e(p, s~, m)e(P„s~, m) —M(1-Pg) g(ps, s~, m)4(p~, s~, m)) b(p~s4, ,m)b(@sr ,m) ~

(10.7)

In Eq. (10.7) the operator Q restricts the values
of p& and p2 to be outside of the Fermi sea of posi-
tive-energy particles, p4 and ps represent states
inside this Fermi sea and e is an energy denomi-
nator appropriate to the relativistic self-consis-
tent theory. Further, gt is a normalization factor
and

y(p, s, rn) =—[m„/Z„(p)]' 'f (p, s, m) .

XI. CONCLUSION AND SUMMARY

In this work we have attempted to show how the
introduction of some concepts of quantum field
theory in the study of nuclear structure leads to a
unified description. N'e are able to bring together
a series of ideas which include the Nambu-Jona-
Lasinio analogy to superconductivity, the o model,
the Weinberg effective Lagrangian, the one-boson-
exchange model of nuclear forces, and a (rela-
tivistic) independent-pair approximation for the
study of nuclear matter. To this end we have con-
sidered three vacuum states:

~
vac; 0), in which

the quasiparticle spectrum is e, (p) =a ~p ); vac;m„)
in which the quasiparticle spectrum is &,(p)
~(p +m„) ~; and

~
vac;m(p)), in which the spec-

trum is &, (p) = B(p) + [p +m (P)] ' . [In the lat-
ter case &,(0) = 840 MeV and & (0) =-240 MeV. ]
[We may also define a gap parameter 6= &,(0)
—& (0). For

~
vac;0), 6=0; for

~
vac,'m„),

=2m„; and for
~
vac;m(p)), 4=2m(0) =1080

MeV. It may also be useful to consider this
parameter to be a function of the baryon density
&(ks). Then &(k~) can take on various values be-
tween h(kz ——0) =2m„and A(k~ =1.36 fm ')
=2m(0).]

Our discussion of mass generation through sym-
metry breaking, which makes use of the 0 model,
is schematic and neglects quantum fluctuations.
Within the context of an effective Lagrangian ap-
proach we stress the great importance of a detail-
ed treatment of quantum-fluctuation effects in a
successful calculation of the properties of nuclear
matter. To our knowledge all previous applica-
tions of effective I agrangians to the study of rela-
tivistic nuclear matter' have used the mean field,

I

Hartree, or Hartree-Fock approximation. The
use of such approximations requires the introduc-
tion of two or more parameters that play the role
of eff ective coupling constants. Many calculations
are limited to a study of only the cr and co fields,
while we have seen that the pion field can be quite
important in detailed calculations.

In order to perform our calculations we have
introduced what we have termed "the pair-current
expansion. " In this case the self-consistent spinor
(with mass parameter nz) is expanded in terms of
spinors of positive and negative energy and of
mass parameter m„. We remind the reader that
the self-energy parameter &, which governs the
mass change on going from vacuum to nuclear
matter (m =m„+A), also determines the param-
eter that measures the size of the pair-current
effects, tang„= (-

~ p ~/m„)[A/2(m„+A)] [see Eq.
(8.4)], if one uses the pair-current expansion,
expanding the self-consistent spinor [Eq. (7.1)]
in terms of spinors of positive and negative energy
and of mass parameter m&. We see that working
with a spinor basis that refers to the symmetry
breaking of the vacuum, while treating nuclear
matter, leads to systematic corrections which can
be interpreted as pair-current effects. (This
feature is well known in the theory of electron
scattering in which one attempts to correct the
nonrelativistic density matrix of the target nucleus
through the introduction of pair currents. The
appearance of pair currents in the analysis of elec-
tron scattering is a reflection of the use of non-
relativistic wave functions which do not provide a
self-consistent basis. ) One useful aspect of our
pair-current expansion is that the leading term
can be seen to reproduce conventional nuclear
structure calculations. Except for a small num-
ber of works that have made use of the Walecka
model, ' standard nuclear physics calculations
have used positive-energy spinor states with mass
parameter m&. For this reason, the standard
calculations have not been able to give a good ac-
count of the saturation properties of nuclear mat-
ter. Inclusion of pair-current effects when cal-
culating other nuclear properties lead to more
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subtle effects. One of the more interesting of
these effects is the introduction of a strong den-
sity dependence of the effective interaction be-
tween relativistic quasiparticles in nuclei. This
density dependence is in accord with that found in
phenomenological studies of the effective force in
nuclei.

In future works we plan to extend the ideas de-
veloped here to a study of finite nuclei. Nonrela-
tivisitic theories have failed to provide a satis-
factory account of the size and binding energy of
finite nuclei without the introduction of several
phenomenological parameters and density-depen-
dent interactions. We hope to demonstrate that,
as in the case of nuclear matter, we can under-
stand theproperties of finite nuclei in a theory that
introduces no parameters in addition to those
determined in studies of nucleon-nucleon scatter-
ing using the one-boson-exchange model of nuclear
forces.
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in order to express the Dirac field in various
normal-mode expansions. The Dirac field and the
Hamiltonian are invariant under the transforma-
tions we have considered. However, it may be of
some interest to contrast the unitary FW trans-
formation and the unitary transformation we have
introduced in this work when we consider a one-
body Hamiltonian.

Consider the Hamiltonian, H= o.''p+Pm and the
unitary transformation exp(&p p), where & is an
arbitrary (real) angle. Now

H'=e "He (Al)

= a p cos28- - sin28 + m cos28+ p sin28 .
I pl

(A2)

In the case of the FW transformation one chooses
to eliminate the odd operators. This condition re-
quires that one chooses & = e», where tan(28»)
= lpl/m. Thus one finds

(AS)

One may also choose to eliminate the even opera-
tors. This requires that we take 0= 80, where
tan(280) =-m/ p l [see Eq. (2.10)]. In this case
we find

APPENDIX „(p) .
I p!

(A4)

The spinor transformations we have been using
have some formal similarity to the well known
Foldy-Wouthuysen (FW) transformation. We wish
to emphasize that the manipulations involving the
FW transformation have little to do with the ana-
lysis given in our work. In our work we have
used unitary transformations of the spinors and
the creation and destruction operators of the theory

We remark that in this appendix we are discus-
sing a unitary transformation of the Hamiltonian.
Therefore H, H', and H" all have the same spec-
trum. The various eigenfunctions are different.
For example, the positive-energy eigenfunctions
of H are u(p, s, m), corresponding to the eigen-
value E„(p). The eigenfunctions of H' correspond-
ing to the same eigenvalue E„(p) are u(p, s, 0).
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