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We consider the effect on an atom of the non-Coulomb terms in the electromagnetic field of a point charge and the
corresponding self-forces and self-torques which arise in a gravitational field such as that of a black hole.

A solution of Maxwell’s equations for the elec-
tric potential of a point charge held at rest out-
side a Schwarzschild black hole was given by
Copson.! It was shown by Linet? that Copson’s
result required an additional correction term in
order to satisfy the proper boundary condition
at infinity on the electric field of a point charge.
The electrostatic self-force related to that cor-
rection term was studied by Smith and Will2® Re-
cently, Léauté and Linet* have rewritten the elec-
trostatic potential in a small neighborhood of the
charge in terms of coordinates y®-in which the
Schwarzschild gravitational field appears locally
homogeneous. In such coordinates, they find that
the electrostatic potential has the same form as
found by Whittaker® for a point charge at rest in
a uniform gravitational field, except for the ad-
ditional term

‘qM"'S-Syl’ ‘ (1)

where M is the mass of the black hole, and 7

is the fixed Schwarzschild radial coordinate of

the charge g. The spatial coordinates (y*,y?,%)
have their origin at the position of the point charge
and are oriented so that the gravitational accelera-
tion in the small neighborhood of the charge is

in the negative y* direction. Although the Whit-
taker term in the potential exerts no self-force

on the charge, the additional term in Eq. (1) does
exert a force on the charge in the direction away
from the black hole, and of magnitude

Mrg™?, (2)

in agreement with Ref. 3. This also agrees with

the large-7s result of Vilenkin® and with the gen-

eral weak-field expression of DeWitt and DeWitt.”
Recently, we considered the effect of space-

time curvature on a one-electron atom.®° We
found the Hamiltonian of the Dirac equation to
first order in the Riemann curvature tensor of

an arbitrary gravitational field at the position

of the atom and calculated the perturbations of
the atomic energy levels. Although the leading
terms in the result do not depend on the curvature
corrections to the Coulomb field of the central
charge, we calculated those corrections to the
electromagnetic field so as to obtain all terms

in the Hamiltonian which were of first order in
the Riemann tensor. The question naturally aris-
es, in a spacetime in which terms analogous to
Eq. (1) are present, how would they enter into
our calculation of the A, of a point charge, and
what effect would they and their corresponding
self-forces have on the spectrum of the atom?

In addition, do the curvature corrections we found
in the electromagnetic field give rise to further
self-forces? In our case, the atom was not held
at rest, so that one would also expect self-torques
to be exerted on the magnetic moments of the
electrons and nucleus.

The effect of such terms on the spectrum would
in any event be small with respect to the leading
curvature contributions already found, but it is
interesting that the effect of such terms is actu-
ally null for a neutral atom (assuming the radius
of the atom is small with respect to its distance
from the center of the mass distribution). We
find that in a neutral atom the field term from
the proton at the position of the electron cancels
the corresponding self-force and self-torque of
the electron. Furthermore, the curvature correc-
tion terms in the electromagnetic field do not
give rise to an additional self-force or self-torque
on a point charge. Therefore, the Hamiltonian
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and energy-level perturbations we obtained for
a neutral atom are not modified by the non-Cou-
lomb field terms which give rise to self-forces
and self-torques. For ions there is a net effect
of those terms which is small with respect to
the leading term in the Hamiltonian, and which
depends only on the total charge and magnetic
moment of the ion, not on its internal structure.

In Ref. 9, the atom was in free fall and we
worked in a coordinate system, known as Fermi
normal coordinates, which is normal (locally
inertial) on the world line of the atom. The elec-
tromagnetic field of a geodesically moving point
charge of charge ¢ was found to have the vector
potential

A0=—q7‘_1+Aé1)', A}::Al(zl); (3)
where V,A* =0 (Lorentz gauge) and

649,08, A + 5q7 3 (3R 5, — R, )X'2™ =0, (4)
and

610,80, A + £ R, 7™ + §qR® 2 'x™r™* =0,  (5)

Here the x! are the spatial Fermi normal coor-
dinates, »=(5, #'x’)'/?, and the components of
the external Riemann tensor R?%;,;, are evaluated
at the position of the point charge at x*=0. The
R%, s are regarded as essentially constant on time
scales of interest for atomic processes. We have
assumed that A, has the same singularity at the
origin as in flat spacetime. The potentials A"
are required to vanish at the origin of these nor-
mal coordinates, as they do in flat spacetime.
Adding solutions of the homogeneous equation
5479,8, AV =0 to the solution found in Ref. 9, we
obtain, in a neighborhood of the charge,

AP =qK xt+ 1 q(R+ 4Ry )
+ 5 9(3R, — R, )x'xmy™t (8)
and
Ag) =qujxj+ é—qRo;{r"’% qRo,kmx’x"'r". (7)

The K; and L,; are constants, and one can require
that L,, =~ L,, without altering the F, , or the
Lorentz-gauge condition. The values of the K,
and L, depend on the global nature of the space-
time. In the Schwarzschild black-hole spacetime,
Léauté and Linet* showed that for 2 point charge
supported at rest the correction term to the elec-
trostatic potential (¢ =—A{’) has the form of Eq.
(1). That term is of the form - gK,y* with

K, =Mrs™® and K, =K, =0. It is analogous to the
terms involving K; and L, in Egs. (6) and (7).

In the neighborhood of a geodesically moving
charge in an arbitrary spacetime, we expect that
K, and L,; in Egs. (6) and (7) will also be inde-
pendent of ¢ and will be no larger in order of

magnitude than the largest component of |R,gl.
The electric field of the charge is E;=F ;=3 ,A,.
We define the self-force f; on the charge as the
limit of gE; as v~ 0, averaged over all directions
of approach to the origin. That is, f;=1im,
(4m)? qui(Q)dQ, where E,(Q) denotes the value
of E; on a line through the origin in the Q=(6,¢)
direction. We find that the directional averages
of the terms not involving K, vanish, and thus
do not contribute additional self-forces. The
electric self-force on the charge is then

fi=0K;. (8)

The magnetic field is B;=¢€,,8,A,. We define

the self-magnetic field at the origin by a similar
averaging process: B (self) =lim,_,0(477)'1fBi(9)
xdQ. The only nonvanishing contribution comes

from the L, term in A, and gives

B (self) =g€, ;. L,;. (9)
This will produce a self—torquek
T;=2q M, Ly, (10)

on a spinning charge such as an electron through
the coupling to its magnetic dipole moment L.

Now consider a one-electron atom having a geo-
desic as its world line. (The general case of an
atom on an arbitrary world line is presently being
investigated with L.O. Pimentel.) The electric
field produced at the position of the electron (re-
garded classically as a point charge) by the term
involving K, in Eq. (6) is E;=ZeK;, where Ze is
the nuclear charge. This produces a force f;(nuc)
=—Zé%K; on the electron. From Eq. (8) there is
also a self-force acting on the electron and given
by f;(self) =e’K;. Therefore, the net force on the
electron from the K; terms in the field of the
nucleus and of the electron is

fi=(1-2)e’K,. (11)

More generally, for an atom having Z' electrons
one finds by taking into account the fields of the
other electrons as well as the nucleus that the

net force on one of the electrons from the K, terms
is (Z' - Z)e’K,. .1t follows that the effect of those
terms vanishes for a neutral atom, and they should
not be included in the Hamiltonian of such an atom.
One might expect this result for a neutral atom
near a black hole because the K; terms were
needed to ensure that the monopole contribution

to the electric field of a charge had the correct
form at infinity, but for a neutral atom the mono-
pole term vanishes. It is also possible to show

in the same way that if one includes the magnetic
field of Eq. (9) produced by the electron itself,
then the magnetic field produced by the L,; terms
vanishes in a neutral atom and such terms should
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be omitted from the Hamiltonian. If the terms
involving K; or L,; did not cancel, then neutral
particles placed in a gravitational field would
behave differently, depending on their internal
structures. Similarly, one finds that the net force
and torque produced by the K; and L,, terms on
each of the charges in an ion is the same as the

self-force and torque on a point charge having
the same net charge as the ion. Then the effects
of the self-force and self-torque on the ion do
not depend on its internal structure.
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