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Effective potential for the order parameter of gauge theories at finite temperature
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SU(n) gauge theories at finite temperature T =P ' are analyzed in terms of the spontaneous breakdown of a Z(n)
symmetry corresponding to the order parameter L(R) = (1/n)Tr P exp[ig f~oA 0(R,t)dt]. An "effective potential" for
L is evaluated in the one-loop approximation for both the continuum and the lattice gauge theories. It is shown that
the Z(n) symmetry is broken, so that the continuum theory does not confine for high temperatures. Similarly the
lattice theory does not confine for sufficiently weak coupling if the number of time sites N, is finite. It is argued that
as N, ~oo the Z(n) symmetry is restored and the theory will confine for all values of the coupling.

INTRODUCTION

Here A.'„are the potential. s a,nd F'„are the field
strengths. The path integral (1) is over all A'„

which obey the periodic boundary condition
A:(t =0) =A'„(t =P).

The phase structure of the theory can be studied'
by means of the order parameter

1
L(x) =—TrP exp ig A,(x, t)dt

'n
as P 'I%I

(2)

where A =A'X, and where A' are generators of
SU(n). (L(x)) represents the partition function in
the presence of an infinitely massive external
source [in the representation of SU(n) determined
by Xj at the spatial point x. If (L(x)) =0 the theory
is in a confining phase whereas if (L(x)) x0 it is
in a nonconfining phase. The energy of separation
of two sourceS can be probed by means of the cor-
relation function (L(x}L(y)).

L(x) is invariant under peyiodic gauge trans-
formations, i.e. , those which satisfy the relation
U(t = 0) = U(t = P) . However, there exist gauge
transformations U(x, t} which are not periodic for
which U(t = p) =e"'""U(t=0) with@ =0, 1,2, . . . , n —1.
U(t =P) is an element of SU(n) since e"'~'" is an
element of Z(n), the center of SU(n). Under such
a gauge transformation, the periodic boundary
conditions on A.„are maintained and the Hamilton-
ian is invariant.

However, the order parameter I. is not invar-
iant. In fact L(x) -e "'"'"I.(x). It follows that
(I.(x)) =e ""'"(L(x)) for 0 =0, . . . , n —1. Thus
(L,(x)) =0. So, unless the Z(n) symmetry is spon-

Gauge theories at finite temperature (in fact,
field theories in general) can be analyzed in terms
of a Euclidean path integral over a finite "time"
interval 0 &t ~ p. In the case of SU(n) gauge theo-
ries the partition function is written'

Z((!) Nf dA =ep(x—-','E„;,E; );

taneously broken, the theory will confine.
In this paper I present the results of a compu-

tation of the effective potential for L(x} at the one-
loop level. ' The calculation is performed in the
continuum theory at a finite temperature T = P

'
and in the Wilson lattice theory with finite number
of time sites, N, . The effective potential has a
minimum when L(x) =e"'"~" indicating that in per-
turbation theory the Z(n) symmetry is spontaneous-
ly broken. The one loop calculation is reliable at
high temperature. One can thus establish that
SU(n) gauge theories lose their confining property
at high temperature. The results of the calculation
suggest mechanisms for the restoration of the sym-
metry at low temperatures.

The same result holds in the lattice calculation.
The lattice theory does not confine for sufficiently
small g when the number of time sites N, is finite.
However, as N, -~ the effective potential flattens
indicating that the N, = ~ theory confines for all
values of g' which, in turn, implies confinement
in the continuum theory. '

In the next section, the effective potential in the
continuum SU(2) theory with no fermions is com-
puted. A more general version of this calculation
was done by Gross, Pisarski and Yaffe' in a some-
what different context. The subsequent sections
contain the results in the Wilson lattice theory and
a summary.

THE EFFECTIVE POTENTIAL FOR SU(2)
IN THE CONTINUUM

Consider the T=0 SU(2) gauge theory in the
A, =0 gauge (with no fermions). The physical
sector of the Hilbert space of states consists only
of gauge-invariant states. The projection operator
into these states is given by

+ h
X)&' x exp i d'g D,F.,'A., g

where the integral is over all possible gauge func-
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tions X which are strictly functions of x. The par-
tition function is given by a sum only over states in
the physical sector of the Hilbert space:

x(()) = f sox'( ) I (s[ee
[ ),

where

Z(p) = g(n~e p „~n), II =H - i d x D,.E',. ~' Pg

where II is the A, =0 gauge Hamiltonian for SU(2)
gauge theories. Using Eq. (3),

A path-integral expression for Z(P) can be derived
by the usual method' using the Hamiltonian H in-
stead of II. The result is

(6)

where A'(x) = &(.'(x)/Pg depends strictly on x, and
where A',(t =0) =A',.(t =P). A thus appears as a
I agrange multiplier which ensures that we stay
in the physical sector of the Hilbert space.

At finite temperature we cannot eliminate A

by going to the A =0 gauge; such a transformation
on the functional integral would force A., to violate
the periodic boundary conditions. We still have the
freedom of performing time-independent gauge
transformations. In fact we can work in a gauge'
where

A;(x) = 6.,y(x) .

In such a, gauge Eq. (6) can be writtena

X((& =Cof {O — c[gos( )))(xg[([e))d xeCt()x

8
x exp -2 dt d'x V

0

e(s x,. ex$3 x x,.) sec j),
(8)

where 3, = 5„. The factor 1 —cosgP(t) arises as the
invariant measure factor for SU(2).' L(x) is totally
determined by (t):

l.(x)=cos( ).
We shall evaluate the effective potential for (t)

rather than that for L.
It is clear that the action in (8) will be minimized

when V(t) =0. Let us then look at a constant gQ(x)
=C. If C =0 then I.=1 and if C =2&[/P then L =—1.
For any value of C the action is minimized when
A',. =0, in which case S =0. (The proof is that for
any small 5A, , S)0.)

It is important to note that this result holds only
in the gauge BoA =0 and A'= Q5„. We see that at
the tree (or classical) level, all values of C have
equal effective action, though the Z(n) symmetry
only implies equal action for C =0 and C =2»/P.

We can now proceed to the one-loop calculation
where we shall see that this degeneracy is lifted.

The one-loop effective potential" is evaluated
by writing (t)(x) = C/g+ 5(t)(x) and A', (x, t) = 5A;.(x, t) .
The measure term D(1 —cos[gP(t)(x)]] is a ghost
term and can be written"

1'

sec[ d'xl {O —cos[ ()p(x))& d')cl(ss)'].

(10)

The action (including the ghost term) is now

8=p dt d x V5 + 8052,. +C3 x5A,.
0

+ 2(8,.5A& —8,.5A,.) ]
d'4

, d'x ln(1 —cosPC) + 0(g') .
(2» '

Z(P) is now in the form of a Gaussian integral.
Writing S in the general form

S = const+(5A)rM(5A) +(5Q) rN(6$)

implies

(12)

Z(p) = [(detm)(detN)]-'";

detM x detN is simply the product of the eigenvalues
of Elf and ¹

It is straightforward to diagonalize M and N by
Fourier transforming 5A and 5(t). Since 0 & t & p
we have (d =2»n/P with integer n, -~ &n &~. A

short calculation yields the following eigenvalues
for each w and K: K' from 5Q; (v+C)'+IV, and
(&us C)'+ jC' from the transverse components of
A',.'& and A',.'&; ((d+C) from the longitudinal com-
ponents of A',"; uP from the longitudinal compon-
ents of 4(.". The longitudinal components are gauge
artifacts and, as we shall see, they are canceled
by the ghost terms. Using the fact that (II eigen-
values) '"=exp[——,'Qln(eigenvalues)] and using
the definition of the free energy Z(P) =e ~~'8' we
find
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1 V~ dK
E(p) =——~,{lnK'+ 21n[((d+ C)'+K']+ 2 in[((d —C)'+K']+ 2 ln((d'+K')+ ln((d +C)'+ ln(~ —C)'+ in&a'}

p 2 „„(27/)'
d'k——V

( ), ln(l —cosPC), (14)

where V= J d'x is the volume of space, v = 2'/P,
and the last term in (14) is the ghost term.

The value of E(P) at C =0 has been studied ex-
tensively. " It is simply the free energy of an
ideal gluon gas at temperature P '. We wish to
expose the C dependence of E by evaluating E(P, C)
—E(P, C =0).

We shall start by evaluating

G = Q f d'K{rn[(re+ C)'+K']

effective potential for C) is given by

E(P, C)
eff y

d'Kf4ln(1 —2 cosPCe ~'+e '~')1
2P(2v)'

+ 2 ln(1 —cosPC)}

1 d'k
, ln(l —cosPC)

To this end let

—in[(d'+K']}.
+ terms independent of C .

The ghost term cancels the longitudinal gluon
piece (as advertised) and we obtain

(22)

A = g (ln[(&u+ C)'+ K'] —in[@8+K']}.

This is evaluated by taking BA/BK':

BA ~ 1 1
BK „((d)+C) +K (d) +Irn )

This sum can be evaluated by standard contour
integral techniques' with the result that

pi& p p
BK2 2K [,coshpK- cospC coshpK- 1)

d'k
V (C) =— —,4ln(1 —2 cosPCe ~" +e '~")

2p (2v)'
OO

dx 4ln(1 —2cosPCe "+e '*) .

(23)

The integral in Eq. (23) can be evaluated" by
writing ln(1 —2 cospCe "+e '*) = Re jn(l —e-de&8&)

expanding the logarithm, integrating, and resum-
ing the series to obtain

This can be integrated to obtain

A = ln(coshPK- cosPC) —ln(coshPK- 1)

(since A=O at C =0). From Eq. (15),

(19)

2v' ll 1
"

PC
V.„(c)=-

p' (45 24 v, », i ~

(24)

G(C) = fd Kin(l —2 cn'edCe e +e 'ee)

+ terms independent of C. (20)

Notice that Eq. (20) is symmetric" under C --C
and that at C =0 it reduced to the usual expression
for the free energy of a massless ideal Bose gas.

Returning to Eq. (14) we evaluate

This is the key result of this paper. V,«(C) is
sketched in Fig. 1. At the one-loop level V(C) is
independent of g' and has a trivial dependence on

P. The overall curve scales as 1/P» and C has
minima at 2nw/P. V has the Z(n) symmetry
C -C+ 27//p and the symmetry C - -C."

At the one-loop level the Z(n) symmetry is spon-

F fd'K[ln(cr+C) —lnre']

=I fd KF [in(re+C)' —*inre']

d'Kln 1 —cos C +terms independent of C,

(21)

g
~d

r 0-
»I»

hl

/'

"/

where Eq. (19) has been used with K=O.
Finally, putting together Eqs. (14), (20), and (21)

we find that the free energy per unit volume (the
FIG. 1. The effective potential for C= pAO in'the con-

tinuum SU(2) gauge theory.



478 NATHAN WEISS

taneously broken. Since perturbative calculations
are reliable at high temperature we expect that
the theory will not confine at high T. This symme-
try is expected to be restored at low temperature,
even as g'-0. A possible mechanism for this is
the formation of Z(n) bubbies. '~ If we are in the
vacuum C =0 one can imagine forming bubbles of
the alternate vacuum C =2n/P. Such bubbles can
restore the Z(n) symmetry. It turns out that these
bubbles are related to finite-temperature instan-
tons.""Notice that the minima in C are separ-
ated by 2mT. As T-0 they become closer, where-
as quantum fluctuations affect Q directly (&f&

= C/g
+5/). This may provide a mechanism whereby
the symmetry, though broken at high temperature
(quark liberation), is restored at small tempera-
ture (quark confinement).

LATTICE CALCULATION OF Veff [FOR SU(2)]

The continuum calculation discussed above car-
ries with it one particular hazard. Despite the
fact that if (L) e0 the theory cannot confine heavy-

quark sources, it is not necessarily true that

(L) =0 implies confinement. (L) =0 implies only
that the free energy of an isolated quark is infi-
nite. This could be either an infrared or an ultra-
violet infinity. " To settle this issue it is useful
to regularize the theory by working on a lattice
in which ca,se (L) =0 necessarily implies confine-
ment.

The lattice calculation is very analogous to the
continuum calculation and I shall only sketch it in

this paper. The calculation is done in the Wilson
lattice gauge theory with a finite number of time
sites N, . The continuum finite-temperature theory
can be analyzed by studying the behavior of the
theory for fixed bare coupling constant and for
large N, .'4 N, =~ is the usual lattice gauge theory
and it is believed that this theory confines for all
values of g'. For finite N, it is believed that the
theory confines only for couplings greater than

some critical coupling g„'(N,). At g, '(N, ) the
theory loses its confining property. If we intro-
duce a lattice spacing g and let P=N, a; then as
a-0 ' is renormalized in the usual fashion" by
letting g'=g (a). If g'(a) and g„'(N, ) =g„'(P/a)
have the same behavior as a- 0 the continuum
theory will have a phase transition at finite P.
This procedure for taking the continuum limit at
finite P and for studying the critical properties of
the theory is discussed at length in Ref. 14.

In this paper the theory is analyzed for small g'
and for all finite N, . The functional integral is

1
Z = DUexp ——, (1—z»UUUU)

yl aguet t es

(25)

where the system has N, space sites and N, time
sites and where the spatial variables satisfy
U(t = 0) = U(t = N, ,) (periodic boundary conditions).
As in the continuum we study the order parameter

(26)L(x) =2 Tr U,(t, t+1) =coen(x),
~ 4 ~ lt

t=o

where U, is a link variable in the time direction.
There is a Z(2) symmetry which implies (L) =0
unless there is spontaneous symmetry breaking.

We calculate the effective potential by working
in a gauge where U, is constant in time and where
U, is diagonal (in analogy with the continuum con-
ditions B,A =0;A'n5„). Let U, (x) =e'
Then

L(x) = cos[n(x)] . (27)

In our gauge the action is minimized when V'0. =0
and when all spatial links are set equal to 1. The
"free energy" E=-(lnZ)/N, is evaluated for
n(x) = n+ 5n(x) in the one-loop approximation by
diagonalizing the inverse propagator in momentum
space. The details of the calculation will be pre-
sented in a later paper. " The result for the free
energy per unit volume in the limit N, -~ is

E lng 1 4 ' d'K
p'„,(n) =,= — = ——,ln(l —2 cos2ne '~&"+e '~&") +terms independent of u, (28)

where

h = In[a+ (u'+ 1)'~ ']

and

K' = sin'(K„/2) + sin'(K„/2) + sin'(K, /2) .
This is the key result of the lattice calculation.

As N, -~, h-K/2 and Eq. (27) becomes

(29)

V,'f,'"'"(n) ~ 2, 2 4 x'dx ln(1 —2 cos2ne "+e-~")+ terms independent of n . (30)
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This has the same shape as sketched in Fig. 1.
Thus for finite N, the symmetry is spontaneously
broken at small g'. This seems to be a firm re-
sult of this calculation. Any nonperturbative ef-
fects should be small as o'-0. At most they will
cause a phase transition at some finite value
g„'(N,). Since we know that the theory confines
at large g' it follows that lattice gauge theories
at finite N, have a deconfinement transition at some
value of g'.

It is suggestive that I/, «(n) -const as N, -~.
This may lead to symmetry restoration at N, =~
in agreement with the expected result. It is essen-
tial to see whether a two-loop calculation also
shows that V,«-const as N, -~.

SUMMARY

The effective potential for the order parameter
L (actually for u =are cosL) has been evaluated
for SU(2) gauge theories both in the continuum and
on the lattice in the one-loop approximation. The
effective potential has a minimum at L =1 and a
symmetric minimum at L =-1. This implies span-
taneous breaking of the Z(2) symmetry which, in
turn, implies that the quarks are not confined.
This one-loop calculation should be reliable at
high temperatures. We can thus conclude that
quarks are not confined at high temperature. At
lower temperature, higher-order corrections and

topological effects become increasingly important.
The distance between the minima of A is propor-
tional to T so that these effects could easily cause
restoration of the Z(2) symmetry and confinement
at low temperature.

The lattice calculation is equally encouraging.

For weak coupling and finite number of time sites
the calculation establishes the spontaneous break-
down of the theory thus implying a phase transi-
tion at some coupling g,„'(N,). However, as
N, —~ both the height of the barrier between the
two vacuums and the "distance" between them
(U=e' '3'"~ so Act/N, -0) tends to zero and the
symmetry may be restored. This would imply
that the lattice theory (N, =~) confines for ali g'
and thus that the continuum theory is confining.

The calculations are easily carried over to SU(n)
gauge theories. The results will be presented in
a later publication.

When fermions are included into the theory the
Z(2) symmetry is no longer present and V,«(C)
no longer has a symmetry C-C+2v/P. Instead
it only has the symmetry C-C+4s/P. The sym-
metric minimum at C =2m/P in Fig. I becomes only
a local minimum. These calculations have been
done and the results will also be presented in a
later paper in which the effect of this minimum
on quark confinement with fermions will be
studied.
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