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%e investigate spontaneously broken symmetries and their consequences for the static and dynamic behavior of
'P, -neutron-star matter. Apart from a broken gauge symmetry, which is characteristic of any superfluid, the total

rotational symmetry of spin and orbit space is spontaneously broken, a property unique to 'P, -neutron-star matter.

The additional hydrodynamic variables are discussed, especially their commutator relations and their anholonomity

properties. A complete set of nonlinear hydrodynamic equations is derived, and a procedure for guaranteeing total

angular momentum conservation locally is presented. As unusual hydrodynamic excitations we find three pairs of
damped spin-orbit waves which reflect the intricate coupling of orbit and spin space in 'P;neutron-star matter. Its

hydrodynamics shares some properties with biaxial nematic liquid crystals on the one hand and with He-8 on the

other. Finally, we discuss the consequences of a reversible current connecting the vortices of the magnetic field with

the density of linear momentum which can influence the magnetohydrodynamics of a neutron star.

I. INTRODUCTION

As has become clear during the last few years' '
there exists very probably a 'P, superfluid phase
of neutrons in the interior of neutron stars. In the
last decade many investigations concerning the
superfluid state have been carried out. In these
publications emphasis has been put on questions
such as cooling mechanisms, ' derivation of gap
equations and generalized Gorkov equations, ' '
generalized Ginzburg- Landau free energies, "
and renormalization-group calculations of the
phase transitions. ""Very recently Golo" con-
sidered spatial configurations of the order param-
eter of 'P, -neutron-star matter in the presence of
a superfluid current.

The purpose of this paper is to clarify the ques-
tion of which continuous symmetries are spontane-
ously broken in. 'P, -neutron-star matter and to de-
rive the hydrodynamic equations for this quantum
fluid. Our considerations are relevant to the dy-
namics of neutron stars because the hydrodynamic
equations give a macroscopic description (includ-
ing magnetic fields) of 3P2-neutron-star matter.
%e find a coupling term between the density of lin-
ear momentum and the vorticity of the magnetiza-
tion density. In stationary situations an inhomo-
geneous magnetic field gives rise to a superfluid
counterflow. The hydrodynamic modes we find
may influence the transport properties and the dis-
sipative mechanisms of the neutron star.

As is well known the hydrodynamic regime is
confined to small frequencies & and to small wave
vectors k, or to phrase it more precisely the con-
d', tions kl, «1 and uv, «1 are assumed to hold
where 7, is the largest microscopic (collision)
time and l, is the largest distance between two
collisions on the microscopic level. Since the 3P,

pairing is believed to occur at a neutron density of
roughly 10"-10"gcm ', ' the Fermi wave vector is
=2 x 10"' cm '. Because T, /Tz=10 ', the coher-
ence length is estimated as 5 & 10 "cm (the Lon-
don penetration depth is smaller) and the hydrody-
namic theory is applicable down to 10 "cm. To
derive the nonlinear hydrodynamic equations we
use exclusively general, symmetry arguments and
local thermodynamics. To get further insight into
some of the parameters involved we include at
some points considerations obtained from an appli-
cation of the projector formalism of Mori to hydro-
dynamic systems. The derivation of phenomeno-
logical hydrodynamic equations is a rather classi-
cal approach and it has been applied to many hy-
drodynamic systems, e.g. , to magnets, "uniaxial
nematic liquid crystals, ""crystals, ""smectic
liquid crystals, ""cholesteric liquid crys-
tals, """"biaxial nematics, '""superfluid
He, ' to the various types of discotic liquid crys-

tals, "~" and to the superfluid phases of 'He.""
The latter class of hydrodynamic systems shares
with 'P, -neutron-star matter the existence of an
S = 1 pairing in spin space (besides the property
"superfluidity"). As a different approach to derive
linear hydrodynamic equations one can. use corre-
lation functions, the projector formalism, and the
Kubo relations. This approach may be used as a
bridge to fully microscopic techniques such as the
9oltzmann equation. It has been pursued for sim-
ple fluids, " He superfluid, "nematic liquid crys-
tals, ~" and the superfluid phases of 'He. """

This paper is organized as follows.
In Sec. II we discuss the order parameter and

identify the generators of the spontaneously broken
continuous symmetries. As a feature unique to
superfluid 'P, -neutron-star matter (among all sup-
erfluid systems studied so far) we find that total
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angular momentum but neither orbital angular mo-
mentum nor magnetization serve as the generator
of the broken symmetries. The latter fact is due
to the strong spin-orbit coupling in the Hamiltonian
of 'P2-neutron-star matter, which destroys rota-
tional invariance in spin space alone as mell as
rotational invariance in orbit space alone. Only
combined rotations of spin and orbit space are
symmetry elements of the Hamiltonian. However,
this symmetry is spontaneously broken by the ex-
istence of the 'P, order parameter giving rise to
additional hydrodynamic variables and excitations.
The transformation properties under spatial inver-
sion, time reversal, and Galilei transformations
of the hydrodynamic variables characterizing the
broken symmetries are also discussed in Sec. II.

In Sec. III we derive the general nonlinear hydro-
dynamic equations for an infinitely extended P,
superfluid without impurities. Starting from the
Gibbs relation and the conservation and quasicon-
servation 1ams we consider first the free energy
including third-order terms. The necessity to in-
clude the latter class of t;ontributions has been
found for the superfluid phases of 'He ' '" and
has been applied to the various types of liquid
crystals by the authors. ""2' As has been
stressed in Ref. 39 fourth-order terms must be
kept in the free energy to preserve positivity al-
though those do not contribute to the final hydrody-
namic equations. From the third-order free ener-
gy the thermodynamic conjugate quantities can be
obtained by differentiation. In the next step we
present the irreversible and the reversible cur-
rents and quasicurrents which are expanded in the
thermodynamic conjugates. Furthermore, we pro-
pose a novel procedure to guarantee conservation
of total angular momentum density locally although
the total angular momentum density is not a local
quantity. This is achieved by relating the source
term in the dynamical equation for the magnetiza-
tion density (which is not conserved) to the anti-
symmetric part of the stress tensor. In order to
fulfill the requirements connected with the non-

negativity of the entropy production, the hydrody-
namic currents are expanded into the thermody-
namic force conjugate to the total angular momen-
tum. i.e., into the sum of the internal magnetic
field and the vorticity. The latter quantity is local
and may therefore occur in the hydrodynamic equa-
tions. Similarities and differences between the
hydrodynamic equations of 'P, superfluid star mat-
ter and those of biaxial nematic liquid crystals and
superfluid 'He-B are pointed out.

We find that a large number of phenomenological
parameters are involved in the hydrodynamic equa-
tions derived reflecting the biaxiality and the fact
that spin and orbit indices can be interchanged at

II. ORDER PARAMETER AND BROKEN
SYMMETRIES

The spontaneous symmetry breakdown due to
triplet pairing can be represented by a 3 x 3 ma-
trix of anomalous expectation values, 4'

(r„((r (, x)&= Trp„i„((r[,x)&O,

where p„ is the density operator in equilibrium,

"p, =e 'exp -))(ee, -e) fry [ (x) xX(x)X

(2.1)

+ X„(x)i'„(x) ))
(2.2)

with

X,=H- pm%-v"' P-yh S, (2.2)

and where N is the operator for the total particle

number, P is the operator for total linear momen-
A

turn, and S is the operator of the total spin. The
Lagrange parameters p, , v" and h, gX,&

are deter-
mined from the constraints on the expectation val-
ues of the associated variables. For H we have

will in superfluid 'P, -neutron-star matter. The
approximate microscopic evaluation along the lines
discussed, e.g., in Refs. 50 and 51, of some of the
paraimeters involved is in progress now and mill
be reported elsewhere.

Up to linear order in the wave vector, we find as
normal modes first and second sound and three
spin-orbit waves. The sound waves are mixed to-
gether (as in any superfluid), and separately the
three spin-orbit waves are coupled. The latter ex-
citations reflect the spontaneously broken total ro-
tational invariance. However, these spin-orbit
waves are overdamped due to the nonconservation
of the magnetization density. The other modes
have (luadratic dispersion relations +(k)-k'. Qf
course, all excitations reflect the biaxiality of the
system. At the end of Sec. III we discuss the re-
versible coupling of the density of linear momen-
tum to the vorticity of the magnetization density.
The latter can be viewed, therefore, as an addi-
tional superfluid velocity, which is not irrotational
(contrary to the usual superfluid velocity). Thus
there is a close connection of orbital rotational dy-
namics and spin dynamics.

In Sec. IV we discuss the case of a strong mag-
netic field and we find that the hydrodynamic equa-
tions become uniaxial while the number of hydro-
dynamic variables and modes remain unchanged.
In addition we discuss the other special case (no
magentic field) in which the structure of the order
parameter induces a uniaxiality in the hydrodynam-
ic equations, but in which the number of "symme-
try" variables is reduced by one.
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d'x- —
' »' x

+)~(")= J" r &*(Ir
I x)~;g(Ir I x)«

0

where

(2.8)

+ dgdg ~ x y x Vogg x~x ~ x 6 x

(2.4)

The order-parameter operator is defined by

T„(~r),x)=— d(),(,lx —— (rrrr), ~
' ('~(x+ —),4m 2 ' ' lrt

(2.5)

where an integration has been performed over the
solid angle of the relative coordinate of the Cooper
pairs.

The structure of the condensa, te can be charac-
terized by the structure matrix'„, . (Ref. 3) where

&r„,(Ir I, x)& =E(Ir I, x)A„(x), (2.6)

,
(2.7)

Like in superfluid 'He the complex amplitude
E(Ir I, x) of the condensate describes the degree of
ordering and is therefore a microscopic variable, "
whereas the structure of the condensate is a mac-
roscopic property. The matrix',

&
is the expecta-

tion value of the operator

u, &, w form an orthogonal triad of real unit vec-
tors.

The order-parameter matrix A'„ is symmetric
in real- and spin-space indices; in addition it is
possible to replace any of the unit vectors of the
triad (u, v, zv) by its negative values (e.g. , u„by
-u„) without changing the value of A'„, i.e., u, v,
zv are headless as in nematic liquid crystals. It is
not possible to distinguish between spin-space and
real-space variables, sin.ce only combined rota-
tions of spin and orbit space are symmetry ele-
ments of the. Hamiltonian.

As candidates for hydrodynamic variables char-
acterizing spontaneously broken continuous sym-
metries we have to consider the phase variable y
(as in any superfluid) and the deviations from the
equilibrium values of the triad of unit vectors u,
v, zv in real and spin space, respectively, or
equivalently the rotation angles about these axes.

Since the matrixn„, in (2.10) is traceless and
symmetric and real it contains at most five inde-
pendent variations. However, assuming that u,
v, se remain orthogonal unit vectors' even in non-
equilibrium situations leads to the conclusion that

n„, can contain only three independent variations
and it remains to be clarified which continuous
symmetries are broken by these variables, i.e.,
to find the corresponding generators.

We take as variables

(2.ii)
r E dr=I.

0
(2.9)

and

In 'P, -neutron-star matter A.„is in general' a
complex, traceless, symmetric matrix which
transforms under rotations of the orbital coordi-
nates like a vector with respect to the index i and

under rotations in spin space like a vector with re-
spect to the index p, . For the normalized unitary
equilibrium order parameter &'„, we have'

f)g, =-', (2r +1) 'u 0,
f)P, = ,'(r+2) 'v'8, -

g, =),'(r —1)-'w'0,
where

(2.12)

x' =x ~"
(2.10)

n „,= k „u, + rv „v, —(I + r) w" „m, ,

where 2 = [1+x'+ (1 +r)'] '~ ' and where the param-
eter r represents the excess degeneracy of the
unitary manifold. It can be chosen in such a way'
that the Ginzburg-Landau free energy associated
with the P, superfluid is minimized. One obtains
in this way r=-2 without external field if sixth-
order terms are taken into account' and r = -1 if
an external magnetic field is included. ' In. the
most general case one has -1&r& -& and we will
study this case in detail in the following whereas
the results for the end points of the interval [-1,
——,'] will be included in our presentation for com-
pleteness. In Eg. (2.10) y denotes the phase and

We find for the behavior under gauge transforma-
tions

&[&P,~]&= 2i,
&[&i„~1&=0,

(2.13)

(2.14)

(2.i5)

r(1+r) 1+rf)=M(QJ(2)2+V(vj(2)2

(2.i6)

i.e., as expected the phase variable ~y character-
izes broken gauge symmetry. For the commuta-
tors with the magnetization density and the opera-
tor of angular momentum we have (r& -2)

&[~~,~,]& =0,
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&[5q, ~.]&=0, (2.17)

. ( 1+2r +2r' 2+2r+r'
uiuJ (1 2 )g

+ v) vg
(2 )2

1+r2
'(1-r)' (2.18)

i.e., we arrive at the conclusion that &y is a scal-
ar with respect to rotations in real space and spin
space (2.15) and (2.17). As the most important
information it turns out from Eqs. (2.16) and (2.18)
that neither angular momentum nor magnetization
serve as generators of a spontaneously broken
symmetry. If we calculate, however, the commu-
tators of the total angular momentum 4, =L, +S,
with 5P, and 5P we obtain the results

(2.21)

or

&[5e,,J,]&=0, (2.22)

whereas in other hydrodynamic systems with
broken rotational symmetries (e.g., 'He-A, ne-
matics, antiferromagnets) these symmetries are
spontaneously broken in real space or spin space
separately. To summarize, we have identified the
hydrodynamic variables characterizing spontane-
ously broken continuous symmetries of 'P, -neu-
tron-star matter: One variable, the phase devia-
tion &y or the superfluid velocity v'„character-
izes the broken gauge invariance and three vari-
ables (5p,) are connected to the spontaneously
broken total rotational invariance. Some further
symmetry properties will be important in the fol-
lowing. Under time reversal we have

A)~-A ~, A)~ A~)~. (2.23)

&[5P,Z, ]&=0, (2.19)

& [5$„J'q]&=i5,~. (2.20)

From (2.20) we are forced to the conclusion that
5P, and 1& are conjugate variables, i.e., total ang-
ular momentum serves as the generator of a spon-
taneously broken symmetry. This can easily be
understood, since the Hamiltonian shows rotation-
al invariance with respect to simultaneous rota-
tions of spin and real space, while the actual 'P,
superfluid does not, due to the existence of the
triad u, v, so. Therefore, total rotational invari-
ance is spontaneously broken. This result is
unique to 'P, -neutron-star matter when compared
to all other superfluid systems studied so far. It
has to be contrasted, e.g. , to the case of super-
fluid He-B. In this phase relative spin-orbit sym-
metry is spontaneously broken, i.e.,

&[5i,, l, ]&= &[5e„S,]&

Equations (2.11) and (2.12) imply then

whereas the behavior of u„v„w, remains un-
specified. Under spatial inversion all four opera-
tors 5P, 5g, have even parity. Under Galilei
transformations generated by

C=-t) v". d'x 'mx (2.24)

v'(x) = v 5'(x)
2m

transforms as a velocity under Galilei transforma-
tions whereas 5g, are left invariant. We close this
section with a discussion of the special cases
r = -2 and r = -1 in Eq. (2.10). The considerations
with respect to the phase remain unchanged. For
the behavior of 5g, we have for r =

& [5$)(cly] & = 9$(v v)+ K)wg) ~ (2.28)

For r=-1 we obtain

and (2.27)

& [5&„S&)& =i(u, u&+v, v&+ 2%) 20g) ~

Thus we find that for r=-& and r=-1 it is also the
operator of total angular momentum which serves
as a generator of the broken syxnmetries. It
seems worth noticing that for r = —~ there is a
close connection of the order parameter n„, with
that of uniaxial nematic liquid crystals and as will
be shown in Sec. IV the hydrodynamic equations
for this value of r show an uniaxiality of the trans-
port parameters and static susceptibilities where-
as for other values of r (-1&~&-2) a biaxiality
emerges. In addition we find that there exist for
~=-2 (as in nematics) only two variables charac-
terizing spontaneously broken continuous symme-
tries. For r= -1, the case of strong magnetic
field, ' we find three hydrodynamic variables char-
acterizing broken symmetries and as will be
shown in Sec. IV the hydrodynamic equations are
uniaxial for that case.

III. HYDRODYNAMIC EQUATIONS

As conserved quantities we have the density p,
the energy density b (or the entropy density e), and
the density of linear momentum g.

In addition we h@ve as conserved quantity the

the structure matrixA,
&

transforms according to"

[6, A, &(x)]=il &exp(-—ma i'x). (2.251

Therefore,



3052 H. BRAND AND H. PLEINER

total angular momentum J, which is the sum of
angular momentum &, and (1/y) M, , the magnetiza-
tion. However, it is important to notice that J,. is
a nonlocal quantity. Therefore, we cannot add to
the Gibbs relation (which reflects local thermody-
namic equilibrium) a term -dJ, Instead we con-
sider local changes of the magnetization dM,. and
changes of the orbital angular momentum dI-, ,
which can locally be expressed by changes of the
linear momentum dg, " Of course, we have then
to ensure that only the sum (1/y)dM, +d.f,. occurs
and never the difference. As hydrodynamic vari-
ables characterizing spontaneously broken continu-
ous symmetries we have to keep in our list the
quantities &P,. as introduced in Sec. II which de-
scribe the broken total rotational invariance.
These hydrodynamic variables can be interpreted
as deviations from the equilibrium values of the
triad I, v, I). Only inhomogeneous rotations lead
to forces, which tend to restore the original state.
For small gradients, these forces are small and
the appropriate dynamics is slow. This is the hy-
drodynamic nature of the variables due to the spon-
taneously broken total rotational symmetry. From
the changes ~u, &v, &w only three are independent,
since u = v = w =1 and u' v= u' w= v' w= 0 We
choose the components v' &w, (wxv) &w, (v
x w) &v, which can be viewed as the components
of a vector &tTt. Note that these hydrodynamic vari-
ables are defined only locally, but not globally.
Consequences of this fact will be given below. The
hydrodynamic variables defined above are related
to the operators &P,. defined in Sec. II by

v' &w = (&g,)„,~=- ~g, ,

(w x v) ~ ow=(&(, )„,~-=6(„ (s.i)

(vxw) 6 v«y, &,...,-=&q, .

The starting point of any hydrodynamic theory is
the Gibbs relation, which expresses the assump-
tion of local thermodynamic equilibrium:

this has occurred previously while studying the
superfluid phases of 'He and the various types of
lj qu id crys tais 16p 20, 21, 39, 47-49

In Eqs. (3.2) expressions such asdg. or V&g. have to
be interpreted, e.g. , as(vx w) dgor(vx wj V&g

according to our choice of hydrodynamic variables.
The second derivatives dV&(,. occurring in Eq.

(3.2) must be handled with care, since the hydro-
dynamic variables are globally not defined. That
means that second derivatives of the hydrodynamic
variables are not interchangeable, dV&g,.+ V&dg,
Instead one finds

s, (s, 0) —s, (s, () = (s, 0) x (~, |T), (3.3)

V xv'=-0 (3.4)

in 3P2-neutron-star matter.
The conservation and quasiconservation laws

take the form

8
p+V'' g=0, ' (s.5)

8—o+V'q=-
8t T' (s.6)

8—g,. +V,.o,.&= 0,

where 8„9,are any first-order differential opera-
tors and where 6tT is the vector of the hydrodynam-
ic variables (v &w, [wxv] &w, [vxw] ~v).

Analogous anholonomity relations have been giv-
en previously, e.g. , by the authors for biaxial ne-
matics. " In this case angular momentum serves
as the generator of the broken symmetries. The
first occurrence of noncommuntativity relations
for hydrodynamic variables has been noticed by
Mermin and Ho for 'He-A (Ref. 30) without extern-
al field and subsequently for the other superfluid
phases of 3He. For the phase &y (or the superfluid
velocity v,') there exists no anholonomity relation,
l.e.~

dS =Tdo+ p. dp+v" dg+p, ,d(V&(,).
+h,.d(,. + H' dM+r, dV&p+8,.dV. ,. o'

+~]~dV]~j + &]dV]p,

and for the pressure we obtain (P —= dE/dV), -
p= —8+p, p+Ta+v" g+M H+v. ,V,p

+O,.V,O+~,~V, M).

(3.2)

8—8+V'j& =0,
8t

9 ~ M M

9t
—M, +V j. =Q. ,$

8—g +X.=Oi

8—@+I =0.

(3.6)

(3.9)

(s.io)

(s.ii)

In writing down Eqs. (3.1) and (3.2) we have ma«
use of the fact that indices in spin and real space
can be interchanged at will (cf. Sec. II for a de-
tailed discussion of this point). Furthermore, we

have kept gradients of the conserved quantities p,
cr, and M, in (3.1) and (3.2). The necessity to do

Of course, &p, and 5p are not conserved and Eqs.
(3.10) and (3.11) are simple balance equations.
The source term in Eq. (3.6) is the entropy pro
duction, which is zero or positive on the revers-
ible and irreversible levels, respectively. As al-
ready stated the magnetization is not conserved.
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8 8 ~ ~ 2 8—.& =—(r xg). +——I
8t i et ' y 8t

and with the help of (3.7) and (3.9)

(3.12)

(L)( is related to the antisymmetric part of the
stress tensor which acts as the source term of the
conservation law for the orbital angular momentum
density. For the time derivative J, one finds

lar momentum. To close the system of hydrody-
namic equations we have (1) to express the thermo-
dynamic conjugate quantities as defined in Eq. (3.2)
in terms of the hydrodynamic variables and (2) to
relate the currents and quasicurrents as introduced
in Eqs. (3.5)-(3.11) to the thermodynamic conju-
gate quantities.

8 N

&t P iP y

where

N-"
O

= ~i~k ~) ~k~+ & Oy

(s.13) A. Statics

For convenience we will express 8 in terms of
v" instead of g. Then we find for I" —= 8 —g' v" up to
third-order terms (quantities such as 5p, V((g),

V, gj)g are counted as first-order terms whereas
V, (g, V, p are said to be of second order)

The total angular momentum conservation re-
quires, therefore, E J~+J~+I &» (3.15)

N
~uavga-

y
(s.14)

Thus, Eq. (3.14) together with (3.9) is a local
formulation for the conservation law for total angu-

I

where E" contains the homogeneous part (magnet,
simple fluid), E~ is the gradient part due to the
broken symmetries, and I""' contains cubic terms
(higher-gradient order terms), which gives rise to
nonlinear susc eptibilities:

E"= 2y(gag)g, 5-m, + 2 r, C„g(5e)'+ L,( 5p)' +k', (5p) (5(g), (3.15)

E = & p(g(v( —V((p)(vg —Vgp) —a pv" +Ag(5(g, V, g()g) +A2(v, v~ V(g()g)'+As5+v(vg(V„(( ()(V, g()&)

+A45(, v&vg(V(g()g){V, (()g)+As'(gvgvg (Vgg()()(Vag()g)+A65(, vgvg(V(g()g)(V))g()g)+A~5(~v& vg(V&go()(V) g()a)

and

+A))g()JM)g v( vg(VJ(0() (Vg (()$) + (Ag 5(g 5(g +Ag05Q gJ()g()+gAgg (g vg vg) (Vg v() (Vg v$)

+ 5 (, gv (g()g[A(2(V( g()g) (V( v g) +A(3(V( g()g) (Vg v g) +A(4 (Vg, g()() (Vg vg) +A(5(Vy g()() (V~ vg) ]

++g, g (V(~a)e((g (VP '"g)- (3.1v)

E'" = a('„'(V-(g(),)(V,p) +C,'„'(V, v, ) (V, p) +8(„'(V(gv, ) (V, (g) +C,",,'(V, v, ) (V, (r)

+ (A((6p+B(p(g)(V( y —v()(Vg (I() —vg)+ f(g~g~~(V) p —v )V(ggv +L(;g Mg ((g))(p -vg)V(v, , (3.19)

and where 5»= 6»-v,v, -so,ce, and DQf Akg +»,
and pi& are of the biaxial form

8E 8E
p, =- p — i ~ = —Vi

8p 8vip '

t, ~
= t,5',~+ t,v iv ~+ t,so~sv, ,

whereas for B,.» ' and C',-»~'we find

(3.19) 8PT=T —V 0i
8+

Hi -=Hi —v~&~i =
8M,-

8+
'8Vio '

8+
'8V Ii

(3.21)

C (gg I())- v (C (+ rg) )5s
) + C (+ fg) )v

i&a
— i i »

a( ~»=~ (a' ~)5' +a"') v v )i» i 1» 2 k J

(3.20) 8+
Bv" ' 8%p '

+gv (a("»5'+B' g)v.v ).3 . ij 4 i

The tensors f(»g and $(gz have been included for
completeness and bring into play a plethora of
further terms.

'The equations of state are obtained from Eqs.
(3.20)-(3.15) via differentiation:

with

QE 8+
'p 4(g sv g

7

i

P=(v ~ 5w, (w xv) ~ 5w, (v x w) ~ 5v) .
The energy density 8 defined above shows the cor-
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rect Galilean transformation behavior 8- 8+ &pU'
+ U ~ g. By explicit differentiation we find in ad-
dition g= pv"+X'. As is obvious from the first
three equations of (3.21) it is most convenient to
expand the currents and quasicurrents into the re-
normalized quantities p, T, and H,-.

The terms involving the coefficients Ay A, 5

in Eq. (3.17) are identical in structure with the
corresponding terms in biaxial nematic liquid
crystals, the term proportional to D» in E~ de-
scribes a coupling of the vorticity of the mag-
netic field and the velocity fields Vfy and v&.

[Some consequences of this term will be indicated
afte~ Eq. (3.31)] and the other contributions to
F are that of a usual superfluid (apart from the
biaxial form of the tensor of the superfluid den-
sities). Concerning the structure of the third-
order contributions contained in E"' it seems
worthwhile to notice that there exist terms which
describe couplings of the superfluid velocity v',.
and the variables characterizing the broken total
rotational invariance: t', »„(,»i (apart from
terms which also exist for liquid crystals and the
superfluid phases of 'He). After having specified
completely the static behavior we turn now to the
description of the dynamics, i.e. , the investigation
of the irreversible and reversible currents and
quasicur rents.

B. Dynamics

Inserting the equations of motion (3.5)-(3.11)
into the Gibbs relation (3.2) one obtains for the

entropy production the rel.ation

-R= —V;S;+g; V;g+ v;aV, va H (VaJ ,q--Q;). '

conjugate to the total angular momentum J, as a
thermodynamic force; 5 is a local quantity in con-
trast to J. If we now invoke the behavior of the
currents under a Galilean transformation with
constant velocity U

g.- pU,-+g,
q oUi+q

a,j- pU, U&+g U~+gP. +o &,
~ N N

~ a ™Ua+&ia ~

I„-U,-Vip+ I„,
X;—Ua V at/r, . +X, ,

(3.23)

and the pressure term p6if in the stress tensor,
we obtain after a lengthy and puzzling rearrange-
ment of terms the relation

g = pvi+8i

q,. = ov";+ q,',
2o',.

&
=5,.~(p —V pr —V v& )

+givf+Af V ++7'fV Q+ YfV p

+ 8P', 0+ Qi(V i)i, Ma%,A»-+ v',.)™.+ (i j),
2o';~" = &~M„A;~+ H;M)+ A~, V, M)+ Va Q»g)

+ &!anti (i j)if

which relates the yet unknown parts of the currents
(denoted by a prime) to the (renormalized) thermo-
dynamic forces. 'The currents, which enter the
dynamic equations (3.5)-(3.11) are thereby related
to the primed quantities by

+ qiViT+ Iy Viki+ Ilix y (3.22) j,~= v~M, + ,'&(V. ,j.aM—)A,, —e,a, M)A, ~
—e,q,. Q, ~t/q)+j ,'a,

(3.25)
where Si is a generalized energy current (whose
specific form we do not need to know), the re-
normalized thermodynamics forces T, p, II,. are
defined by (3.21) and II, =- Ii, —VI Q,z+!ti,I&I

the last term of this relation is due to the anholon-
omity condition (3.3).

Making use of the conservation of total angul. ar
momentum (3.14) we can express Q",. by the anti-
symmetric part of a, f. Splitting aif in a symmetric
and an antisymmetric part we then obtain

e;aV!va —Hi(Vaj ia Qi)=vg (-2;va)"

with

] WffQ~= —co~ yH+ )~(M =—
g V xv").

Thereby we have obtained 5, the thermodynamic

I„=v"; V,.p+ I„',

Xi =va Vi (;+f !~a!aigPg+X!.

The primed parts of the currents must be Galilean
invariant and may therefore not depend on v" (or
Vp). The term H&M& in o~&" gives the well-known
I.armor term in the dynamic equation for I,
Taking into account the static relation g= pv" + X'
and expanding the remaining parts of the currents
into the thermodynamic forces we close the dyn-
amics.

On the reversible level (R = 0) we obtain with the
help of (3.24)

if if' ly if% fh ~if ~f t

X'-yq 0)+ ua( (V)v~)
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If Eqs. (3.26) are written down in their linearized
form, y &

=y, 5',&+y2v v&+)'3&v, u& can be evaluated
rigorously via the commutators considered in Sec.
II, Eq. (2.20), and we find explicitly

(3.27)

A, &
=A, 5'.&+A2v, v &+A3w;so&,

B&&z= (B,v&vt, +B26&&)to&+Bs6&&v&+ (j k),
C &»r C,v,v &vav r+C 2%$%5&AKl+ C3'5$$5kl

+ C 4v &v&so~so, + C,6»v &v &+ C,w, zo&5~,

+ C 7v j26$$8 )V p + C Sv gv g~ g)+ C9' fZ0$5 fg y

(3.30)

i.e. , the generator property of the total angular
momentum is an inherent property of Eqs. (3.26).

'The tensor u,» is symmetric in the two last
indices and contains three phenomenological para-
meters Q„Q2 Q3'.

o.q~,
= (n,v,v~+ u, P~)coq+ n, 5',~v)+ (j k) . (3.28)

gf- 0

q,'= K)~V~ T —$-», V~H~,

a&i' S i ~a&

Iy = CV lX) —$-)y(V gv ))

X', = f,~H~ —$,)~V„V)f,

(3.29)

~la ~&as j
The second-rank tensors K,&, g,&, f,&, p, ,~, the
third-rank tensor $»„and the fourth-rank tensors
g,»„v,»„p,», are of the form

When the linearized hydrodynamic equations are
considered in the framework of the projector
formalism (introduced into hydrodynamics by D.
Forster") it is found that the memory matrix,
which contains the noninstantaneous, coll.isional
effects, yields contributions in the hydrodynamic
regime to the phenomenological parameters &„
e„and a3. As has been noticed by the authors"
all hydrodynamic systems studied so far which can
be characterized by broken rotational symmetries
in real space ('He-A, 'He-A„nematics, biaxial
nematics, smectics C, He-A in high magnetic
fields) allow for the existence of such contributions
whereas all other hydrodynamic systems (smectics
A, simple fluids, ferromagnets, and antiferro-
magnets, etc. ) do not show these terms. From the
existence of such terms in the present system,
'P, -neutron'-star matter, we may conclude that the
same holds for systems with broken total rotational
invariance (which involves, of course, a contri-
bution from broken rotational invariance in real
space).

For the irreversible currents, we find with the
help of Eq. (3.24) using symmetry arguments and
the constraint 8& 0

respectively.
Next we discuss briefly the spectrum of the

normal modes in 'P2-neutron-star matter, which
is obtained from the linearized hydrodynamic
equations. Since we have 12 variables, we have
to expect a total of 12 normal modes, damped or
propagating excitations. Three of them are non-
hydrodynamic [&o(k 0)4 0], since the three com-
ponents of m are not conserved. The system under
investigation is complicated by the fact that it is
biaxial, and this feature leads to an intricate cou-
pling of all variables involved. Nevertheless, one
can extract some qualitative results.

Restricting for the moment to linear order in k,
the variables p, 0, p, and V' ~ g decouple from the
rest and build up first and second sounds. Their
velocities are given by the following equations:

C 2C,'= o,'P„'T„jY
pogr{ ~+a &o

C, '+ C,' = C, (C~+ po'KropTop')'
po~rC~+ & &0

with

The other variables p, , m, , and V xg produce
three (coupled) pairs of spin-orbit waves. The
term "spin-orbit waves" is chosen, because these
modes arise from the coupling of the variables
characterizing the broken total rotational invari-
ance to the thermodynamic conjugate of the gen-
erator of this symmetry. This situation has to be
contrasted to superfluid 3He-B, where spin-orbit
waves describe oscillations of spin relative to
orbit space. "" However, these waves are over-
damped in 'P, -neutron-star matter due to the non-
conservation of m. Their frequency spectra are
of the form &2=C80'k'+i&D, where C ' depend on
the direction of k, and where the relaxation con-
stants D are proportional to the coefficients

JLL3 If an exte mal magnetic field is present,
the Larmor precession changes two of the spin-
orbit waves into one with a gap +2= (d~' +C~12jP
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v;[p Jvj~+ pqgv j~+ Dgg 6gpg vyMg] = 0
p

n~+ o'„(&,.v~) = 0 ~

n

(3.31)

v,.(p5,-, + a;,qii~+ -'e))III') = 0.
We investigate a rotation about the z axis:

&o, WO, &u, = +„=0, &;v&+ &,v";= 0 (i ej).
We have then from Eq. (3.31)

A, =O or 0,=+—u, ,

(p,"„-p,",)v„v,"+(p„"„—p",,)v,v„"+p, ,v,.v~p

(3.32)

+ (D„„-D,„)v.v, M, = 0.

From Eq. (3.32) we find that an angular velocity
gives rise to a magnetic field in the same direc-
tion and vice versa, . If the rotation u is inhomo-
geneous, it induces a superfluid counterflow ~,.cp,

which is also determined by the vorticity of the
magnetization (or magnetic field). The latter ef-

+i'' [where &oI, is the Larmor frequency shifted
due to finite relaxation times v~'2 —= (yH)'
-(y/2)'(g, X, —p,X,}', for the case of very strong
magnetic fields (o~~= u&~, because p, ,x, = p,,X,] and
one with u&'= 0 (up to linear order in k).

In order k' all variables are coupled. All one
can say is, that the sound waves (and spin-orbit
waves) acquire a damping proportional to k' and
that those modes with ~= 0 in linear order now

have dispersion relations ~-Ek'. Thereby E is
a complex function of reversible and irreversible
transport pa.rameters and static susceptibilities
as well as of the direction of k. Whether these
modes are propagating (ReE» ImE) or diffusive
(ImE» ReE) depends on the actual values of the
hydrodynamic parameters involved. A11. modes re
fleet strongly in both, the velocities and the damp-
ing coefficients, the biaxial character of 'P, -neu-
tron-star matter. Furthermore, we would like to
stress that the spectrum of the normal modes of
superfluid 'P, -neutron-star matter is different
from the corresponding excitations in a biaxial
nematic liquid crystal, and this may be traced back
to the role played by the magnetization density
which is absent in the latter system.

Before closing this section on the hydrodynamic
equations we turn to the discussion of an inter-
esting stationary solution of the hydrodynamic
equations.

If we confine ourselves for the moment to linear
reversible terms and if we set all time deriva-
tives equal to zero we obtain from Eqs. (3.5}-
(3.12), (3.15)-(3.18), and (3.21), (3.24)-(3.28)

feet is absent for the uniaxial special cases r= ——,
'

and r= —1, where D „=D„„.
On the other hand, we find that in 'P, -neutron-

star matter magnetic fieMs can induce an angular
velocity and —if they are inhomogeneous —a super-
fluid current as well.

IV. ON THE UNIAXIALITY
OF THE HYDRODYNAMIC EQUATIONS

FORI =-i ANDr=-1
2

For r= —2 the structure matrix &'„;=e' n'„;
takes the form

p 2 ]/p 1 1
spy

= (p) ('IA~Q ~2v~vg —22v~w))

= (-')' '(u„u; ——,'5„,), (4.1)

I
pg ~2 p t p (4.2)

In Sec. II it was already shown that the number
of hydrodynamic variables does not change if r is

a,nd, as has been already pointed out in Sec. II,
only two of the variables characterizing the broken
total rotational invariance survive for this value
of r, because 0'= w 6v looses its hydrodynamic
behavior. To obtain the hydrodynamic equations
for r= ——,

' we have just to delete from the hydro-
dynamic equations given in Sec. III the variable
wbv and the corresponding thermodynamic conju-
gate force. By inspection of the remaining hydro-
dynamic variables and equations one arrives im-
mediately at the conclusion that the hydrodynamic
equations become uniaxial because of the impos-
sibility of constructing a second preferred direc-
tion.

In this respect the case of 'P, -neutron-star
matter with r= —2 resembles that of a uniaxial
nematic liquid crystal. Owing to the uniaxiality
the number of phenomenological parameters in-
volved reduces considerably. The tensor of the
superfluid densities p', ,- contains, e.g. , only two

components instead of three, etc.
As has been discussed by Muzikar, Sauls, and

Serene' the case r= ——,
' is realized (in Ginzburg-

Landau type calculations) if sixth-order terms
(but no magnetic fields) are taken into account,
thus lifting the degeneracy which exists if only
fourth-order terms are considered.

Thus we have shown above that this effect is
accompanied on the hydrodynamic level by a re-
duction of the number of variables characterizing
the spontaneously broken total rotational invari-
ance.

This result has to be contrasted to the case
r = —1, which is realized in the presence of a
magnetic field (and sixth-order terms neglected). '
For this value of r, n'„; reads
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approaching the value -l. (Strictly speaking the
fluctuations of zo are no longer true hydrodynamic
variables, since & is parallel to II and the modes
due to dw acquire gape proportional to II'. ) Never-
theless, we find that the hydrodynamic equations
presented in Sec. III for -1&r& —

& have to be
modified. By inspection of Eq. (4.2) it is easily
checked that it is not possible to construct a
second preferred direction (apart from w IIH) and
this result has already been obtained by Richard-
son. ' Thus we obtain the hydrodynamic equations
for r= —1 from the general equations given in
Sec. III by switching the biaxiality to a uniaxiality
via restrictions of the type

S S n n~m- ~~a y Pss- Pvv &

etc. Therefore, in both cases, r=--,' and r=-1,
the hydrodynamic equations reflect the uniaxiality
of the gap. In the former case, there are two hy-
drodynamic variables connected with spontane-
ously broken total rotational symmetry, while in
the latter case, there are three.
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