
PHYSICAL REVIEW 0 VOLUME 24, %UMBER . 11

Nucleon decay in the nucleus
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We estimate the change in the baryon-number-violating nucleon lifetime inside a nucleus, compared to the free-

space decay, of the nucleon. For the decay modes p~+m, e+co and n ~+m, we include the effects of pion or co

absorption and pion rescattering (including charge exchange). The rescattering effects are found to represent a

correction of only a few percent or less to the total decay rate. The pion and co absorption corrections depend

sensitively on the nature of the nucleon-nucleon short-range correlations, varying from roughly 5 to SO % depending

on the hard-core radius. These modes lead to the emission of fast nucleons and a displaced bump in the positron

spectrum.

I. INTRODUCTION

After the impressive phenomenological success'
of the weak-electromagnetic unified gauge theory
of SU(2) U(1), ambitious attempts have been made
to include the strong interactions in the program
of unification. ' Such grand unified theories have
the far-reaching implication that the proton may be
unstable, since quarks and leptons occur in the
same multiplets. In these theories, the parameter
sin'8~, which is an undetermined parameter in the
electroweak unified theories, is determined' to
be 0.21 after higher perturbative effects are in-
cluded. The value sin29~=0. 21 is quite close to
the experimental value sin'9~=0. 23+0.02, ob-
tained by fitting a variety of weak-interaction
data. Within the same calculation scheme, the
proton lifetime is estimated to be -10""years. '
The branching ratios for nucleon decay into a lep-
ton plus various mesons can also be estimated.
In several independent calculations, ' the p —e'w'

channel was found to be the most significant one
due to the large phase space available, even though
the e'w channel has a larger intrinsic decay amp-
litude. Thus several experiments' so far proposed
to study the possible nucleon decays are designed
to observe the electromagnetic radiations from
the m'e' decay of the proton.

Since searches for proton decay will be carried
out using materials other than pure hydrogen, it
is important to study whether the decay rate and
the final decay products are altered due to the
presence of other nucleons in the nucleus. The ef-
fect we are interested in is a change in the lifetime
due to virtue processes. In the familiar case of
internal conversion, it is well known that virtual
processes can substantially decrease the lifetime
of nuclear electromagnetic transitions. ' Hyper-
nuclear decay has many features in common with
our problem and has been considered at length by
Dalitz and his collaborators. There is some ex-

perimental evidence that the decay rates of A

hypernuclei are increased over the free-A decay
rate. ' For proton decay, a different effect has
recently been considered by Sparrow. ' He shows
that rescattering in the nucleus of yeg$ mesons
resulting from nucleon decay can have rather
important effects on the signal. We emphasize
that the effect we are considering is quite differ-
ent from this. Hescattering of real mesons cannot
change the total decay rate nor can it change the
associated positron spectrum, while the virtual
processes that we calculate can change both of
these quantities. An earlier estimate by Dover and
Wang'0 suggests that the effect can be important.

The outline of the paper is as follows. In Sec.
II, we discuss nucleon decay in the simplest nu-

cleus, the deuteron. Besides the individual decays
p -e'm, e'&, and ri -e'~, etc. , there are the
decays pe- e'(n, w p, ncn, . . . ) via the virtual ex-
change of m', ~', etc. For definiteness in numeri-
cal calculations, we will use SU(5) couplings. We
shall call the pn- e'n channel "absorption" and

the rest we refer to as "rescattering. " The re-
scattering part contains various 6 and N* reso-
nance contributions. Because (e', v) behaves like
an isodoublet in SU(5), the hadrons in the final
state must have I= ~, thus the 6 does not contri-
bute to the deuteron decay. For the deuteron wave
function, we use the Hulthen form, and find that
the effect from rescattering is rather small, in
the range of a few percent compared to that of free
decay. The total absorptive. contribution from m

and ~' exchange shortens the nucleon lifetime by
an amount that depends strongly on the hard-core
radius x, in the Hulthen wave function. For x, =0,
the absorptive effect shortens the lifetime by about
50%, while for r, =0.5 fm, the effect is less than
10%. The signature of the pn-e'n channel is an
e' of moment;um p,.= ~m„, rather than —,'m„as
in free decay, plus an energetic neutron in the
final state.
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In Sec. III, the nucleon decay in more complex
nuclei is discussed. We utilize a simple indepen-
dent-particle approximation (IPA), which treats
each nucleon as moving independently in the aver-
age Hartree-Fock field provided by the rest of the
nucleus. The harmonic- oscillator approximation
is used for each single-particle orbital. In the
case of 4He, for which the formalism simplifies
considerably, since the single-particle wave func-
tions are all s states, our calculations give a re-
sult of 61',b,/I'&" —-0.1 from pion absorption, and
a pion-rescattering effect of only a few percent.

In the Appendix, we give the derivation of the
formalism used and discuss the effects for nuclei
more complex than He.

II. DECAY OF THE DEUTERON

In this section, we consider corrections to the
deuteron lifetime due to meson rescattering and
absorption. The processes we include are shown
in Fig. 1. The free decay width I"~"' is given by
the graphs of Figs. 1(a) and 1(b). Since in SU(5) the
e' behaves essentially as an isospin--,' particle,

the ne'v vertex contains a M rel.ative to the pe'v'
vertex, and hence

I'f"'=I' + I' =3I' =3j. m /16mQ P n P
(2.1)

The general method of deriving 5I', , and 5I'~
for any nucleus is given in the Appendix. For the
deuteron, the rescattering contribution 5I'„„can
be expressed i.n the form

where m N is the nucleon mass, and we have used
a simple phenomenological i'orm Au r ' ~ for the
N-e'n vertex. Here 7. is the pion isospin opera-
tor, u is a spinor for a spin--,' particle (N or e'),
and Q is the pion field operator; in Eq. (2.1), but
not generally, we neglect pion (p,) and electron
masses relative to m„. In this approximation, we
also obtain Eq. (2.1) for a more general vertex for
which 1 -(1+ny, )/(1+ u).

The actual deuteron width FD differs from I'~"'
due to the meson rescattering processes of Figs.
l(c) and l(d) and the meson absorption processes
of Figs. 1(e) and 1(f). We can write

(2.2)

dP P,~o~",'„(s)([HeE(p) ] —[ImE(p) ]'+ 2 ReE(p) ImSQ&) n(p) },
D 7rmN 0

(2.3)

where p,~ is the pion laboratory momentum in the
final state [see Eq. (2.8) below], and p is the posi-
tron momentum. Since the deuteron has isospin
zero, only the m-nucleon total cross section in the
isospin I= —,

' channel, g", ,'„(s), enters here. The
ratio of the real to imaginary part of the mN ampli-
tude is o.(p). In Eq. (2.3), E(p) is defined by

e' n-

(b)

S'(p) fdre ' sin=(pr)g (r),
0

(2.4)
e' n I n, p

where (D(r) is the normalized deuteron relative
wave function (the c.m. of the deuteron is assumed
to be at rest), and q=[(m~-p)'- p,']'~'=m„-p.
The maximum e' momentum is determined from

2m„=p + [p '+(m~+ p,)']"',
that is,

25
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where 6= p, ,/m».
For the absorption correction due to the pion

exchange graphs of Figs. 1(e) and 1(f), we have

(2.5)
5r. 3(g,o„,)' ~~) ~,I"free 2mD E

I

where p= ~mz, q =(m~/4)(1-165')' ' in gp), for

FIG. 1. Some of the processes involved in nucleon
decay in the nucleus. Free decay, with a spectator
nucleon, is represented in (a) and (b). The rescattering
processes contributing to ~ I' „which we include hege
are shown in (c) and (d). The shaded blob corresponds
to a meson-nucleon elastic or charge-exchange scattering
amplitude. The absorptive processes leading to & I'

ablare depicted in (e) and (f).



gn(~) = C(e ~- e "")/~, (2.6)

a deuteron with zero c.m. momentum. The strong
coupling constant is (g,oz„)'/4m= 13.4.

We now discuss the evaluation of Eqs. (2.3) and

(2.5). For the rescattering effect, we use a Hulth-
en wave function for the deuteron:

degree of cancellation; this occurs even for
a(p) =0, since [ReE(p)]' —[ImE(p)]' changes sign
near p/m„=. —,'. The fact that n(p) is large and
positive (1.5-6.0) for p, ~

~ 0.5 GeV/c implies a
negative value for 5I'„„(leading to a slightly
longer lifetime). We find

where ~rear. 0 02I free
D

(2.9)

C = [2mP(P+ r)/4v]"'/(~ P)—,

P=(m E )'~'~5=0.232 fm ',
The calculation of pion absorption is somewhat

more delicate, since it depends more crucially on
the short-range properties of the deuteron wave
function. If we use the Hulthen wave function of
Eq. (2.6), we obtain a rather substantial effect:

y= 7P = 1.624 fm '.
For this choice, F(p) can be evaluated in closed
form:

f„,= 0.45. (2.10)

However, Eq. (2.6) does not include the possibility
of strong "hard-core" repulsion at short distances.
To see that these short-range effects are import-
ant, we note that the dominant component of E(p),
that is, ReF(p), contains in its integrand the factor

C l„UP+q)'+ &][(P q)'+ P']—
[V +q)'+ P'][(P —q)'+ &']

R,~(p) c, „, ( -08'v „,„(-PtP s) I-
(p+ q)'+ A -(p —q)'+ A

(2.7)

Note that the zN laboratory amplitude gg, which ap-
pears in Figs. 1(c) and l(d), in general has the
pion off-shell. We replace $P; by on-shell quanti-
ties by using the approximation Im, »,
= -2m„p, ~v~z"„,(Ms), where Ms is the invariant
mass of the mN system in the on-shell final state;
we take o.(p) from observed I = , real par—ts at
energy v s . We ignore the presence of off-shell
form factors and the angular dependence of 9tt;.

Since the results we obt;ain for 5I"„„represent
rather small corrections in any case, it does not
seem worthwhile to try to improve on this rough
approximation. Note that if q =p,~, the inter-
mediate state pion is in fact on-shel. l; this occurs
for p =~.N/2, well inside the domain of integration
of the e' momentum p. Hence the off-shell excur-
sions of 3If are limited. (Care is required in inte-
grating over this on-shell point to avoid double
counting. This is discussed fully in Sec. III and
the Appendix. ) Explicitly, we have

s = 4m~(m„- p),
(2.6)

Note that in the limit of p =p, p,~ =0, so the
phase space for the mN collision is correctly in-
cluded. For p=0, we find p,~=1.4 GeV/c, which
is the maximum momentum sampled in the pion
rescattering collision. We thus sweep over the
K*(1470) resonance of the mfa system", the b(1236)
does not contribute for the deuteron, as mentioned
before.

The values of otI"„, and n(p) were taken from
Ref. (11). The resulting integrand which appears
in Eq. ,(2.3) is displayed in Fig. 2. Note the large
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FIG. 2. Momentum dependence of the integrand of
Eq. (2.3), illustrating the strong cancellations which
occur in the rescattering correction 6I"„„.We have
defined & =+/Cp with Cp =pp(p+p)/27I. (p- p) and
x --p/m~.

Ip' Y 3&7,pgcos(qr) sin(px) = cos
4 4

which achieves its maximum value for ~= 2m/3m„
= 0.45 fm. This maximum corresponds more or
less to the conventional hard-core radius in the
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NN potential, so our results will depend sensitively
on the degree of wave-function suppression at short
distances. The Hulthen wave function (D(r) re-
mains finite as r-0, and so Eq. (2.10) represents
an overestimate of 6I ~,. The effect of hard-care
repulsion can be estimated by considering wave
functions of the type"

6r 3(g,.„„)'
I"'"e 2m„

(2.13)x [(F(p,q,) )'+1.4]F(p, q„) )'I,

where q„,' =(m~ -p)' —p„,', and F(p, q) is de-
fined in Eq. (2.4). Note that q„'& 0, so that

(2.11)
F(p, q„) = Cre '~ "sinpr $D(r) .

0
(2.14)

where P=(mzEs)'~'=0. 232 fm ' (Es = 2.23 MeV is
the deuteron binding energy) and y and r, have
been adjusted to produce the observed rms radius
and quadrupole moment for the deuteron. If we
now vary the core radius x„we find typical values

5I' ~ 0.022 for x, =0.43 fm, y=1.91 fm ',
I free

0.052 for x, = 0.5 fm, p = 2.37 fm ' .
(2.12)

Equation (2.12) implies a considerably smaller ab-
sorption effect than Eq. (2.10). Note that the
change in 61',~/I D'" is not monotonic with r, .

In the preceding calculations, we have included
only the pion degrees of freedom. There are other
meson exchanges which interfere coherently with
pion exchange in the absorption correction. The
inclusion of these depends on a detailed model for
the free-space branching ratios p -e'm, e'p, e'&,
e'g, etc. , about which there is some disagree-
ment. ' These interferences can also occur in the
rescattering correction, if the final state (e'mN,

say) is the same. However, in this case one can
argue that the cross sections mN-qA, pN, ~N are
much smaller in the allowed momentum region
(p, ~

~ 1.4 GeV/c) than for the vie-vÃ process, and
thus these effects would be unimportant.

We now estimate the absorptive contribution from
the p -e'cv channel, which is estimated' to have a
large intrinsic coupling strength. The e contribu-
tions we have included appear in Figs. 1(b) and
1(f). We have omitted the v in rescattering graphs
such as 1(d). We take an effective Hamiltonian
for the u& exchange as H„=ig„+„P~" The f„c„„.
tensor interaction term is neglected at the N-A~
vertex due to the fact that f„/g„ is small, and
also dropped at the p-e' vertex, as suggested
in the literature. An explicit calcul. ation shows
that the interference between the & and the n ex-
changes vanishes. We also find that the interfer-
ence between the and z exchanges gives very
small contributions, only a few percent of the
term by itself. Using the values g„'/4m=10 and

(&„,+ g&p,+)' = 3, we find

Using the Hulthen wave function of Eq. (2.6), we
obtain

(2.15)

when both pion and & exchange are included, to be
compared with Eq. (2.10) for pions alone.

The rescattering effect~ from exchange are
found to be very small, as for the pion. Equation
(2.15) refers to r, =0. If a hard core is included,
the ~ contribution to 51",~ is suppressed even
more than the pion, by at least an additional order
of magnitude. Similar considerations apply to
g, g', or p exchange contributions to DL'~; for
these, the intrinsic coupling constants at the nu-
cleon decay vertex are expected to be smaller
than for the ~, and they also suffer an order-of-
magnitude suppression if a hard core is included.

The experimental signature for meson absorp-
tion in the deuteron would be a back-to-back e'-
neutron pair, each with momentum p = ~m„= 700
MeV/c. This would be a, rather distinctive mode.
In a more complex nucleus, as we show later, such
a correlated e'n pair can also result, but the mo-
mentum spectrum is broadened by the Fermi mo-
mentum associated with the c.m. motion of the
interacting pair of nucleons.

III. NUCLEON DECAY IN COMPLEX NUCLEI

In this section, we present results for nucleon
decay processes in complex nuclei. In general this
is a complicated problem, since the pion resulting
from the decay Ã-e'w can enjoy multiple scatter-
ing in the nucleus, or suffer absorption on one,
two, or more nucleons. We utilize a simple in-
dependent-particle approximation (IPA), which
treats each nucleon as moving independently in the
average Hartree-Fock field provided by the rest of
the nucleus. The harmonic- oscillator approxima-
tion is used for each single-particl. e orbital. The
antisymmetrized product wave function of a nu-
cleon pair is decomposed into relative and c.m.
parts. Unlike the deuteron case, where the c.m
of the pair is at rest, we. integrate over the c.m.
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momentum distribution here. The general for-
malism of the IPA applied to nucleon decay is out-
lined in the Appendix. For 4He, the formalism
simplifies considerably, since the single-particle

wave functions are all s states without angular de-
pendence. In this case, the pion-rescattering-cor-
rection analog to Eq. (2.3) for the deuteron be-
comes

32~2 1-5 y{g) cos 6)~{x, x')
x'dx dx' d(cos8) exp[-2p'(x'+x" + 2xx' cos8) ]

0 -1

x ({[ReF(x,x') ]' —[ImF(x, x')]'}o+2 ReF(x, x') ImF(x, x') uo}, (3.1)

s
2= 1 —x —x -xx cos0,I2 I

4m„'

c
(s/m„' —1 —6 )' —45'

m„4s/m„'
2 y+P

(3.2)

where 5 = yam. „and p=bm„; b is the oscillator
radius parameter. If" we adjust b to reproduce
the rms charge radius (2'2),„"2=1.674 fm for 'He,
we obtain b =(2(2')~/3)' '=1.367 fm. In Eq. (3.1),
we have defined dimensionless variables x =p/ms
(p =e' momentum, as before), x ' =

~

K/2 —p
~

/m //

=
~

K' ~/m„, K being the initial c.m. momentum of
the nucleon pair, and cos8 = K' ' p/

~

K'
~ ~

p ~

. The
kinematical variables s, p, ~, and /( (c.m. momen-
tum in the 7/N system) are obtained as

I

where all momenta and energies are in units of
nz~, and the resonance energy E,' and width I"0

are

E = 1.9045,

4$'a, y 5' (Z„„+Z)(1+&'a,') '
(3.5)

with Z=(('+6')" 2, a, =0.6277/5, y'=0. 1709.
Finally, F(x, x ) is the dimensionless version of

the function E defined in the Appendix. It is analo-
gous to the integral (2.4) for the deuteron, being
an integral over the relative coordinates of the two
nucleons, but it .also takes into account the motion
of their center of mass. In general,

F(p K) — d2& e i (2-K/ 2) ~ rg(r) (3 6)
I p —K/21 " e '~

4m

-=(2s)2 .

(3.3}o —m//p ~(T/ 2/2(S) ~

As before, ci =Reg}I(s)/ImII(s} is the ratio of real
to imaginary parts of the fo2i//ard i/N amplitude
at energy V s . Note that o and u depend on all
three integration variables. Unlike the deuteron
case, the (3,3) channel contributes for 4He, and
provides the dominant effect.

For n and o~"„» we use a parametrized form
for the (3,3) resonance due to Carter et al.".

Note that s in Eq. (3.2) corresponds to an off-shell
initial pair of nucleons (i.e., bound in the nucleus
with binding energy «m„} with total momentum
K and energy 2M„, for which s = (2m„—P)' —(K —P)'.
The requirement that the mN collision take place
above threshold is s/m„' ~ 1+ 5 (or x p,~ = 0);
this provides the limits y(x) and cos8,(x, x') on the
x' and cos8 integrations in Eq. (3.1). In practice,
these constraints are unimportant, since for large
p the integrand is strongly focused near x=x'= &,

cos8 = —1, where we have s/m„2=2.
The effective cross section 0 which appears in

Eq. (3.1) is defined by

where g(r) is the relative wave function, which in
the harmonic- oscillator approximation is

Then

(~Pb)2/ 2 1 v/(44+)1/ 2 (3.7)

V 4w (&TED)"'v"'F x, x —
b

when y» = p[x '+ [(1—x)' —6']"'}"'.
The three-dimensional numerical integration

gives for 'He,

rene
Q Q22pfree

4He

(3.10)

i(i-K/2) -~ P r/45-
4mb

e' 'e
(3.8}

This is most conveniently evaluated using the form

3. y2

ReF(x, x ') = exp(t' —y, ')dt + exp(t2 —y, ')dt,
0 0

(3.9)
ImF(x, x') = (e "2 —e "& ),

2rzr ' 1

[(z...—z)'+(r, /2)'] '

a =2(z,„-z)/r„ (3.4)

a slight lengthening of the lifetime. It is amusing
to note that the integral over the c.m. momentum
K of the pair affects the total rate only very slight-
ly (although it changes the shape of the positron
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spectrum}. If we take K = 0 (as for the deuteron)
the rescattering correction in 4He is given by

5r„... 8
dx o ([BeS(x,x)]'- [imgx, x)]'

+ 2u ReF(x, x) ImE(x, x)],
(3.11)

reec 0 019I free
4He

to be compared with Eq. (3.10).
We now turn to the absorption correction 5I"~.

The appropriate generalization of Eq. (2.5) is

(3.12)

where x, = «(1 —25/3 —5'/3). A numerical evalua-
tion of Eq. (3.11) yields

(3.14)

&r. 10(g,o )'p' ' 2'"' dx'
dxx(1 —x), iS(x, x') i'exp[-2p'(x' —2x —x"+ a)], (3.13)

0 ati(x)

where n (x) =max(0 [(3+x2 4x)i 2 x]/2]., and n, (x) =[(3+x'—4x)' '+x]/2. Qne can obtain an approximate
analytic evaluation of Eq. (3.13) by noting that the exponential is maximal for x'=xo=(x' —2x+y)'
ever, x')n (x} for 0(x( 1. , so the peak is always outside of the domain of the x' integration. For the
dominant contribution from ReP, we can use (for large p)

f 2"dx', ",2 2,2,2 I BeF(x,a,) I'
ReF(x x ) I'exp[ 2p'(x,"-x")]=— ' ' exp[-2p'(x,"-x")]dx'

I (x) e, (w)

i BeF(x, o.,}I' „a(„,a, a&

2p'n, (x,'+ n, )

45(g,.„„)'I'"' 28m(2v)" 'p' '
4He

for large p. For b=1.367 fm, we obtain

(3.15)

R5R P 127

unfree

4He

from Eq. (3.15), to be compared with the exact
numerical evaluation of Eq. (3.13), which gives

0 12I free
4He

(3.16)

Note that 5r- p '-(volume) ', as must be the case,
since as 5 increases, one is putting only four
particles into an. increasingly larger volume.

By examination of the analytic form of the inte-
grand in Eq. (3.1), in particular, the fact that it
is proportional to Im(3|IS'), one can also show that
5I'„„/I'""cc1/p' for large p. Individual terms in
the expression vary as 1/p' and theimportant can-
cellation of this behavior results from including
the interference between the free decay and the
forward elastic scattering. Were it not for this
term we would obtain Im(5gi Ei )ins2tead. This
latter form is incorrect in principle, because it
includes the effect of seal mesons which are al-
ready accounted for in I"„.The signal for real
mesons is 1/p' behavior; virtual mesons are of

The remaining g integration can be done by noting
that x,"—ot, '=~«(x- «)'+ ' ' ', and hence

f1

exp [-2p'(x,"—o.,') ]dx = 3(v/2) "'/4 p .
0

We finally arrive at

t
fixed range and so as the wave function becomes
more extended the rate must fall'as the density,
proportional to 1/p'. Thus, this cancellation pro-
vides a check that we have not double counted real
emission. We cannot give the analog of (3.15) in
general, but in the approximation of (3.11) with
cr taken to be constant, evaluated atx= —,', we ob-
tain for large p

26(m„/2)
v2(2v)i/aps '

He

Using the expression (3.4) for cr leads to

(3.17)

(3.18)~eec p p13Z'f ree
4He

in reasonable agreement with the result (3.10).
The results (3.10) and (3.16) refer only to the

change in total decay rate. An even more inter-
esting quantity is the change in the e' momentum
spectrum arising from rescattering and absorp-
tion. First of all, the. total free-space decay rate
of He is

r"«=2r +2r =3&'m /8w.
4He n P - N

If we consider the nucleons in 'He to have a dis-
tribution of momenta K, and decaying into an e'
of momentum p and a pion of momentum K- p, we
can write

(3.19)

free-
(2m)' vw

-K P
&& Jt d'p I d'Ke x ~6(m„' —2m„p+2pKg p,'),

4

(3.20)
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4p, & —2x- &''t"
S,„„(x)= x exp -p'

2x )
(3.22)

normalized such that f S„„(x)=1. We can thenf ree
compare S„„(x)with the modified spectrum S(x)
given by

S(x) =S„,.(x) + S,„(x)+ S...,(x),
where S,~(x) and S„„(x)are defined by

er„., dx~~ x,

~dx S,.„(x) .

(3.23)

(3.24)

The modifications S~ and S„„due to absorption
and rescattering, are shown separately in Fig. 3.
The effect of rescattering is to deplete the positron
spectrum for some momenta (most strongly for
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where g.=cosg~;. This can be cast into the form

3X pmI",""= „," x dx exp[- p'(I —2x —5')'/4x'] .
0

(3.21)

We now define a spectrum function S„„(x)in terms
of the integrand in Etl. (3.21):
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x= 0.47) and enhance it at higher momenta(x=0. 57).
This shifts the main peak in the e' spectrum (at
x = —,') to slightly higher momentum and diminishes
the peak height a bit, as shown in Fig. 4. The ef-
fect is rather insignificant, however. More inter-
esting is the effect of absorption, which produces
an additional peak near x = ~, where it would occur
if K=O for the initial nucleon pair. The peak is
broadened due to our inclusion of the average
Jd'IC over the c.m. momentum. As shown in Fig.
4, this pion absorption peak is still visible in the
total spectrum, since it is kinematically quite
distinguishable from the free-decay peak, as modi-
fied by rescattering. Unlike the deuteron case, in
He one can obtain correlated pairs of charged

particles from the process pp-e'p, as well as
fast neutrons from pn —e'n.

So far, the numerical calculations refer to 'He.
The formulas in the Appendix are applicable to
larger nuclei, such as the interesting case of
"0, but they are quite tedious to apply. Naively,
the independent particle approximation we have
used suggests that 5I' goes as the number of
pairs, i.e., A(A- 1). Clearly, this is oversimpli-
fied and will be much reduced by orthogonality of
the wave functions involved. It is rather easy to
see that, for large nuclei, the Fermi-gas model
leads to 5I' cc V(kz)'o-A'/V, where V is the nuclear
volume. Thus, 5I /I', „„is proportional to the
density. This is a very plausible result and will
lead to only a moderate increase in rate in heavier
nuclei. Another model in which the pion rescatters
coherently on the whole nucleus would give
51„„,-(A —1)"'. The pion cross section on the

4

-0.4 0.2 0.4 0.6
I

0.8

FIG. 3. Pion absorption and rescattering contributions
to the positron spectrum ~ (x). The dashed curve cor-
responds to S,b, (x), which is everywhere positive and
peaks near x=p/m~= ~. The solid curve is the re-
scattering contribution g «„(x), which alternates in
sign, causing a shift of the main peak of the positron
spectrum to higher momentum.

0.4 0.5 0.6 0.7 0.8

FIG. 4. The positron spectrum S(x) of Eq. (3.23).
The dashed line is the free spectrum S„„{x)of Eq.
(3.22). The solid curve includes the effects of pion re-
scattering and absorption, the latter producing the smal. l

peak at higher moments.
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spectator nucleus is of the order of the geometri-
cal limit 27)P', where R = v'5/3(r )„,'~'. Very
roughly, the ratio of 5I'„„in the IPA to that in
the coherent model is

(4 x 2'�'/4 x 3)o,"„'(s= 2m'') = 1

for 4He. Thus, the qualitative size of the rescat-
tering effect is about the same in these two (very
different) models. We do not anticipate any dra-
matic enhancement of 51 „due to multiparticle
nuclear effects.

For 5I'~„we have included only the one-nucleon
absorption mechanism for the pion. This will
give the sharpest experimental signature [a peak
in S(x)] and is hence perhaps the most interesting
absorption process. However, for real pions, the
absorption on a correlated pair (for instance
v np-nn) dominates the one-nucleon mechanism.
In light nuclei, one sees back-to-back neutron
pairs from w absorption as a prominent mode. "
In heavier nuclei, one gets even more complicated
multiparticle emission processes. Here, the sit-

' uation is quite different, since a virtual pion is
produced i~gide the nucleus by nucleon decay. 'The

balance of momentum transfer q and energy trans-
fer (u, which tends to favor two-nucleon over one-
nucleon absorption for a real pion, is altered for
a virtual pion; for the latter, the one-nucleon
mechanism is relatively more important.

ACKNOWLEDGMENT

This work was supported by the U. S. Department
of Energy.

APPENDIX

X(x)= X e(x)p (x)Q'(x) + X„e(x)n(x)P'(x), (Al)

P(x), n(x), and e(x) denote the proton, neutron,
and positron fields while (2))'(x) denote the v fields.
Ultimately we will choose the SU(5) values X„
= &2K& but for now we will leave them unrelated.
(The coupling could have the form a+iby, but this
will lead to the same result in the approximations
we wiQ make. )

Our nucleus is taken to be Z protons and N neu-
trons in independent-shell-model (spatial and
spin) states l,X, ~ ~ ~ lz)(.z and m, g, ~ ~ ~ m„ps. The
transition to a state consisting of a positron of
momentum p and helicity X along with a nucleus
in various states of disarray and possibly one or
more mesons, which we denote collectively by
0. , is then determined by the matrix element

We will describe here more completely the cal-
culations outlined in Secs. II and III. 'The various
approximations used will be introduced as we go
along. We will restrict our attention to the n

modes of decay partly because we expect these to
show the largest nuclear effects because of the
small m mass, partly because the other modes
involve more problematical quantities (such as
the &o-nucleon amplitude) and partly to keep the
presentation as simple as possible. Other modes
can be included by minor changes in the calcula-
tion described below. We will discuss the modes
involving positron emission. 'The modes involving
v or p, emission can clearly be discussed in a
similar fashion.

The effective Hamiltonian we will use is

(pkn~X(x)~lP, lxX;m p. .. ~ m p )

.-6» rm ~~2 A

[(2&)3]1/2 ~@
Q[Xp (p)Pg (x)(-1)" '(n~(t)'(x)~l, & ~ ~ 1 & '' &e&;m g ~ ~ ~ ms'„),

+&„u,(&N.„„(x)(-1)""'&~~0(x)if&, " f,~, ; ~m, "m„P„ms~a &~]~ (A2).

The caret indicates which single-particle state
has been vacated by the decay; the factors (-1)"'
and (-l)e'" ' come from commuting the corre-
sponding operator to the left. (Evidently some
ordering convention is understood, such as E,

1
&E, , but that will not enter into our results. ).'2'
m is the positron mass and E~ its energy, which
we henceforth approximate by p, its momentum.
u„(P) is the standard fermion spinor for the posi-
tron and g,„(x), g „(x) are the Dirac spinors for
the proton and neutron in the corresponding shell
model state. Of course, the nonrelativistic ap-
proximation will be used for them so that

Pn(x) = 4g(x)~
(x,'t

&o)

((*)= ( "'(*) f~'~ ~(. y)i ()),-(AS)

where (1) '(x) is a free field and

where g~ is the usual Pauli spinor for spin pro-
jection A, and g, (x) is just the shell-model spatial
wave function.

The w fields Q(x) can be written in the form most
appropriate to our boundary conditions.
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, (x) =0 for x,&0.

The first term in (A3) gives the free decay of the
nucleon into me' while the second term leads to
additional interaction with the remaining nucleons.

We will write the rate of decay of the nucleon as
the sum of three terms,

r= r„„+&r„,+&r„„.
I'„„will be the rate given by the first term of
(A3) for an independent collection of Z protons and

N nucleons and so is Z times the free-proton rate
plus & times the free-neutron rate. I',b, is the
contribution to the decay which results from the
absorption of the (virtual) decay pion by another
nucleon leading to a final state with no mesons.
I resc results from the rescattering of virtual or
real pions from the residual nucleus. When the
pion is real and the scattering is elastic, the final
state is indistinguishable from the free decay and

so those two processes can interfere. It is very
important to take this into account to get a sensible
physical result. As a result, ~I resc can be positive

I

or negative. It is convenient to write it as ~I;
+ &I'. „where &I', is a square and so positive while
&I'. t represents the interference and may have
either sign.

For completeness we repeat here the free rate:

m m 2 — 2 2

mg
(A5)

m„denotes the nucleon mass and p, , denotes the w

mass.
Next we calculate I',b,. We assume this to be a

two-nucleon process. Thus, although the second
nucleon may scatter and lose energy to other. nu-
cleons after absorbing the r, we are assuming that
this has a, minor effect on the total rate (and the e'
spectrum) though it surely will modify the nucleon
spectrum. So the state t

o') will consist of a single
free nucleon, proton, or neutron, with momentum

k& and helicity p, while the remaining nucleons re-
main in their initial state. Because of our nonrela-
tivistic approximation for the initial nucleons the
relevant matrix element is given by

(k~» l j'(y) If x, ) =ig " —,&, e" z "&)("OM„(k&)y,7''(, „(y) . (A6)

is here the charge index of the m field and the nucleon charges are understood. The rate, summed on the
outgoing positron spins, is then

d3 m d'k mSf abs(2p) ~g 3
— d x d$ d x' d~y' & (2)&)S(p ++ 2m ) e-&u (x-x'&

(2)&)' p (2~)' Z, y N

xQ ~»' P&„,„(x')2 (I)& ), (x)tP& ~ (y')iy, u„(k~) I (y )i&',y&, (y)

4&„~(x)4& ~ (y') i Y,u, (k&) u (k&) iy, g, „(y)

&e ' t"'" "4~,(x-y)a* (x' — ')e'( &»&)oe &(~y»&)'o
adv (A'7)

for the case in which two protons are involved. The cases for two neutrons or one proton and one neutron,
which are incoherent with this, are obtained by simple modification of this.

Because of our nonrelativistic approximation the first term in square brackets is

Age la

The second term is slightly different, namely,

Note the important factor-of-y difference. This is because the interference term occurs only when the m

is absorbed by a nucleon in the same spin state as the decaying nucleon while it can also be absorbed in a
nucleon in the other state. Evidently, we have assumed here in doing the spin sum that both spin states of
any orbital state are populated. This is appropriate for the nuclei. we are interested in and we will con-
tinue to assume so. (Similar results are obtained on summing over states of unpolarized nuclei. )
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The time integrals may be done
~ «pl x~g l

dy, a,~,(x-y) e" r ()(&"o=—
4m )x

where

(AS)

q = [(E,'-~N)'- u.']"'= [(P -~N)'- w.'F", (A9)

is the momentum the m would have were it on shell. In fact, its momentum is -p added to the Fermi mo-
mentum of the decaying proton and the difference between these is crucial to the size of the effect.

Making these replacements in (AV) yields

„,(2P)=g'~
( ), (

)', ~

' "-~~6(p E

-«ql x-y l

x d~~ d~y . e ly x -&k~'j-y ( )yg g z X

«qlx'-y'I
x dg dy' g«~' + y'~'2y ~~ y &'~ q ~i g i Ay0Ix'- y'I

There is no analogous contribution for two neutrons because the & emitted in the neutron decay cannot be
absorbed by the other neutron. .The neutron-proton contribution can easily be related to this by examining
Figs. 1(e) and 1(f). (Remember that the v coupling is ~2 times the v'4 coupling. )

6Z b (sP) =
(2 ) J (2 )gI ) (P++y 2~8)

8-«pl x-F l

xQ J~p~ f pv - - ~ """x'(),(y)() (~)

& «a I x'-j'I
x dg' dy' —-e'''"y'" 4A,„2 *, y' ~ x' + 2l * y' ~ x'

I x' —y' I

&-«al x-~l
d3 d3 ~ g-«3&'x «&y& g

Ix-yi
&«a l x'-j'' I """~"»' * ~' * ~'+» ~ * ~' * &'

lz' y'l
(A11)

Turning now to I;, instead of (A6) we are led to the matrix element (R
~
j'(y) l l„h.„), where R denotes the

coordinates of the nucleon and meson that result from the scattering of the decay m (real or virtual) on a
nucleon in state E„~„. I'; will involve the sum over all of these coordinates constrained only by the ~ func-
tion of energy conservation. In order to do the integrals it will be useful to Fourier analyze the initial
state:

()(I (y&
$

&&, & =((d'+('e (+&(~
1 (~) I i&x, & = f ae "'d~ "'i&g (a)(a( j(o)$ k'~&,

where g, (k) is just the Fourier transform of )I&, (r). The sum on final states leads then to integrals of the
lr 'r

form

d E 2m &' ' ~+p-K & E~+p-2mN R j 0 k'A,„Rj 0 kX„

3 ~+% K p k sk t K p krak ~ )t K-p-krak, 'K-p-k', k' ~ A12
N

by unitarity. 9R denotes the n -nucleon amplitude (any of v'p-v'p, m'p-m'n, v'n- & P, and so on as the case
may be).

%e make the following reasonable approximations: we neglect the dependence on the mass of the off-
shell m leg; we neglect the relativistic transformations of the initial frame because of the small initial
momentum so that (R

~ j ~
kX„) is interpreted as a laboratory-frame mN amplitude, but we do keep the ener-

gy variation. K obviously is the sum of the momenta of the two initial nucleons participating in the pro-
cess. Finally, while we will retain the dependence on energy (or equivalently K) we will neglect the varia-
tion with k and k separately. This amounts to neglecting, in addition to the off-shell behavior already
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(A12)

The normalization of 9R is

dropped, the angular variation of 9K. This is reasonable because the dominant contribution comes for
rather-high-momentum m's so the angle does not change very rapidly as we integrate over the Fermi mo-
mentum. Altogether this leads to the replacement in (A12):

6R„„(K-p k', k';K p k, k)-6il, „(s),
where OR++(s) denotes the forward amplitude and

s = (2m„-p)' —(K-p)'.

lmmt„, (s) = —[s' —2s (m„'+ Ij,.') + (m„' —p,.')']'~ 'o„",(s) . (A14)

Using these results we obtain for the proton-proton contributions to 61", [the positron and decaying pro-
ton spin sums are done as in going from (A'l) to (A10)].

()y (yy)= ", d'e d'y d'e fd'y f'd)e f'd'0' e(d +y —ym„)e ""' 'e "e
am R

e-gq I x-y I

)& e i (@g™&'& 'x'

l x- yr

e'gql x'-j' I

I x' —y' I

"„~,&"Ij I&' &.&&ll tj.I~, ~,) [(*, ( )y, ( )y*, (~ ) q, (u) ,'y;(x—)q, (x) q*, (u ) g, (l, )]
lr~ ~s

16))'m„(2m)' ' (2m)'

--.'C*,,(x )C,„(x)q*,„(y')C, (y)]. (A»)

ce.
-gqlX-V~ +ie'l«'-r' ~

1 y d' d'y Jd'e' f d'y'e "'"' 'e '

16 'm„(2m)' ~ (2~)' I x y l I
x' - y'

The-. amplitude ~ entering here is for m'p-m'p. When we consider the other contributions to the ~I', ampli-

tude for m'p-m p w"n-m'n etc. , will enter. The whole thing is slightly messy but we write it out for con-

venien

x '~' (~op-7)'p)[g*(x')(I)( (»(I') (y') &), (y)
s s

&s~cr~ &»
Sls

+&„'6If„„())'n-m n)[g* (x') g (x)(I'„*,(y') g„(y) ——,'p*„(x')(I)„(.)g* (y') g„(y)]

+ &„Wg,),,('s P '(( n) 4)„(x ) 4)„(x)4„*,(y')(1),(y)+&„~~ ~ (x p-m p) (I)d' (x')(I) (x)(I)*, (y') q, (y)

--.~, ~.m..., (x-p-~'~) y*,„(x')q. (x) y„* (y ) q, (y)

—s&~ &„srf» (m'n-() p) g (x') g, (x) gf (y') g„(y)~
(A16)

Finally, we calculate ~X'„,. Again begin from the pp case. This is given by

2 d3 t' d3
6r (pp)= ~ ~

I

~ — d'x d'x' 'd'ye"'"-*'
(6p -+~ -m )

(2)T)' [(2m)'2~, ]'~'
g ql «'-j' I

e "*[(I)*,(x') P, (x)&ql.~ Ij (y') Il,~,)
r, s X

——,'gf (x') (I), (x)&(ll,&, I
j'(y') Il„&,)*]

+, e"*'(l*,„(x') (I „(x)&(ll.&, I
j'(y') Il.&.&

I z y' l

lqi (x') q (x-) & ~1 ~. I
j'(y') Il &» (A17)
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where (I is the outgoing m' momentum. We will make the same approximation on the matrix element as be-
fore. Thus when we introduce the Fourier components we will approximate

(t())'~. 1)'(o& I».&= f e'/c& '(t'+q+p —K)(q, K —t( —p, z, I j'(0) ~k~, &

3 (s& ) (2))')d'K& "&(k'+ + K)
(

%e then have the integrals of the form

d'q d'A' d'A *, k', 0 &'" k'+q+p-K & p+~, -m„e'""" "'e'~'*

('r, (3' ) Jd 0 ('&, (K —p —q)& (( + v —m„) e "' ' ' '& 8&

"&'~~'e"" "())(y)((P+~ -m„)e" '

&l (K-y) (r 7r'&g ~

( -))~~ ( )4 sin(I I x yl

X —yl
Assembling all of this into (AIV) yields

~r.,((„)=, ';* j",('f;',,f.*.f.*, fd; jd;
4e ~x'-v'[ ~

0& 9R) g s
g

x
g x

g g g y —2 g
x

g
x

t

e '"""' sin lx'—""'" -' ~„„(.-)is*,„( ')c, ( N*, (y)g, (,)--'c,*.( ')c,„(.)c;„(y'c,.y]
y[ )x y)[ "s"s r a s

(A18)

The inclusion of nn and nP initial states obviously will combine in the same way in going from (A15) to
(A16) and we will not write the complete result down.

Let us now consider explicitly He with harmonic-oscillator wave functions, the same for proton and
neutron. In addition, let us take ~„'=2k~'. Since there are then only s states, this all collapses to a quite
simple form,

5I;+~I'. , = —
4
~,

2
„-,—„,,2, —, ([5 Im9tf, &,(s)+4 ImsR, &,(s)][(ReE)'—(ImE)')

+ [5 ReSR», (s)+4ReOII», (s)]2 (ReF)(lmE)}.

(A19)

Here Wi] 2 and Msl 2 are the I = &, & m+ forward
amplitudes, and the function J", depending on p and

K, is given by

I p K/2l
(

3 8 (I)K/2&

2 1 1 „2g 4~2

(&25)"' " ~4m

(A2O)

For completeness

2 1 1
4(~)= spa

— ii4; &
~4m

Note that (ReF) —(ImF) appears in this expres-
sion, not E ~'. This results from including the
interference between elastic scattering and the
free decay. It is very. important physically and
ensures that the free decay is not double counted
in &I', . See Sec. IIIfor a discussion of the phys-
ics of this point.
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