PHYSICAL REVIEW D

VOLUME 24, NUMBER 10

15 NOVEMBER 1981

Coherent-state representation of a non-Abelian charged quantum field
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Quasicoherent states, previously defined for bosons with SU(2) gauge charge (and no other degree of freedom), are
now defined for the general (field-theoretical) case. The coherent states thus constructed form a complete basis in the
Fock space. They transform according to irreducible representations of the SU(2) group and are at the same time
eigenstates of isosinglet pair and isosinglet three-particle annihilation operators. Some physical applications are
indicated in the contexts of multiple particle production and gluon bremsstrahlung by a quark line in e*e™

annihilation.

I. INTRODUCTION

In a previous paper two of the present authors
discussed an extension of the concept of coherent
states to a situation where a non-Abelian charge
is involved.! For one degree of freedom a con-
struction was given of quasi-coherent states
transforming irreducibly under isotopic spin ro-
tations. In the present paper we will extend the
results in Ref. 1 to the field-theoretical case.
Also some applications are discussed at the end
of the paper. We use the term “quasicoherent
states” rather than “generalized coherent states”
since the latter term has already been used for
a similar construction in the literature.?

As in Ref. 1 we will only consider the rotation
group (the isospin group). A more general treat-
ment of gauge groups such as SU(3) will be discus-
sed in a forthcoming paper. For the reader’s
convenience we here briefly recall the conven-
tional treatment of coherent states® for an iso-
vector boson field with N kinematical states
available. Reference 1 describes simply the
case N=1. In the present paper we keep N finite
only for convenience; clearly N —« (field theory)
can be treated in the same way.

The Fock space for the isovector boson can be
generated from a vacuum state |0) by creation’
operators a,Ta, where i=1, ,N. The corres-
ponding annihilation operators are g;,. An or-
thonormal basis for the Fock space is

N
|ﬁl, ... ’EN>=H[(”“!”:‘2!"43! )1/2
=1

X (a}, )1 (al,)"z2(al ) s] 0y
(1)

We introduce in the usual way the unitary operator

U)=et"ws™ | @)

where the 3N-vector x describes a one-particle
state and where x* - a=x{,a;,. Here i runs over
1to Nand a over 1 to 3. The conventional co-

el

herent state |x) is then given by?

l_’ﬁ) :U()_C)I()) =e-£*.llze£*'z lO), aia‘£> =xia|?£> .

(3)
The scalar product then is
(2‘ xn=e" (¥ =y (g-p /2 o0F °§-§*.£) 2 @)
In particular
(xloy=1. ; 5)

The coherent states form an overcomplete basis
with the completeness relation

f d¥xl wxl =1,

(6)
N 3
£=HH< dRe{x;,}dIm{x, }> :
i=1 =1
Given a 3N-vector x we may define a matrix
J(x) serving as a “tensor of 1nert1a” in the iso-
spin space
Jelx)=x¥x, (@,8=1,2,3). (1)
Then
t_

TrlJ(x)] =x* - x .

The tensor of inertia (7) will turn out to be useful
in the normalization of a certain basis of quasi-
coherent states.

In the Fock space we can define the isospin ro-
tation operators (7 =1)

1
Ia = ;eaﬁva.;ﬂakr (9)
which obey
[1,,1,]=ie wrly - (10)

Below we will give a décomposition of the state
'5) in terms of a complete set of states (the quasi-
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coherent states) which are diagonal in 12, I, and
the isosinglet pair and three-particle annihilation
operators

w;;=8; " & (11)

5 =€y Qi OigUyy - (12)

To obtain such a decomposition we make use of
the fact that the Wigner Df‘ , functions form a
complete basis for the continuous functions on the
rotation group.* For Rc SO(3) we normalize the
invariant group measure d°R so that

f dcrR=1. (13)
S0(3) .

The D!, functions satisfy (summation over repeat-
ed matrix indices is understood)

D! (R,)D!,(R,)=D!,(R,R,) , (14)

D! (Ry*=D.,(R") , (15)

(21+1))  d@°RDy(R)*D,,(R)=5,.,8,.,0,, , (16)
sS0(3)

2 (21 +1)D% (R}*D} (R") =5%R;R’) , (1

1=0

where the group 6 function satisfies
f @R’ AR')S*(R;R')=A(R) . (18)
S0(3)

Now let M be an arbitrary 3X 3 matrix and let
R be a 3X 3 SO(3) matrix (R= R*; R ,Rs,=0.).
We shall need the SO(3) decomposition of exp
[Tr(RM™)].

Using completeness (17) and orthonormality (16)
we find

o

oTT(RH™) :z @1+1)¢L,(M)D, (R) , (19)
1=0
where
L00=[ @R DL R MesTan
S0(3) '
1 a *
_ Dw(aM*> 101) (20)

with the transformation property

oL (RMR")=D%, . (R)* ¢!

w oyt

(M)D:, (R'y* . (21)

In (20) I(M) is the integral

I(M)::f dsR eMaBRaB . (22)

s0(3)

and the functions D! (M) are defined as homogen-

24

eous polynomials of degree [ in the matrix ele-
ments M, (see Appendix A),

21 . e .
DL,(M)z(—m e oeay O, ees My g " Myg,s
(23)

where (t‘l‘)al.na; are the expansion coefficients of
the spherical harmonics, defined in Ref. 1 as
homogeneous polyomials of an arbitrary three-
vector,
SO |
7Y, (0,9)=Y, () =57 (&) r

®peeely’ Qyee

Tay (24)

where T =v(sinf cosp, sinfsing, cosd). From
the definition (22) it immediately follows that
I(M) is invariant under left-handed as well as
right-handed multiplication of M by SO(3) ma-
trices

IM)=I(R,MR,), R,, R,cSO(3) . (25)

Therefore I(M) is a function only of the three
invariants x, y, and z defined by

x=Tr(MM") ,
y=4DetM , (26)
z=%[Tr(MM")]? - Tr(MM"MM") .

In fact I(M)=1(x,y,z) can be expressed as a
Fourier-Mellin integral,

IM)=1(x,y,z)
1 So*te S( 4 2 -1/2
== ds e5(s* = 2xs% — 2ys — 22) ,
2mi i
(27)

where s, has to be chosen in such a way that all
singularities of the integrand are on the left-hand
side of the integration contour. The derivation
of (27) is shown in Appendix B. From (27) we get
the power-series expansion

[2G+E+m)—1]1!

le,y,2)= 2 T RIm! (1 +27 + 3k +4m)!

i p,m=0

The mathematical preliminaries have been given
here because I(M) and ¢ (M) defined in terms of
I(M) through (22) play an important role in the
coherent-state formalism to be developed in the
following sections.

In Sec. II we construct three types of quasi-
coherent states and derive their properties. In
Sec. III we construct states which are simultan-
ously eigenstates of fz, I;, and the number oper-
ator N. In Secs. IV and V we treat a few simple
examples.
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II. QUASICOHERENT STATES FOR SU(2)
GAUGE FIELDS

Consider now an isospin rotation R = (RaB)
(a,8=1,2,3) acting on a 3N-vector

x=@&,...,%). (29)
The result is )
Rx=(R%,, . ..,R%,) . (30)

From the corresponding coherent state | Ra_c) we
canproject out a certain irreducible representation
by using the D functions,

i =ef 2 2@+ 12 [ @RDL R)*|Ry)
(31)
The effect of a rotatlon on such a state is easily
found,

UR)|L ;0= @1 +1) /% 2/2 | @R’ DL (R")*|RR'x%)
ny = ry P,

=Di,, (R™)* (2 +1)H/25" 52

un’
X fd3R’Dl’L,u(RR’)*|RR’£)
DL,R|L. ;% . C(32)

The state (31) we shall call a quasicoherent state.
It is an eigenstate of T2 and I, as well as of the
isosinglet annihilation operators w;; and ;,,
defined by (11) and (12),

s 3 i 0=C1e 1) [ ERDL, (B 0}, RFIR,)

Pl io=10+0 ;0 ,

33
LlLso=plls0, (33)

(A)“”“,;£> =§f .ii :Lv;:@ ’
(34)
& x %10

QL0 =% -

To get a more explicit expression for |L,,;3¢_) we
use (3) and (20) in (31),

l;’w; £>= (20 + 1)1/2 J‘ &R DlV(R)* e'rrm(‘;iipl |0>

=(20+ 1) ¢l @%%,)[0), (35)

where summation of ; over the N degrees of free-~
dom is understood in a',X, which denotes the mat-
rix (of linear combinations of creation operators)
(alyxig)-

Using (35) and (3) we easily get the scalar pro-
duct between a coherent state and a quasicoherent
-state,

(ylh; 0=@l+ D22 2261 (FrX,). (36)

Like the coherent states, the quasicoherent states

- form an overcomplete basis. Their scalar product

is easily obtained from (31) and (36) with the use
of (21) and (16),

=(20+ I)IdsR Dl (R)DL,. (R)* L., F1X)=0,1, 8, b, (F1X,). (37

Starting from (6) and using (17) and (31) we can decompose the unit operé.tors as follows:

1= f j d3Rd3R’63(R;R’)f d*¥x |Rx)R % |

= i 21+ 1)f de”ic_fdaRwa(R)* |R£>fd3R'D;V(R')<R'3¢_|=

We can also introduce a somewhat less over-
complete basis by choosing v=0 in |},; x). With
a suitable normalization we define a reduced type
of quasicohevrent states,

12, 1320 = [0 T2 | Los )

1/2 e
) (cpz,é_‘;(;») buo@]%,) |0}, (39)

where
‘P1W)=¢60W)=¢éo(ﬂ4") (40)

and J(x) is the tensor of inertia defined in ().

% J ameess s 005 1. (38)

1
Using (37) we get the scalar product for reduced
coherent states,

@,(y*x)

Loy |l w3 x)=6,,.6,, ,
( s K y_l ,“‘y£> 11 Qprp [¢Z(J(£))¢I(J(2))]1/2
(41)
which for y =x reduces to the normalization
<ll’ I‘L,;fll’p‘;£>=61'léu'u' (42)

The states (35) may be expressed in terms of the
new states (39),
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s )= (21+1)fd3R Dy (R)*[@ ARI(x)R™)2|1, u; Rx) .
(43)

The completeness relation corresponding to (38) is

1= gfdﬁ" et "(P,(J(x))ll s 2, s x| (44)

The quasicoherent states (39) are closely related
to the generalized coherent states as defined in
Ref. 1. They are also a generalization of the
states used by Botke et al3 for the case of one-
particle wave functions that are parallel in the

1/2

= (21 + 1)1/2 [Xz(J(Z‘_»]'m f dsRXI(R)eTr[RGiEI)] !0>=

transform as follows under rotations:

vk.x/2
U |1.0)= e [ #r xr) |RRD)
NTA

eg*. x/2

“ G ) OB XARR'R™) |RR'RRx)
! —

= |l;Rx). (48)
It is also an eigenstate of 12,
-i2|l;zc_>'=l(l+ D52, (49)

but not of I,.
The scalar product is easily found to be

X(V3X;)
PSR (50)

which for y=x reduces to
sx|lx0=06,, . (51)

The completeness relation reads

<l,§2|l§£>= 8,p

= i (2l+ 1) J‘ dGNie_z*'le(J(ﬁ)) (52)

1=0

’e . _.__Hé_.___

(214 1)
= _""n!(Pl‘(J'(xS) (oolals o e)J

For a coherent state the number operator

N=g'-q

(21 + l)f d3Rx R

isospin space. The transformation property (32)
under rotations and the eigenstate properties (33)
and (34) clearly also hold for the reduced states
|1, u; %) as a special case.

A further reduction can be made. The SO(3)
characters

X(R)=D;,(R) (45)
satisfy the orthonormality relation
I @RX,,(R)X(R)=0,, (46)

which follows from (16). The further reduced
quasicoherent states

1+ D2 [x (TN x,(@1%,) [0), x,(M)= L, (M)

(47)

r
It is also interesting to compute the scalar pro-
duct between a Fock state (non-normalized)
g |0) (53)

and a reduced quasicoherent state. Using (39) and
(35) we then obtain

liyos - o siaa=dl o -

(1,005 o v5 300, |1, ps %)

1

o 0= (ho Hzlsl' BXi8, K (54)
where
(., 131 . ";‘n‘sn)

=@+ 19 [ PR DL@E* [T R, (55)

m=]

is a generalized Clebsch-Gordan coefficient. The
probability of having exactly » bosons in a quasi-
coherent state can now be expressed in terms of
(54). Let I, be the n-particle state projector,

1. . . o
M,=— [i,005 « v o5 0@l 0y; o n s dna,].  (56)
Then the corresponding probability can be ex-
pressed as follows:
sy Figg "t 'x?nan“anxianD‘;O(R)*
(%) *+ T g0, (1) - (57)

(58)
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has the expectation value
G* N |xy=x*ex. | (59)

For a reduced quasicoherent state the corresponding value is independent of u and can be obtained as the
mean value \

Wye=575 <l w2 [N, p; 2= ’*‘£[§0,(J(£))]‘ljfd3Rd3R D, (RD,(R)*R'x|N |Rx)

= e 5[N] [ @R DR x|V [)=[p I 2 [ PRDLR)T @

pYS

Thus, because of (40),

Wyip= 2=ing OI | . (60)
Similarly we can determine [(AN),,, *=(N?),;, - ((N),;,)* with the result
2 .
[(aN),, ]t = (*’w SA) 1n ¢, (M x))l : (61)

III. NUMBER-OPERATOR EIGENSTATES

Following the discussion in Ref. 1 we may also introduce states In, Iu; x) which are eigenstates of 1z, 1 3
and the number operator (58):

1/2 poarm
In,lﬂ;f>=((p_21(f:fl(;—)) f ;i e~ (n+ )iy f dsRDl (R)* -x*.x/2|Reule> (62)
Lin sl 0

Here we have introduced the notation [see Eqs. (3), (20), and (22)]

o= [ G e m gl e a) =Dl (53 " Ly (0 (63)
and
5 .
@y ,,(M) ¢0 5" (M) D (W>*1n+zt(M) ’ (64)
where
I,,(M)=f2" g—‘f’r e~V (e M) . (65)

Using (28) we obtain I, (M) explicitly as the following polynomial in the invariants (26):

tn/21 [n=2r)/31

[2 —=7r=s)=1]1 [z \ [¥2\®
Izn(M (2n+1 Z Z (n—27’-—3s)!1’!(2s)! <F) (;C_:f) »

, (66)

; (M)— x"—ly [(n-1)/21 [(n—izr)/al [2(%—7‘*3)"1]!! /i>r (ﬁ)s

2n+1 T(2n+2)! Z (n=1-2r=39lr1(2s+1)! \x2 x3 )

r=0 s=0
L}
The number operator eigenstates (62) satisfy (', U'p'5 9 |n, ;%)

ln, u;x) =1+ Dln, la; x) <p,,"(y1x) 6. (69

I y=ul ) T [0 s LTI Oun' 0127 -
I |n,lu;x)=uln,lu;x), (67

: - iz For x=y this reduces to
N|n,lu;x)=2n+1)|n,lu;x). U W% | U5 X = 8,8y, (69)

The scalar product is given by The overlap of a state (62) with a coherent state
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| ) is
20 +1  \2 _ (s
i) =(G2 ) et et
in —

(70)

A completeness relation can also be derived for
the number operator eigenstates in a way similar
to the derivation of (52). One obtains

1= Efds”_:g @ in (T @0, L0 (0, Tusx] .
n=0 =0

(1)

IV. QUASICOHERENT STATES AND PARTICLE
PRODUCTION

In discussions of multiple particle production
one usually considers matrix elements of the scat-
tering operator between Fock-space states. At
high energies, when the number of produced par-
ticles is large, it may be useful instead to con-
sider the corresponding matrix elements in terms
of states which are not eigenstates of the number
operator. In quantum electrodynamics (QED) it
is well known (see Refs. 3 and 6) that coherent
states are extremely useful for studying problems
where the number of photons involved is large
(or infinite). In physical processes of pion produc-
tion at high energies a coherent-state basis may
analogously be appropriate.® These states will
not, however, have a definite isospin content. As
suggested by Botke et al> one could therefore
generalize the concept of coherent states in order
to get states transforming irreducibly under iso-
spin transformations. Such an extension was in-
deed given by Botke et al® We have now general-
ized their construction to a superposition of one-
particle states which no longer have to be par-
allel in the isospin space. The quasicoherent
states |, ; x) (or | Z,m; x)) which we are using
constitute a complete basis in the Fock space.
The model calculations of Botke et al.’ could now
be reconsidered in terms of quasicoherent states
but we will not develop on this point further here.
Here we notice that the number-operator eigen-
state construction in Sec. III extends the isospin
reduction of Ref. 8 to general n-pion states. It is
of general interest, however, to consider in de-
tail some properties of our quasicoherent states.
For simplicity we will restrict ourselves to the
isospin [SU(2)] singlet state but the extension to
other representations is rather straightforward.
We denote the singlet state by |0; f ). In the iso-
singlet case there is no difference between the
quasicoherent states given by (35), (39), or (47).
Using (35) and (40) we now get

ef*-f2 s
03)= Ty | PR IRD- (72)

We shall now consider some' specific choices of
one-particle states. As our first example, let
il denote a unit vector in isospin space and let

f =1if(k) be the one-particle state as a function of

momentum. This choice of one-particle states
corresponds to the construction given by Botke

et al.® and to what is called identical pions in Ref.
8. The matrix J defined in (7) then takes the
form

Tus=namsc, o= [ LE i@ i@, @9)

where w is the energy of the particle under con-
sideration. The matrix J,g given by (73) can
easily be diagonalized. The group invariant ¢.(J)
can therefore be computed in closed form,

@o(d )=——-—Sithc = @polc) - (74)

Using (60) we find the expectation value of the
number operator

N,=(0; fIN|0; f)=ccothc -1 (75)

For a coherent state | f) we would obtain [see
Eq. (59)]

(fIN|f)=c. (76)

Comparison of (75) and (76) then leads to the con-
clusion that quasicoherent states are “less con-
densated” than the coherent states (see Fig. 1).

<N>
9.0
8.0F
7.0F
6.0
50F
<N>=c <N>=

4.0

3.0

2.0

1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

FIG. 1. The mean value of the number operator N in
the state h f(T{) as a function of ¢ [Eq. (73)] for a coherent
state and for a quasicoherent state. The two mean val-
ues approach the same value for large c.
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This is an expected result.

The probability amplitude for finding » pions
with momenta k,,...,k, and isospin indices
Kis--- 5, Can be computed from the formula (57).
If we letn,, n_, and n, denote the numbers of
7+, =~, and 7° particles, respectively, we find
that #», =n_ and that »n, is even. The corresponding
probability P, ,n_, n,) is

c" 1 [m=-DUT
oolc) ny! [@m+1)N ] , (1)

P(n,,n_,ny)=

where n=n,+n_+n,is the total number of pions. We
notice that (74), (75), and (77) do not depend on
the direction of the unit vector 1. This fact is ob-
vious when we realize that |0; Rf) =|0;f) R SO(3),
according to the definition (72).

As our second example of one-particle states we
consider the following form of the matrix J:

Iy = % fot(i;)*fﬂ (K)=CG"B . (‘78)

In this case it is convenient to use the integral
‘representation (27) in order to compute the group
invariant ¢,(J). The corresponding inverse La-
place transform is elementary and the result is

@o(d) =€ [ 1,4(2¢) =1,(2c)], (79)

where I, () is the nth-order modified Bessel func-
tion. The expectation value (60) of the number
operator is in this case

=(0 A $(2c) =1(2¢)
N‘2‘<0!IIN‘O’Z>_CMZ)— . (80)

For the corresponding coherent state | f ) we eas-
ily obtain

(fIN|f)=3c. (81)

We find once again that the quasicoherent state

| 0, f ) contains less particles than the coherent
state | f) (see Fig. 2). We notice, however, that
N,>N, (if ¢#0) i.e., the orientation in isospin
space of the one-particle state is essential for the
physical properties of the quasicoherent states.
The probability of finding n; r* mesons (i=-0,+)
can be computed by integrating (57) over the mo-
menta k,,...,k, (n=n,+n_+n,). We find that
n,=n_. The result of the computation is

B 6,,,,_,,_ 2-2n+—lcn

T @o(d) ., 1)2n,!

1
P, ,n_,ny) f dx (1+ x)?"x™
-1

(82)

where ¢,(J) is given by (79). We notice that in-
tegrals of the form (82) occur in the statistical
approach 9 to multiple particle production when
isospin conservation is imposed.

V. GLUON BREMSSTRAHLUNG
FROM A “CLASSICAL” QUARK LINE

We have constructed the analog of coherent
states for [SU(2)] non-Abelian gauge fields. The
corresponding construction simplifies if one con-
siders fields carrying an Abelian charge. We re-
fer the reader to Refs. 10 and 7 for a discussion
of the one-particle and field-theoretical situations,
respectively. The corresponding quasicoherent
states can now be used, e.g., in a study’ of soft
emission of charged massless bosons in a scatter-
ing process. I one neglects self-interactions
among the soft bosons and the quantum structure
of their source, then the infrared divergences
exponentiate and can be treated as in QED. Ex-
amples of the relevant Feynman diagrams are
shown in Fig. 3. The emission of self-interacting
bosons can, in principle, be investigated in detail
by making use of functional techniques. A closed
expression for the probability of soft boson emis-
sion up to a certain total energy can be written
down'! (also taking the quantum nature of the cor-
responding source into account). Below we will
show that, under the assumptions mentioned
above, the emission of soft [SU(2)] gluons from a
classical quark current exponentiates in exactly
the same way as in QED. Classical quark currents
have been found to be useful in the study of the in-
frared structure of non-Abelian gauge theories'?
as well as in the study of quark and gluon jets in
quantum chromodynamics (QCD),*3"** Frautschi
and Krzywicki have discussed the effect of con-

18.0p
.0t
16.0}
15.0p
14.0p
1B.0p
.0p
1.0b <N>=3% <N>=W
10.0
9.0
8.0F
7.0
6.0
5.0F
4.0
3.0
2.0
1.0

|
1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

FIG. 2. The mean value of the number operator N is
shown as a function of ¢ in the state f, (E) satisfying (78)
for a coherent state and for a quasicoherent state. The
two mean values approach the same value for large c.
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finement on gluon bremsstrahlung in e*e~ annihi-
lation. They argued that the eonfinement mechan-
ism in QCD may provide a natural infrared cutoff
for the bremsstrahlung spectrum. In their analy-
sis the gluon radiation emitted by a quark line is
estimated by considering soft emission of pho-
tons from a classical current. As is well known,
the infrared divergences in QED can be treated in
terms of such a classical current.® The radiation
field is then effectively described by a coherent
state. In QCD the situation with regard to soft
gluon emission is more complicated due to the
self-coupling of the gluons and the color content
of the sources. However, it has been shown'® that
properly defined transition probabilities are in-
frared finite order by order in a renormalized
coupling constant. It is possible to develop a
classical theory of Yang-Mills particles!® inter-
acting with non-Abelian fields.!” The color con-
tent of a given particle can, formally, be des-
cribed in terms of ¢ numbers which after quanti-
zation are replaced by the Lie-algebra generators
of the gauge group under consideration [ SU(2) in
our case].

Under the simplifying assumptions mentioned
above, we can use the picture suggested by
Frautschi and Krzywicki'* to compute the proba-
bility for emission of soft gluons from a classical
current,

JO&E t)=],&x 00, (83)
where
Jo X, t)=gd&X-7t) ,

(84)

&, t)=gV & -7t)
is the conventional form of a classical charged
current (¥ is the velocity of the particle) and I*
denotes the classical color degrees of freedom.
In general I will be time dependent and precess
around the gluon field. For the case when the
coherent radiation field generated by the “effec-
tive current” (83) is proportional to I%, than we
may consider I® as effectively time independent.
Let us consider the (perturbative) vacuum as
the initial state. The final state of the soft gluons
emitted will then be a coherent state. We have,
however, to take color conservation into account.
The final state will therefore be a quasicoherent
isosinglet state

105 = ( k) fd3RlRy> (85)

Do
where j is the classical current (83). Following
the procedure of Ref. 7 we now compute the

transition probability for the source (83) to emit
soft.gluons with a total energy not exceeding AE

1%
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FIG. 3. Some typical Feynman diagrams contributing
to the soft gluon emission from a classical quark cur-
rent are exhibited. The vertices commute due to the
classical nature of the current, and no gluon self-inter-
actions are taken into account,

(other energy intervals can be treated analog-
ously). The density operator describing the
corresponding energy resolution is given by

p(aE)= [@po(aE-p)oHP-p), (86)

where P stands for the momentum operator and
0 is the Heaviside step function. We observe
that (85) is of the form described by the matrix
(73). The transition probability P(AE) can then
be evaluated with the result

P(AE)=(0;j | po(AE)|0;4)

Y * o 190 Loc(t))
u ] Lacntiigh e
where
> 3 -> ->.

o)=T [TEetor, (@, 0 (88)

and
- d3 k. -
c=12 fz—:ju(k)*]u(k) . (89)

In the analysis by Frautschi and Krzywicki, (88)
and (89) are finite integrals (with an appropriate
ultraviolet cutoff) due to the confinement mecha-
nism. It is instructive to compare (87) with the
corresponding result in QED (see, e.g., Ref. 7
and references cited therein). Then (88) and (89)
are infrared divergent. By making use of (74)
and its asymptotic form we then obtain



24 COHERENT-STATE REPRESENTATION OF A NON-ABELIAN... 2623

P(AE)=-§11—T fo ** ap, f_:dte-i»otexp[rz f i’sz(ew*q)ju(ﬁ)*ju(i)] (90)

which is finite and of the same form as the corre-
sponding expression in QED.

In a more refined analysis one could (in the lead-
ing logarithm approximation) take self-interac-
tions into account by replacing the coupling con-
stant g in (84) by a running coupling constant as
in Refs. 12 and 13.

VI. FINAL REMARKS

In Ref. 7 one of the present authors showed
how quasicoherent states can be constructed
in Abelian field theory where a conserved Abelian
charge is present. Owing to superselection rules
conventional coherent states are not appropriate
as was noted by Bhaumik et al.}° Here we have
demonstrated a similar construction for [SU(2)]
non-Abelian charges and for one-particle states
(gauge bosons or pions) transforming under the
adjoint representation of SU(2)..

This is also a generalization of Ref. 1 which
deals with the case of one single available kine-
matical state, and our construction also extends
the work by Botke et al 8

From our presentation of the construction of
quasicoherent states it is clear that our results
can be extended to any compact group. Work
on this extension is in progress.t®

The construction in Sec. I of quasicoherent
states can also easily be carried over to the case
when the one-particle states transform according
to the fundamental representation of SU(2) (appro-
priate for K mesons or in general two-level sys-
tems!®2° The correspondmg complete set of
states is by definition

L) = (21 1) estoo Jaen (@ 1gm) . (91)

The isospinor integral that corresponds to I(M)
in (22) and (28) for isovectors now depends only
on one variable?! (See Appendix B.) Most of
the results in Secs. II and III can now easily be
carried over to the set of states given by (91).

We expect that quasicoherent states constructed
in the present paper also may be a useful complete
set of states with regard to physical applications.
In Secs. IV and V we have indicated some prop-
erties of these states as well as some physical
situations where they describe relevant proper-
ties of the system under consideration. The
method can clearly be applied also to more com-
plex situations.

With regard to the study of gluon condensates®
and quark condensation® in QCD, quasicoherent

1

states may simplify the analysis [when extended
to the SU(3) case'®]. We intend to study these
questions elsewhere. Finally, it is amusing

to notice that invariant integrals of the form (22)
or (B9) frequently occur in the analysis of gauge-
field theories in the Wilson lattice approach.?
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APPENDIX A

In this appendix we shall show how D! (M) as
homogeneous polynomials (23) are obtained.
Let

U(R)=e-iT8 (A1)

be a unitary rotation operator. The Winger D
functions are defined by

DL =R ). (a2)
Then'
Y, (R®)=D,,R)*Y|(¥), (A3)
i.e.,
LR = [a0@)YL RS YY) (a4)

Since Y!(e) is a homogeneous polynomial in € by
equation (24) we obtain

1
L (R)= e ——(t! )* (tL)

1 -
o fdﬂ(e)ea;..

Byeees, 1o " %aa;
-ea;eﬂl...eﬂr M (A5)
The integral in equation (A5) can easily be evalua-

ted and the result is

2! 1%
! _ I cee
D,,,V(R)‘(21+ 0! (lu.)al e a,(tv)Bl‘ . ‘BtR"‘131 R“lﬂl ’

(A6)

which can now be extended to be valid for any
3 X 3 matrix.

APPENDIX B

In this appendix we shall derive an explicit ex-
pression for the invariant integral

M) = _{O(a)dSR eTr(RH™) (B1)
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in terms of the three invariants

x=Tr(MM~), y=4DetM,
(B2)
z =3[Tr(MM~)E - Tr(MM~MM"~) .

Now I(M) is an analytic function of M. We can
therefore assume that M is real and generic, i.e.,
M is such that x,»,z are all nonzero. We there-
fore consider the case when M is a diagonal ma-
trix:

m, 0 0

M=l 0 m, 0 ]. (B3)
0 0 m,

SO(3) is the adjoint group of SU(2). Since, topo-

logically, SU(2)~ S® we can therefore rewrite
the invariant integral (B1) as follows:

3
I(M)=1r'2fd4u 8(u?-1) exp[%z;miTr(Tr-'éiu‘é-Eiu')].
=1
 (BY)

Here {&,} is an orthonormal basis in R® and o=(0,,
0,,0;) are the three Pauli matrices; « is a general
element of SU(2), i.e., u=u,*1+i0 U and u? =12
+%. For the 6 function we use the integral re-
presentation

8(2? - 1)=% f”dg eitw?ay (B5)

The « integral in (B4) is then a Gaussian integral
which is easily evaluated with the result (s =:£)

1 So+i

e ds ef(symy,my,mg) , (B6)

I(M)=
Somi

where

f(s3my,my,my)=[s* = 2(m2 + m,® + m,?)s?
~8my mymys + myt + myt + myt
- 2(m22m32 + m32m12 + mlzmzz)]-l /2

( (B7)

and s, has to be chosen in such a way that all
singularities of f(s,m,,m,,m;) are to the left

of the integration contour. Inserting (B7) into
(B6) and expressing the polynomials in m,, m,,
m, in terms of the invariants (B2) for the matrix
(B3) we finally obtain

1 So*ie /.4 oy
I(M)=ﬁ ds e°(s* - 2xs% = 295 — 2z)172 |

Sgriw

(B8)

By analyticity (B8) is true for any 3 X 3 matrix

‘M. Expanding (B8) in terms of x/s?, y/s®, and

z /s‘l and evaluating the integral term by term we
obtain the expansion (28).

For isospinor bosons the relevant matrix is
a 2 X2 matrix m and the integral corresponding
to I(M) in (22) and (28) is

K(m)= f dg eTrem) | (B9)
sUE@)

By invariance arguments it may be shown that
K(m) is a function only of Det 7. One obtains

I,(2(DetM)?) & (Detm)"
Km) = iy ™ = 2yt D1

(B10)
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