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Covariant structure of relativistic gases in equilibrium
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The dynamical formulation of many-particle relativistic systems using the constraint
formalism is applied to the description of equilibrium statistical mechanics in such a way
as to include the known properties of covariant thermodynamics. In order to investigate

explicitly the thermodynamical functions from this formulation, we explain the develop-

ment of a unique general prescription for the Lorentz-invariant phase-space measure of
the relativistic gases, for which we look into some special cases of classical and quantum

systems. In particular, by using this formulation we are able to calculate in detail a rela-

tivistic thermodynamical model for a dilute gas of two-particle systems bound together by
Lorentz-invariant pair interactions.

I. INTRODUCTION

In this work we put together two recent impor-
tant developments for the analysis of relativistic
statistical systems. First we remark that the pro-
gress on relativistic thermodynamics can be related
to the new work on the covariant structure of rela-
tivistic statistical systems (both for the special and
general theories} which has been carrimi out in the
past few years. Especially noteworthy in this con-
text is the fact that the laws of relativistic thermo-
dynamics' have been recently formulated in terms
of statistical quantities arising from relativistic ki-
netic theory. Furthermore, the covariance of the
thermodynamical quantities has been explicitly
used for the investigation of equilibrium and non-

equilibrium relativistic fluids. The covariant
description of the dynamics of interacting many-

particle systems has lately brought some new pros-
pects to relativistic statistical mechanics. The for-
mulation by Todorov of the dynamics of relativis-
tic point particles as a problem with constraints
put together a number of important concepts for a
Lorentz-invariant theory. Further independent
work on interacting classical and quantum rela-
tivistic systems has demonstrated the power of this
description. This approach has been united with
generalized relativistic Hamiltonian dynamics.

Although the classical thermodynamics for an
ideal gas ' using the special theory of relativity

has been known for a long time, the structure of
the phase space ' as well as the invariance of the
thermodynamics' have been often discussed since
then. There are a number of rather diAicult prob-
lems associated with the formulation of the theory
for consistent thermodynamics and statistical
mechanics using the special theory of relativity, '

which we shall not review extensively here. How-
ever, we will briefly present in the next section the
basic approach to covariant thermodynamics. ' In
the following section of this paper we shall discuss
the covariant structure of relativistic phase space"
as a basis for the statistical ensemb1es. In-the first
part of Sec. III we briefly elaborate on the descrip-
tion of the dynamics' of a relativistic many-
particle system with constraints as a means of get-
ting around the well-known fundamental prob-
lems' associated with the dynamical variables for
interacting relativistic particles. From here on we
look into a covariant statistical formulation using a
definite prescription for the phase-space measure. "
In the following sections we demonstrate this
theoretical framework by first working out' some
special cases. Section IV contains a new analysis
of the ideal relativistic quantum gases arising out '

of this framework. Then in Sec. V we develop a
thermodynamical model for a dilute gas with
Lorentz-invariant scalar pair interactions. Finally
we discuss our results in relation to some possible
applications.
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II. COVARIANT THERMODYNAMICS

Before we go into the details of the relativistic
dynamics, which will provide for us the basis of
the equilibrium statistical ensemble theory, we
want to discuss briefly the fundamental thermo-
dynamical quantities necessary for such a descrip-
tion. The transformation properties of these ther-
modynamical quantities have already been dis-
cussed in a general way which now may be
brought into a satisfactory covariant formulation
for the equilibrium state of a relativistic system.
Although this thermodynamical formulation is
valid for more general metrics, we shall here con-
fine ourselves to the special theory of relativity
with the positive-time metric tensor g&, which in-

cludes only the diagonal terms g» so that we have
only the elements + 1, —1, —1, —1 for p=0, 1,
2, 3. For the sake of simplicity in the equations
we shall also take c=1=4 in the following work.

The basic quantities for the description of ther-
modynamical systems (both for equilibrium and
nonequilibrium processes) are the energy-
momentum tensor TI'", the entropy flux density s",
and the particle flux density n," for each consti-
tuent a of the system. The corresponding energy-
momentum four-vector can be found in the usual
manner by an integration over the spatial coordi-
nates at a constant xo in the form

p"= J dxT".
Zp

(2 1)

p =(s,p")'" (2 2)

is the total energy in the rest frame of the system,
n, is the number density of the particles of type a,
s is the entropy density, and V is the usual three-
dimensional volume. In equilibrium we have the
relationships

pP —puP

n,"=n,uI',

s"=su",
V~= Vu~.

(2.3a)

(2.3b)

(2.3c)

(2.3d)

The structure of the energy-momentum tensor T I'

In the general (nonequilibrium) situation the rela-
tive orientation of the four-vectors p&, n,", and s& is
not strictly predetermined. However, in order to
arrive at the true equilibrium situation, they must
all be parallel to the single four-vector velocity u&

of the entire system. Therefore, we define the fol-
lowing scalar quantities:

relates to the total energy density e and the scalar
pressure P through the total four-velocities as

T&=au uI'+PA+, (2.4)

where the projection tensor 6 ~ is defined so that

6+—:g&—u u"

For closed systems we must always have the
energy-momentum conservation law

a T&=O.P

(2.5)

(2.6)

This expression tells us that the macroscopic ob-
servables p" are conserved quantities.

It is important for us to note that in a general
macroscopic state of the system the M reactions
among the different types of particles may take
place in such a way that the particle number densi-
ties n, may not be conserved. Thus we may in
such cases have

M

~gila g Caifi (2.7)

where c„is the stoichiometric coefficient for the
ith reaction and r; is the respective rate of reaction.
However, in the state of equilibrium the rates of
reaction will all vanish in such a way that we have
a particle conservation law for each component

B„n,"=O.

Furthermore, the total particle flux density be-
comes

(2.8)

nI'= n, uI" =nul', (2.9)

N,"=N, u",

N" =Nu".

(2.10a)

(2.10b)

The general validity of the second law of ther-
modynamics for relativistic systems has been
shown to be written in the form'

which also obeys this particle conservation law.
These conditions mean that the corresponding
macroscopic observables N, and N (the particle
numbers) defined by the spatial integrals on the
time components are necessarily conserved quanti-
ties in equilibrium. However, because u& for the

. whole system is independent of each particle coor-
dinate, the same conservation laws hold as for the
densities n, and n, so that we can write these mac-
roscopic particle four-vectors in equilibrium N,"
and N" as



2566 DAVID E. MILLER AND FRITHJGF KARSCH 24

B„s"&0,
which becomes a strict equality in equilibrium.
Furthermore, it is also possible to state some other
properties of these systems in equilibrium such as
the lack of viscous forces as well as of diffusion
and of heat Aow.

Since in the equilibrium state the scalar entropy
density s is a function of the total energy-momen-
tum p and the number density n, only, the condi-
tions (2.6), (2.8), and (2.1 1) lead to the introduction
of their respective equilibrium parameters. ' ' The
four-vector analog of the usual inverse temperature

P for the nonrelativistic systems takes the form

(2.11)

P'= u".1

kT

This four-vector is defined so that

(2.12)

(2.13)

simply relates to the temperature in the rest frame.
In order to arrive at a manifestly covariant formu-
lation of our ensembles, we may define i,"as the
four-vector equilibrium parameter relating to the
relativistic chemical potential p„which together
with (2.12) yields

iu PaF (2.14)

I
p~ =Pl~+p~, (2.1S)

where m, is the rest mass of the particles of type
a. Furthermore, in the case of chemica1 reactions
the equilibrium conditions

From this consideration we should also notice that,
in contrast with Touschek's definition, the chemi-
cal potential alone is not a four-vector. p, is relat-
ed to the usual nonrelativistic chemical potential

p,
'

through

III. RELATIVISTIC PHASE SPACE

y;(p, q)=0, i=1, . . . , M (3.1)

where M is the number of primary constraints.
The secondary constraints are devised so that each
particle world line is counted only once for the
dynamical system. Thus we write for the M secon-
dary constraints

Now that we have considered the basics of rela-
tivistic thermodynamics we want to bring these
ideas together with the central concepts of the rela-
tivistic dynamics. There exist at present several
new approaches to the relativistic X-particle prob-
lern using a formulation involving constraints
all of which are based upon the structure of the
particles' trajectories in the 8 -dimensional phase
space. The covariant structure of the equations of
motion however, introduces some additional prob-
lemss, i2, &3 which arise together with the presence of
the time components of each particle. In this sec-
tion we want to discuss the formulation of the rela-
tivistic dynamics in order to provide for the con-
struction of the phase-space measure" as well as to
enable us to carry out certain calculations for some
special applications discussed in the following sec-
tions.

At this point we want to bring in the concept of
the constraints as it first was used by Dirac' for
his generalized Hamiltonian dynamics. He divided
these constraints into two major types: the set of
primary constraints I y;(p,q) J and that of secon-
dary constraints I gj(p, q) J, both of which are in
general dependent on the X-tuples of momenta and
coordinates denoted by p and q, respectively. The
primary constraints relates generally to the
energy-momentum conservation, which appears as
a mass-shell condition for the individual particles.
We write these conditions in the general form

g pacai (2.16)
XJ(p,q)=0, j=l, . . . , M (3.2)

must be fulfilled for each reaction I. In particular
for pairs of particles and antiparticles reacting with
each other this equation has the consequence in
equilibrium that when there is no total conserved
charge then p, = —p,+, where p and p, are the
particle and antiparticle chemical potentials,
respectively. Another motivation for our choice of
equilibrium parameters in the form of four-vectors
is that P'and i,"relate closely to the Ki11ing vector
fields for thermal equilibrium in a gravitational
field, which have a meaning when the metric is
properly extended to general relativity. '

We may immediately write down the covariant
generalization of the Poisson brackets in the form
[A(p,q), B(p,q)j for the functions A and 8 of the
phase-space variables. Furthermore, one can for-
mulate the equations of motion ' ' in a "weak
form, "where this expression refers to the weak
equality "="which has the meaning that all the
algebraic operations with the Poisson brackets are
carried out before equating the constraints (3.1)
and (3.2) to zero. However, there is an important
extra condition which assures the independence of
the primary and the secondary constraints, which
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may be expressed by the determinant

h(p, q) =det
~ [Xj,y;] ~

+0. (3.3)

Pj =&~+&J

(3 g)

Now we want to briefly illustrate the use of con-
straints through the simple case of classical free
particles. The primary constraints are then with
M=N

2qr;
—=m; —p; =0 (i = 1, . . . , N), (3.4)

whereby the positive-energy solution p; & 0 is al-
ways taken. This condition now defines the posi-
tive mass shell from the energy-momentum conser-
vation as a seven-dimension hypersurface for each
particle. The six-dimensional reduced phase space
may be gotten through the identification of all the
points on the one-dimensional free-particle world
line of each particle with a specified free parameter
r;, which may be related to the proper time (actu-
ally the proper time per mass). Formally we may
carry out this second reduction by introducing the
secondary constraints of the form

xgj , ——(q/—'+qj"), .x/,'= , (qP—' qj"—).1 1

Using these variables we may write a Lorentz-
invariant scalar in the form

fg~ =2 (P/J xiJ )

..2JlJ

2—X"lJ (3.9)

and a reduced mass

m;J =m;mji(m;+m ). (3.10)

From the structure of these parameters we write
our constraints for pair interactions between parti-
cles i and j with i' and 1 & i, j& N in the form

N

2y =p —m —2 'm" V(r")=0.2
P& —I l I lJ lJ

j=1
(3.11)

We see that the interaction must be symmetrical in
the particles so that

X.—7—
2

=0 (i =1, . . . , N),
PPZ)

(3 5) X & ij' ij' ij'p'J X J 'J' 'l' '1'p'J
i=1 j=1

which themselves do not "commute" with the pri-
mary constraints since the usual relativistic brack-
ets take the form

[q,"qf]=0,

lAp&pjvl

[a"p,.]= [p,.a"]=—5".~,

(3.6a)

(3.6b)

(3.6c)

Thus the relativistic Poisson brackets for (3.4) and
(3.5) are

(3.7)

where this equality, as written, is taken in the weak
sense of Dirac. ' We would like to remark here
that this case for free particles may be easily writ-

. ten in quantized form by simply rewriting these
classical variables as their corresponding quantum
operators, which we shall use for the quantum
ideal gases in a later section.

As a generalization of this special case we dis-
cuss briefly the 5-particle system with only two-
particle interactions present. We know that in
general we may write the expressions for each pair
of interacting particles i and j in terms of the
center of mass and relative coordinates for the mo-
menta I',J., p,&

and coordinates X&, x,&, respectively,
given as four-vectors by

N
= —2 g 'mj V(rj),

(3.12)

H; = mi + p; +2 g 'm, j V(r;J )

J =1
(3.13)

Here we have simply substituted H; for p;0, which
gives the form of a spinless positive-energy classi-
cal Dirac equation. A general manifestly covariant
form for the primary constraints is expressed by

2g;—:m; —p; —4;(p,q)=0 (i =1, . . . , M). (3.14)

The corresponding secondary constraints must be
chosen to fulfill simultaneously the conditions (3.2)
and (3.3).

Now we are in a position to discuss the con-
struction of the phase-space measure for the in-
teracting N-particle relativistic system. This con-
struction has been carried out by Faddeev" in

where 4;(p,q) represents a general interaction be-
tween particles, which in (3.12) is restricted to
pairs. Furthermore, if we were to drop the demand
of manifest covariance and take up the form of the
generalized Hamiltonian I; used in a many-time
formulation, we would find from (3.11) that

' 1/2
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(3.15)

This particular form of dvN(q, p) was shown" to
arise directly from the expression for the Lagrangi-
an with constraints g,p;q; .H(p,—q) gA, ;—ql, where

the q; are the velocities and A,; are the Lagrange
undetermined multipliers. After an integration on
the A,; as variables it was seen that 1viv in (3.15)
comes as a restriction to the XJ hypersurfaces writ-
ten as the four-dimensional 5 functions.

With the form (3.15) of the phase-space measure
d vol(p, q) we are in a very good position for the
construction of the ensembles in a covariant
manner. Although we may most easily start from
the microcanonical point of view, the technical as-
pects of the large hyperspace of 8 dimensions to-
gether with the constraints lead to a very formid-
able problem which is not easily solved in covari-
ant thermodynamical variables. However, there is
a quite different situation for the canonical and
grand canonical ensembles. For the canonical en-

semble the number of particles X, of each sort a is
fixed. Thus the states are described by the states, of
fixed particle number and energy-momentum
described by the four-vectors X," and p& discussed
in Scc. II. This situation is well suited for our
phase-space measure (3.15) for dvlv (p, q). Thus for

a fixed volume V& we may write the canonical par-
tition function'

Q~ (V„,P„)=I dvN (p, q)e

The grand canonical partition function can then be
written for all types of particles in equilibrium as

(3.16)

:-(V„,P„,i,„}=g e ''" 'Q (V„,P„).
IN, I

(3.17)

The thermodynamics may now be arrived at
through the normal procedure by evaluating the
thermodynamical potential

0(V„,P„,i,„}= —kT ln=( V~, Pq,i,„) (3.18)

in the large-volume limit.
The problem of quantization of the relativistic

many-particle systems adds considerable complica-
tion to the evaluation of (3.16). Here we must re-

terms of all the components p; and q; of the mo-
menta and coordinates of each particle i, which

may be written as

4N dp. dq&
dv~(q p}=II ~(~ )~(q, )~(p q}II )4iv —M '

(3.19)

However, this form generally loses many of the ad-

vantages gained from the phase-space measure.
The one possible exception is the ideal quantum
gases which we discuss in the next section;

IV. IDEAL RELATIVISTIC QUANTUM GASES

In this part of our work we look into the ideal
relativistic quantum gases as a first application of
the formalism developed in the preceding sections.
Although the basic results for the ideal relativistic
quantum gases are already very well known, ' it is,
nevertheless, informative for us to show explicitly
how these properties may be derived out of the
above-developed formal structure. The detailed
evaluation of the canonical partition function for
the classical relativistic ideal gas using the con-
straint formalism may be found in Appendix A.
Here we develop the general structure for many
species of particles.

Since for now we are only dealing with free spin-
less particles, we are able to compute directly the
trace in (3.19) by properly choosing a basis for our
Fock space out of the simultaneous eigenstates of
the operators p" and X~ built up out of the sym-
metrized or antisymmetrized products of the
single-particle states for, respectively, the bosons (b)
and the fermions within the finite volume V.

Furthermore the basic property of the ideal gas is
expressed through the fact that the total grand par-
tition function then splits up into products of the
single species so that

-" ~l Vl "l) II=(ll VP 'bl —}
b

x II:"(Pp,v„,iy„),
f

(4.1)

where =(P„,V&, ib&) or =(13„,V„,i~&) represents a
trace summed over the symmetrized (b) or the an-

tisymmetrized Q states. This trace can be expli-
citly evaluated for each type of particle in the form

(4.2)

place the integral with discrete states
~

p",N,")iof
the operators p" and N", respectively. Then (3.16)
becomes a trace of the form

QN. (~„~,)= X &p",~."le '
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N I N
(4.4)

with g =+1 for the fermions and bosons, respec-
tively. The eigenvalues N" and p~~ of the operators
N" and p &, where a labels the eigenstates with

these discrete eigenvalues, are given in the form

(4.3)

Furthermore, we define the relativistic activity
(fugacity) A by

where a term of the form P 'ln(1 —Ae ~ ) must
be added to (4.8} for the ground state of the Bose
gas. ' In order to evaluate this integral analytical-

ly, we proceed to the rest frame of the system as in

Appendix A for the relativistic classical ideal gas
by using the Lorentz invariance of the free system.
This evaluation leads to an integral very similar to
the one in (A.7). We obtain the thermodynamical
pressure P from —Q/V in the large-volume limit,
which is given by

where from (2.10b) we have

(4.5)

m2 co
( )k —1Ak

P (P,A) = g Kz(kmP),
2 k, k

(4 9)

For the thermodynamics we take the logarithm
of:" (P&, V&, i~&) for the various species in Eq. (4.2)
in order to find the thermodynamical potential

Q(13&, V&, i~&} in (3.18). Thus we get a sum over

the eigenstates p" which may be replaced in most
cases by an integral over the reduced single-particle
phase-space. The well-known exception to this re-

placement is the Bose gas at low temperature
where a term is added' ' for the ground state.

The use of the constraint formalism as discussed
in Sec. III enables us readily to find the correct in-

tegration measure (3.15). We see that the chosen
constraints for free particles written in Eqs. (3.3) to
(3.5) together with the condition po & 0 for the clas-

sical gas may be used analogously in Appendix A
to yield the phase-space measure for the particle
with the coordinates and momenta q;, p; of the
form

d v(q;,p; )= &(po;)&(X;)&(q; )d p;d'q; .
(2m )

(4 6)

The evaluation of Qz(P&, V&, A) demands at this
point an approach different from its classical coun-
terpart due to the presence of r) in (4.2) arising
from symmetry (antisymmetry) of the total wave
function. This fact requires that we carry out this
sum over the particles for = (P&, V&, A) in the
same way as in the nonrelativistic quantum gases.
When we apply (3.18) for this calculation for the
Bose and Fermi gases, we find

Q(P&, V„,A)= P'r) I do(p)ln(1+—rlAe " ),

(4.8)

If we perform the evaluation of the space-time in-

tegral in the volume V" with the given constraints,
we find the invariant phase-space measure of
Touschek, 8

4

do(p )=2V p"8(po )5(p —m ) . (4.7)

where E„(x)is the modified Bessel function of the
second kind. ' Thus we see that the effect of the
quantum statistics on the thermodynamics of the
ideal relativistic quantum gases is represented by
changing P to k& for the single-particle system and
then summing over all k with a factor (—rl)

' for
the symmetry of the wave function.

The general case with many types of particles as
expressed in (4.1) can be easily worked out under
the equilibrium conditions in Sec. II. Therefore,
the inclusion of the antiparticles for energies above
the particle creation threshold is automatically
built into this structure from (2.16).

U. PAIR INTERACTIONS IN
RELATIUISTIC GASES

The treatment in the last section of the relativis-
tic ideal gases is now basically well understood and
requires little further elaboration. This statement
is certainly not true for gases with interacting par-
ticles. In order to calculate anything at all for in-
teracting systems, we must place very strong re-
strictions on the nature and type of the interactions
as well as on the structure of the total system. Let
us, therefore, consider the simplest extension of the
ideal-gas structure, that is a classical relativistic
gas of 2N particles forming a new system of N
noninteracting pairs, for which the two particles
inside each pair are bound together by the relativis-
tic interaction 42(riq).

We begin our investigation (preliminary results
of this work have been reported by one of us in a
conference' ) of this "free gas of composite parti-
cles" by introducing the two-particle coordinates
for each pair as given in (3.8). In terms of these
coordinates we get the constraint equations for
each interacting two-particle subsystem similar to
the free-particle case (Appendix B) as follows:
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(p12= (P12 +P12 4m ) @2( 12)

'(p12= g P12pp12

712=X)2„u"=0,

M12 =X 12(s Q 1$ =0 ~

(5.1a)

(5.1b)

(5.1c)

(S.ld)

where u" is the four-velocity of the 2N-particle
system, whereas u ')g is the four-velocity of the
two-particle subsystem

ulcc

=F12/ I P12 I
. (5.2)

In order to evaluate the partition function (3.16)
for this system given by (S.la) to (S.ld}, we need
the invariant phase-space measure (3.15), which

may be written for our special case as

dv12(P12~P)2~X)2~x)2 } @P)2)@P)2 I312)@ ~12 )@r)2 X12 )5(V 12}5((P12}()+12}8(~12)~12

Xd P12d P12d X12d X12. (5.3)

Here the first two 8 functions assure the positivity of the energy while the third one fixes the thermodynam-
ic volume V= —,~R and the last one defines the range of the relativistic two-particle interaction. The expli-

cit evaluation of the covariant constraint determinant (3.3) yields

~12(P(2 P12 r12} sP127sis"
I
P12 I s (P12(su )V 121su lj) +(r12)(x)27s~ 1j) (5.4)

where the last term does not contribute to the phase-space measure because of the constraint (S.ld) [%(r(2) is
given in Appendix C]. Now we have collected everything we need for the evaluation of the canonical parti-
tion function in the form

N

Qx(I'(»~)=,~ f, dvi2e
(2ir) N! v (5.5)

(P 121 P)2 }'
2

P12

2—P12 (5.6)

Next we perform the integrations over P 12 and X12 in the overall rest frame of the 2X-particle system using
the constraints q&)2 and X/2 in (5.1a) and (5.1c}. The remaining integral over P, 2 we then rewrite as an in-

tegral over the Lorentz scalar defined by

We first carry out the integrations over the zeroth components of the relative coordinates p12 and x 12 in the
rest frame of the two-particle subsystem. Then we rewrite the integrals over p12 and x12 as integrals (drop-

ping the particle subscripts) over the Lorentz scalars r defined in (3.9) and k which is defined by
1/2

P—:[(P)2qu" }—P12 ]'/ . (5.7}

After all these simplifications have been carried out we finally may write the partition function in the overall
rest frame as

yN 'N
QN(Vp)=, f f f P dPk dkr drexpI p[P +k +42(r)+—4m ]'/

J (5.8)

Now we want to discuss the specific evaluation of the thermodynamical functions from our result. If we
assume an interaction of the form

42(r) =((2r )', (5.9)

(5.10)

we can evaluate explicitly all the remaining integrals in (5.8) to find the partition function in the form
P N

VN (7r/2)1/223/21 (3/2&)(2mP)(7s+3)/2s
Qx( I'P) =

X! 2sa p' '+3/2~6s+3)/s II'(7s+3)/2s(2mP)

I

From this analytical result for the partition function we can easily get all the thermodynamical functions.
For the sake of our better understanding of the above result let us look into a few special cases of physical
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relevance for the free-energy density

f(13,p ) =— lim
N, u~ oo

1
Ingiv( V,P), (5.1 1)

where the thermodynamical limit is taken at a given particle density p=NlV. (a) The relativistic harmonic
oscillator has the type of interaction (5.9) with s= 1, so that we get from (5.11) using (5.10)

2e(2mP) Kz(2mP)

(2~)2u 2/2pp9

1

(b) The linear (confining) potential has s= —,. Thus we find

(2m@)' E /2(2mP)
p12

f(p|p) =
5/2 2/2 K7/2(2mp)

4e(2mP) /

P 3(2~)'"a'"

p 64e
5/2 3/2(2ir) a p

(c) For very large s we can find a limiting form for s~ 00, so that

(5.12)

(5.13)

(5.14)

This result may be interpreted as the extreme case
of tightly bound pairs of particles, which is analo-
gous to the nonrelativistic problem for two parti-
cles in an infinitely high wall potential (square
weH).

Finally we carry out a numerical evaluation of
these formulas in order to gain a perspective on the
effect of these interactions on the thermodynamics.
For these evaluations it is convenient to introduce
new variables in units of the rest mass of the parti-
cles; the mass inverse temperature x=mP and the
mass density y=mp. In terms of these variables
we have drawn the free energy for the following
three special cases: (a) the free relativistic ideal gas
of 2N particles with the free-energy density for
y=1,

(c) the gas of X pairs with relativistic harmonic in-
teractions for y=0.5,

32e Ei(2x)f(x)=— ln
x

(5.19)

and the energy density per particle,

E6(2x)
e(x)=2x —1 —2x.

E5(2x)
(5.20)

In Figs. 1 and 2 we show these cases (a), (b), and
(c) for f(x}and Z(x), respectively.

As a conclusion for this section we may remark
that the results of these evaluations for the thermo-
dynamical functions show certain pronounced ten-

X2(x)f(x)=—ln
x 2 x

and the energy per particle

X2(x)
e(x) =x —1—x;

X2(x}

(5.15)

(5.16)

f(x)
3 0r

2
(a)

2Q X

(b) the tightly bound relativistic gas of N pairs
with the free-energy density for y=0.5,

f(x)=— ln
5 2 5/2, (5.17)

256e &7/2(2 )

3(2n) / (2x) /

1 ~ ~

2 ~ ~

-3"

- 4. ~

and the energy density per particle.

X9/2(2x)
e(x)=2x —1 —2x;

E7/2(2x)
(5.18)

FIG. 1. The free-energy density in the three cases (a)
free relativistic ideal gas, (b) tightly bound pairs, and (c)
relativistic gas of pairs with harmonic interactions.
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FIG. 2. The energy density per particle in the three
cases (a), (1), and (c).

dencies in relation to the value of s in the pair in-

teractions. In the first figure we see that the free-

energy density f(x) is generally lowered for smaller
values of s. However, for the energy density per
particle E(x) in the second figure the trend is the
opposite. In fact, the values of e(x) at x =0 give
the degrees of freedom of the corresponding
ultrarelativistic gases in the sense of the equiparti-
tion law. Likewise, the asymptotic values e(x)
for large x give the corresponding expressions for
the nonrelativistic gases. Thus we may summarize
these results by stating that our given (model) form
of the two-particle interaction (5.9) leads to a sim-

ple interpretation for gases with difFerent numbers
of degrees of freedom.

VI. SUMMARY AND DISCUSSION

In this work we have developed a method for
calculating the thermodynamical functions for rela-
tivistic many-particle systems. First we saw how
the Lorentz invariance of the thermodynamical
variables in equilibrium may be constructed, espe-
cially for the temperature and chemical potential in
terms of the four-vectors P' and i", respectively.
The relativistic dynamics has been expressed
through the two types of manifestly covariant con-
straints for which we introduced the interactions in
a Lorentz-invariant form C&(r) where the Lorentz
scalar r replaced the distance (squared) in the
moving systems. These ideas were then used in the
formulation of a relativistic statistical mechanics
with a Lorentz-invariant phase-space measure

(Faddeev measure). This formulation we have
directly applied to the relativistic ideal quantum
gases as well as to some special pairwise interact-
ing relativistic gases.

Now we want briefly to analyze our approach to
this problem. Throughout this work we have not
brought into direct consideration the contributions
from the angular momentum in the many-particle
interactions even though they could have been in-

cluded in the dynamics as mentioned in Sec. III.
At the very minimum this oversight would give an

incomplete dynamical description even for the pair
interactions which may rotate around their center
of mass analogous to the nonrelativistic diatomic
molecule with its rotational degree of freedom.
However, a possible justification in the special case
of the rotationally symmetrical interactions 4(r) as
discussed in Sec. V may be that the dependence for
large distances, as seen in the nonrelativistic limit,
would be much weaker in the powers of r for the
constraints than that of the central part of C&(r).

This statement would not be true in the presence of
angular-momentum (spin) dependent fore'es, which
we do not take into consideration here. Neverthe-

less, our special type of model with its obvious re-
strictions may well have a certain importance in
relation to hadronic matter.

The dynamical form of our interactions has been

previously proposed in a more general form for ha-
dronic structure calculation. The model of hadron-
ic structure developed by Feynman, Kislinger, and
Ravndal ' (FKR) used a relativistic harmonic-
oscillator model for the interactions of quarks for
an explanation for the mass spectrum of the
mesons and baryons. In a similar manner we
could also discuss the thermodynamics of the
meson as a relativistic composite system in the
model of Sec. V with s=2, where we only con-
sidered relativistic pair interactions. However, we
want to state clearly that this type of model is
much too primitive to realistically hope to be able
to say anything about the thermodynamics arising
directly from the quark interactions since we have
no way of including any of the efFects coming from
the gluons. As before' we shall refrain from going
into the details of the thermodynamics of systems
for quantum chromodynamics. Thus in our calcu-
lations we only mention the relativistic thermo-
dynamics arising from a classical pairwise interact-
ing gas without further consideration- of the inter-
nal structure.

Recent considerations of many-body forces
investigate the direct-interaction dynamics of rela-
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tivistic N-particle systems (N & 2) for the solution
of the Todorov-Komar equations. ' These investi-
gations go beyond the simplified dynamical struc-
ture from pair interactions used by us in our ther-
modynamical model or by FKR in their model for
hadronic structure. Although it may eventually be
possible to similarly generalize our model for the
thermodynamics of larger clusters, the forms of the
constraints become for many particles increasingly
more dificult.

gas of similar particles as a simple example of
how to use difFerent secondary constraints. The
primary constraint remains as in (3.9)

2' —
pt —m —0

while we choose another gauge for X;, which is
convenient for the gas in a box of volume V" mov-

ing with velocity u as described in Sec. II, Eq.
(2.3d). We write the secondary constraint
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APPENDIX A: CLASSICAL
RELATIVISTIC IDEAL GAS

We want to evaluate the canonical partition
function QN(p, V) for the classical relativistic ideal

We have the relativistic brackets of the form

[X!,+J ]=ppu @0. (A3)

Q„(V„,P„)=,I dv!v(q, p)e (A4)

with the Faddeev phase-space measure of the form
(4.10), which reduces to a product of the form with
the positive-energy condition

The classical canonical partition function is a spe-
cial case of (4.7) with the correct Boltzmann count-

ing factors which takes the form

N 4 4

de(q, p) =2 g 8(po;)5(p; —m )8(R q;z )5(q;&u"—)—
Pt

i=1 21r
(A5)

%e perform the integration over the coordinates using the secondary constraint condition and the similarity
of the particles to- give the result

2N
QN(V„&P„)= 3~ I d p 5(p m)p„—V"8(po)e

(2n) ¹!.
(A6)

which is. simply the Touschek measure. Since we
have a Lorentz-invariant measure, we transform for
convenience of our evaluation to the rest; frame of
the volume V. The integration over po using the
primary constraint with (po) yields

I

into (4.6) together with (4.2).
However, we may explicitly calculate the free-

energy density f(p) in the thermodynamic limit by
keeping the density X/V=p fixed. Thus we write
the logarithm of (A8) as

Q!v(P V)=
N 'N

3 p(p 2+~2)1/2

(2~) N! p e f(P)= —P ' lim —lnQN (P, V) . ~

v V
N~ oo

(A9)

VNm 2N

Q~(p, V)= ~ ~ [E2(mp)]
)NN!PN

(A8)

For the thermodynamics of the classical relativistic
ideal gas we may quite simply replace this result

(A7)

After evaluating this integral we find the canonical
partition function of the form

After we take the Stirling approximation, we find

f(P)= —+in m eX2(mp)

2n Pp

From f(p) we can derive the other thermydynami-
cal quantities such as the pressure, entropy, and so
forth.
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APPENDIX 8: PHASE SPACE
FOR TYCHO-PARTICLE SYSTEMS

+ jM

ggJ XfJPQ 9

I
rt Ij —xljj.u

(81c)

(Bld)

+ ~ 2 2 2
V'ij i'+�—m& 4(P—ij +Pij —4i!i » (8 la)

In this appendix we want to carry out the tech-
nical details for the two-particle systems of Sec. III
for the Faddeev phase-space measure. After using
the transformations to the center-of-mass system
(CMS) in (3.S) we may propose new constraints so
as to replace the ones of the form (3.4). We define
the two-particle constraints for the free system in
the form

u,P=P('/! P,, i
.

We evaluate the determinant in (4.9) as

i [X,+j,q,+j][X,+.j,y,j ]
det +P'ij ~%ij ]P'ij ~%ij ]

1 p 1 ~,p
4 ~Pj ~Pjqu —4(p;j„u )(Pj„uj).

(82)

where the unit vector (the relative velocity) gives

the rdative direction

AJ 0& 0J 2 lJPPlJ &
P: (Bib)

Now we may construct the Faddeev phase-space
measure in (4.10) of the form for any two particles,

ij ( ij ~pij~+ij &xij ) @Pijo Jjijo @(tij @(pij @+ij+(&ij )

& —.[ I
P j I

P jpu" (P' j,u")(—P;,,u '")]t)(~ '
X;,')8(Ij.—' «j')—

Xd Iad p])d +]~d x,~,

where the two 0 functions assure the positivity of
the energy.

Now we want to evaluate the canonical partition
function for X pairs containing two types of parti-
cles with this measure given by (84), so that

P PH
dvje

(2ir )'"(N!)'

(85)

where we have reduced the products over the indi-

vidual particles to the N pairs. Thus we may
evaluate the integral by beginning as we did in Ap-
pendix A in the CMS for the P,

&
and X,J integra-

tions in invariant form while transforming into the
relative coordinates for the P;j and x;j (using the

Lorentz invariants k;j and «;j). Therefore, after
performing the integrations over the coordinates

Xj and x;j using the secondary constraints (8lc)
and (8ld) with the corresponding 8 functions in

(84) as well as integrating over Pij and k;j in the
above states manner, we find that the second term
in the determinant is removed by (Bld), so that

@2%
Qiv( &,P) = — J d'Pjd'kje

(2n) (¹!)

where from (Bla) we get

Pioj (Pij +kij 4m——)'/ . — (87)

The integral in (86) can be evaluated in the form2

(4n) Jx;dx, x dx e ' ' = x (x +b )E(p(x+& )' )
—j!ix,'+x '+b')'/2 (4ir)'

(BSa)

W(476 b ~ (pb)p$/P~~ 7/2 (Bgb)

(BSc)
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Altogether we have

2N AN(2m )N

S/2N 5/2(2~)5/2Np5/2(~t)2

(B9)

dix B through the factor 42(r,j). Thus we need

only discuss [P+j, qr+~] and [Xtj, y+j], from which
only the first term offers a new contribution. %e
find from (S.la) and (5.1c) that

] ~ 0
[pt~j &p&j ] 2 Ptjt4u [Xjpt4& @(~tj )]u ' ' ( )

Then we use (3.17) and (3.18) again for the thermo-
dynamics.

APPENDIX C: PHASE-SPACE MEASURE
FOR PAIR INTERACTIONS

From the definition of rj in (3.9} the contribution
comes from (x,j&P/z) I

~

Pj ~, which always gives a
term of the form (xtj&u,P). Then the function

%(rj) represents the other terms. For example, for
the harmonic oscillator we find

Here we want to indicate the calculation of the
Faddeev phase-space measure. %e begin with the
manifestly covariant constraints (S.la) to (S.ld),
where only (5.la) is changed from those in Appen-

However, because of the constraint (S.ld) this addi-

tional term always disappears in the evaluation of
the integral in (S.S).
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