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How large are the neutrino mixing angles?
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We find that in a broad class of theories consistent with grand unification, the neutrino mixing angles are likely to
be comparable to the corresponding quark mixing angles and may well be much larger in an interesting special case.

This result holds for a wide range of mass ratios for the light-neutrino Majorana masses.

In the last few years, several authors' have
noted that concepts from grand unified theories
(GUT's) and from phenomenological quark ana-
lyses can be combined to provide some idea of
possible masses and mixing angles in the neutral-
lepton sector. ' The general argument advanced
by Gell-Mann, Ramond, and Slansky' is that the
mass matrix will have ~I =0 Dirac terms on
the order of quark masses and must then have
b,I =0 Majorana mass terms which are very large,
perhaps on the order of the grand unification mass.
Such a mass matrix would then induce very small
masses of a ~I =1 Majorana character which
would be associated with the neutrinos produced
in ordinary weak interactions. '

In this paper, we explore further consequences
of this idea and point out that, for various reason-
able assumptions, it is natural to find rather large
neutrino flavor mixings (in some cases, even
larger than those observed in the quark sector)
which may be or may soon be observable in oscil-
lation experiments' or in nuclear double-P decay'
if the overall neutrino mass scale is large enough.
For this present work, we confine ourselves to the
now "standard" model of three "generations" which
are arranged in left-chiral doublets and right-
chiral singlets under the weak interaction. '

We shall utilize the formalism introduced by
Kobayashi and Maskawa' (KM) as it applies to
GUT's such as' SU(5) and SO(10). We assume
that the weak currents are defined by the mass
eigenstates of the Q = ——', quarks and by their GUT
partners, the charged leptons. Generation (or
flavor) mixing is then described by the rotation
from that basis to the basis of mass eigenstates
for the Q=+ —', quarks and for the neutral leptons.
Since some of the parameters of the quark rota-
tion matrix are not well known, and the top quark
has not yet been directly encountered, we choose
a parametrization of the undiagonalized quark
mass matrix (KM matrix) that allows us to study
the effects of varying these quantities. For mod-
est mixing angles, it is convenient to follow Kolb
and Goldman' and assume a rotation matrix of

the form (neglecting CP violation for now)"

m =Vm~ V~, (2)

where mg is the diagonal matrix with with up-
quark, charm-quark, and top-quark mass values
in that order down the diagonal; m, is an unknown
parameter.

To see what this implies for the neutrino mass
matrix, we generalize the discussion in Refs.
1 and 3 and write, in an obvious notation,

(3)

where the M,.&
are ~I =0 Majorana masses with

values (presumably) ~ 10' GeV. Clearly there
remains a large degree of model freedom in this
~I =0 sector. However, within the framework
of GUT's, ' ' whatever one chooses for M, the
off-diagonal 3x 3 submatrix should be related
to the KM Dirac quark-mass matrix defined in
Eq. (2). We have set the AI = —,

' neutrino masses
to exactly the quark values. In some GUT's,
these will differ by Clebsch-Gordan factors. We
will return below to the effect of this on our re-
sults.

Now this off-diagonal submatrix has entries
of order 1 GeV, whereas M is presumed to have
entries on a scale of 10'-10" GeV. This disparity
in scales is large enough that one may reasonably
expect that a second-order perturbation theory

where R,.(8,.) is a 3x3 rotation matrix through
angle ~& with the ith axis as the rotation axis.
We define S,. = sin~, 8, is the sine of the Cabibbo
angle (as conventionally defined if 8, is not too
large) and well fixed"; we take it to be 0.22.
Furthermore, in this parametrization represen-
tation, S, may be very small" and so its precise
value is unimportant. Only the parameter S, has
a significantly large range (0.1 & S, &0.6) of pos-
sible values. " The KM mass matrix in the current
representation is then
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may be used to understand the structure of the
4I"=1 submatrix that is induced by diagonalizing
the full 6 x 6 matrix. In this approximation

(-M-'m, U U )
is the unitary (to order m'/M') matrix which block
diagonalizes m„ in Eg. (3) to the form

0 UMU) ~

where again the off-diagonal 3 x3 blocks vanish
only to order m3/M'. We denote the bI =1 sector
submatrix by p. U is an as yet unspecified 3 & 3
unitary matrix.

For a variety of cases which may be of interest,
M"™,)" where n is an integer. In these cases,
U = V in Eqs. (4) and (5) comPletely diagonalizes
m, provided M is not singular. For different
values of n, the neutrino spectrum in p will vary
dramatically, but the mixing angles soil/ remain
identical to those in the quark sector. For ex-
ample, if M is proportional to the unit matrix
(n =0) the neutrino mass ratios will vary as the
square of the corresponding quark masses, while
if n =1 the neutrino and quark-mass ratios mill

be the same. In either case, however, the mixing
angles mill be identical to the KM angles for the

quarks. Should" n =2, the neutrinos will appear
degenerate up to higher-order terms in the per-
turbation expansion or up to the generation-depen-
dent effects of radiative corrections. " These
could lead to arbitrarily large further mixing.

The form of M assumed for this argument may
seem too restrictive. A perturbation argument
expanding M about a linear combination of three
of the above forms' with n=0, 1,2 ~ ~ ~ extends
the result somewhat, but the range of validity
is unclear (except for the exclusion of singular M

about which more below). We have therefore
studied numerically the range of validity of these
results by diagonaliz~g 6 && 6 matrices of the form
in Eq. (3), but where the entries of M are chosen
at random, except that M is required to be sym-
metric and of sufficiently large overall scale.

Typical results of 10' trials are shown in Fig. 1.
For virtually every case, S, stays within +0.03
of 0.22. The sine of the angle representing charm-
top mixing undergoes somemhat greater varia-
tions, but throughout the allowed range" of S,
values in the quark sector, the full width at half
maximum (FWHM) of the induced neutrino mixing
is 0.1 and approximately 80% or more of the events
lie within +0.1 of the quark sector value of S,.
The results are similar for the sine of the third
angle, although they may represent a much larger
percentage effect as this angle is thought to be
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FIG. 1. Typical distributions of neutrino mixing angles induced by random Majorana mass matrices for the heavy
neutrinos. The corresponding quark mixing angle is marked. (a) e-p, mixing; (b) p,-z mixing; (c) e-y mixing.
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smaller than the others. " The neutrino mass
spectrum varies widely, but except for the n ~ 2
cases, the mass hierarchy is maintained. [For
n ~ 3, the hiearchy is reversed; when the scale
is adjusted to obtain 10 eV mass for the electron
neutrino, the lightest right-handed neutrino ac-
quires a mass 3 TeV and mixes with ordinary
(left-handed) neutrinos with an amplitude & 10~.]
Of course, nature does not provide a statistical
distribution for M, but we believe these results
demonstrate that unless M has peculiar properties,
(eg. , det M =0) then large (Cabibbo-type) mixing
angles may be expected in the neutrino sector.
This result directly contradicts the generalization
from the quark sector that the square of the tan-
gent of the mixing angle equals the ratio of the
fermion masses in the neutral-lepton sector also.

As an example of a case in which M is singular,
we considered the interesting possibility that the
&I =0 sector is completely indifferent to genera-
tion, i.e.,

(1 1 1

M =MD 1 1 1

(1 1

In this case, two of the eigenvalues of M vanish,
so Eq. (5) clearly cannot apply. In fact, this model
results in a very light Majorana neutrino, a very
massive (3M, ) Majorana neutrino, and two Dirac
neutrinos with charm- and top-quark masses.
The reason for this is simply that the small eigen-
values of ~4 can undergo large mixing with those
in the (initially) p, =0 sector. We believe this
model is not viable. Nevertheless, it is interest-
ing to note that even here the mixing of the light
Majorana neutrino to the other generations is
little changed from that of the corresponding
quark.

Except for the case of singular M, the light
neutrinos we find are essentially pure Majorana
particles with a Dirac admixture of order m/M.
This, and our other results above, will continue
to hold even if the number of generations is found
to be larger than three.

Finally, we considered the possibility that the
number of heavy Majorana. neutrinos does not
match the family structure. " For P additional
heavy neutrinos, M must be generalized to a
3x(p+ 3) matrix. For p= 1, and the new, fourth
column of m on the order of 1 GeV, another nu-
merical study again showed very little effect on
the mixing angles due to this change. We expect
this result to continue to hold at least for modest
values of P.

Of course, one may always choose a model in

which the neutrino masses induced here are over-
whelmed by direct, ~I =1 contributions to p from
a new Higgs scalar [e.g. , a 15-piet in SU(5)]. How-
ever, the new vacuum expectation value (VEV)
distorts the usual relation between the W- and Z-
boson masses and the Weinberg angle:

' cos '~
w

= 1 —0.5X'g 2,

where X is the VEV of the new I =1 Higgs field
and g is the VEV of the Weinberg doublet. Experi-
mental results" then limit X/q ~ 0.25 and the usual
arguments which limit the mass of the Higgs scal-
ar which survives from the Vfeinberg doublet put
a correspondingly reduced upper limit on the new
scalars, some of which carry electric charge
[Q =2 in the SU(5) example]. This would seem
reasonably amenable to stringent experimental
test.

In some GUT's, the representation of Higgs
scalars may differ in their quark and lepton coup-
lings by Clebsch-Gordan factors. Thus, the angles
which diagonalize the &I = ~ lepton mass matrix
alone may differ by ratios of such factors from
the corresponding angles in the quark sector.
Nonetheless, we would still find that the &I"=0
lepton mass matrix usually induces only small
additional effects. Gur results may therefore
be phrased more generally as showing that, ex-
cept in the special cases discussed, the exact
full lepton mixing is very similar to that obtained
by diagonalizing the &I"= 2 lepton mass matrix
alone.

In summary, our investigation shows that in
this class of models, the neutrino mixing angles
may be expected to be comparable to, or even
larger than, the corresponding quark mixing ang-
les. If this is observed not to be the case, then
one of the following is true. (1) The GUT ideas
are inapplicable here. (2) M has a singular char-
acter (this may require extra neutrino degrees
of freedom to avoid unacceptable Dirac-mass
neutrinos). (3) Bare &I =1 mass terms dominate
the light-neutrino mass spectrum. (This is sub-
ject to the direct experimental test of the exis-
tence of a sufficiently light, charged Higgs scalar. )
Although the first alternative seems to be under-
going a rapid decline in popularity, the other two
offer interesting areas of study.

We conclude from our analysis that experiments
which look for neutrino mixing should probably
be designed with mixing angles similar to the
quark mixing angles in mind. Information that
these angles are much smaller than this could
significantly affect theoretical considerations.
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