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The fourth-order quark-quark and quark-antiquark potentials in perturbative quantum chromodynamics are
derived with special emphasis on a rigorous investigation of the spin-dependent interaction terms. We consider
quarks and antiquarks of equal as well as unequal masses. We also obtain the quark-antiquark annihilation potential

to the fourth order.

I. INTRODUCTION

For an understanding of strong interactions,
quantum chromodynamics seems to offer the best
hope at this time. It is believed that the quark-
quark and quark-antiquark potentials can be de-
scribed by combining a field-theoretical potential
resulting from perturbative quantum chromodyna-
mics and a phenomenological confining potential
representing nonperturbative effects.!? It is,
therefore, of much interest to derive the pertur-
bative quantum-chromodynamical potential as ac-
curately as possible, and higher-order correc-
tions to the well-known second-order potential
have been investigated by several authors. These
authors, however, have mostly devoted themselves
to the calculation of the leading spin-independent
interaction terms, 3% while the nonleading spin-
dependent terms have been treated to a lesser
extent.%” The aim of this paper is to derive the
fourth-order quark-quark and quark-antiquark
potentials with special emphasis on a rigorous
investigation of the spin-dependent interaction
terms. Our treatment will be applied to quarks
and antiquarks of equal as well as unequal masses.
We shall also obtain the quark-antiquark annihila-
tion potential, which is of considerable physical
interest.®

The quark-quark and quark-antiquark potentials
will be extracted from the scattering operator by
following a straightforward approach,’ which was
also used by us recently for the derivation of the
leading as well as the nonleading terms in the
fourth-order gravitational'® and gluonic'! potentials
for scalar particles. For the evaluation of ultra-
violet-divergent integrals, we shall use dimen-
sional regularization, while infrared divergences
will be handled by introducing the parameter )
and eventually letting x — 0. Renormalization will
be performed so that the fourth-order potential,
at small momenta, behaves simply as (1/k?)
x1n(&2/u?), where u is a renormalization scale.
But, we shall also give the result for the potential
according to the more convential MS scheme in

Sec. VII to facilitate comparison with other in-
vestigations.

II. QUARK-QUARK SCATTERING
We take the Lagrangian density for a system
of quark and gluon fields as
L=-}0,0,-3,a," - $(3,4,)°
~(g/2cn)f"* (o, a, - 0,a.)a’ d
-(g2/4cn?)f " f "0l dtal a
—ch(y, 2, +kBp) +iga Ty, T' ,
-2,C™3,C" +(g/cm)f *dia,CcCr,  (2.1)
where ¥, ai, and C' are the quark, the gluon, and

the gauge-compensating fields. The T are NXN
matrices with

[T*, T =dftrT" (2.2)
and the upper indices take thevalues 1,2, ... ,N2-1.
For the derivation of the scattering matrix ele-

ments, we require the contractions in the interac-
tion picture

r, () U p(x') =18,:Sp olx=x'),
al(x) aj(x’) = —ich6¥s Dy (x - x') , (2.3)
C' () Ci*(x") = —ichd¥Dp(x - x')

and the Fourier decomposition

W)=V Y [B @+ Beni*] (2.4)

3

3
with
POZ(KZ +§2)1/2’ (2.5)

where P, by, and k are related to the momentum
P, energy E, and mass m of the quark as

p=P/n, p,=E/ck, k=mc/k. (2.6)

Let us consider the scattering of two quarks of
masses m, and m,, whose propagation four-vec-
tors are p and ¢ in the initial state and p’ and ¢’
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in the final state, and let
k=p —p=—(q' —q). (2.7 j ( >\><,'(
We shall use the center-of-mass system, sothat ’ )

5:"6, 5,:_6'7 p(’):po’ q(,):q07 (2.8)
k=P -p=-@ -8, k=0.

The second-order contribution of the scattering
operator for the above process, corresponding to
the one-gluon-exchange diagram, is

S,==V2G/ch)@nyo(p+q-p - q')

v
'
i
s
~ 7
N/
Y
1
/\

2 —e - i < S et i -
X ¥ BT, 0 OF @)y, 0 @ ,
(2.9) >0 >l
which differs from the result in quantum electro-

dynamics in a trivial way, and yields in the non-
relativistic approximation in the Pauli form

=2/ ’ ’
Sp==V"/cn)2n)*6(p+q-p' - q') FIG. 1. Fourth-order quark-quark or quark-antiquark

X b* (B7) d* (&7 % > = . scattering., Solid lines represent quarks or antiquarks,
916795 (@70,(K) ¢,(d) 9, (5) (2.10) while broken and dotted lines represent gluons and gauge-
with compensating particles, respectively.
. ioi of1 (K +K)? P2 1 or > e o
Vy(k) = TlT;gz(F— —*—2—8’(12'(22 +W - —rleﬁz (k%6,-0,-k-0,k-G,)
+—L -.2[(2+K2/K1)31+(2+K1/K2)52]-(EX§)), (2.11)
4k, Kk

where the subscripts 1 and 2 refer to the two quarks.

The diagrams for the fourth-order quark-quark scattering are shown in Fig. 1, where tadpole and leaf
diagrams with vanishing contributions have been ignored. It is also understood that the external lines in
these diagrams are to be labeled with p, p’, g, and g’ in all possible ways. In order to carry out the non-
relativistic approximation for the fourth-order contributions, we note that in the center-of-mass system

-

p=-=-3K&-3), p'=-3'=%EK+9), -

(2.12)
po=p5=(k*+ K>+ $8)/%, gy=q5=(x,* +§K* +£§2)'/2,
where
§=p'+p=-(q" +3), §-K=0. (2.13)

In the static approximation we would have set §=0, but to improve upon the static approximation we
shall drop only O(52) terms. Furthermore, we shall retain spin-independent terms to order |E|™, but
determine the spin-dependent terms more accurately to order 'EI“, and for this purpose we shall treat
|5| as of order |E|. ‘

A. Diagrams 1(a) and 1(b)

The contribution of the scattering operator for the diagram 1(a) is

_y-e f ) (g T@EITy, L0 =1y = k)T @F @) T, [ilg" +1) -y = 6] Ty, 9" @
S,=V(pra-p - g'/en) [a 0 = -0+ 37T (5 = 1P +wll(g + 1P x| ’

(2.14)

which can be simplified by using the properties of the y matrices and the relations
TEGp -y +x)=0, (ip-y+x)P®)=0,
V(@ )iq -y +K)=0, (ig-y+K)p"(@=0.

(2.15)
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Then, by reducing S, to the Pauli form and carrying out the nonrelativistic approximation as described
above, we can express it in the form (2.10) with U,(K) replaced by

Ty pipd 3 a+aulu+auvlylu
@ =T GE [ e E ) +2p P T G+ —ahg]” 219

where, for n=4,

- -

a=4x,K, +k2 - (K25,- 5, -K-5,K-5,) + :il(2 + k,/5,)5, + (2 + &,/ ,)5, ] - (Rx8) + O(K*)
a;=— (4 +K/Ky +15/,)5i = 2(1 =G, - G)ki = (0, ;K-G, +K-G,0, ;)
+ieijkkj[(2 +K2/K1)01'k + (2 +K1/Kz)02,k] +O(IE!3) )

a,= -2i(k, — k,) + 0(K?),

. - (2.17)
a;;ta;=45,,(1-6,-G,) +2(0, 0, ;+0, 0,,;)+0E?),
ai4+a4i=O(IE|)’
a,,=4-25,-5,+0(|k]) .
The integral (2.16) is of the form (A1), and according to (A12) it yields
gz k2.
v —T‘TfT‘T24 > h,ln;;'oz(k)
eririmirEe [ 8k kEPYkPRKKG 1 ees s ggg.g)
232¢n Lk, + 1) K13 ki (i, Hi)IKL - (6, + 1) K12 2 o
2 o> o+ o e 1 [ k2 ok -«k )--]
- 5, -K-G,E-5,)+ — % _ 2.18
Trlekzkz(ﬁ G, -0, —k-6,K-5,) nlekz\lrxlxz P anY 4)5,-6, |, ( )
where
T T0,(K) = 0,(K) . | (2.19)

Similarly, for diagram 1(b), ) ) , )
- ’ ’ E-(ﬁl)T‘Yu[i(p’ - l) Y- KI]TJ'}’V(/)*(E)ZZ‘(&')TJYv[i(q - l) ‘Y — K ]Tt'yudfP (6)
S,=V %5(p+q-p —q)(g4/02ﬁ2)fdl @2 -p-1P +)2][(p’-—l)2+1<12][(q—l)2 +"z§] ’

(2.20)
which can be expressed in the form (2.10) with
Jrd i b+bulu, +buvlulv 2.2
v, =TT s )" Tl T ) 8 18 S ol oY (S T S oY T (2.21)
where, for n=4,
b=4Kk, -k% - (K20, -G, -k -0,k G,) + 4i[(2 + k,/k,)5, + (2 + K, /,)5,] - (Rx8) +0(K?),
bi =K,/ Ky = K3/ K,)si +2(1 +0, -5k - (cuﬁ -G, +E-0102'i)
—ie; k12 - Ko/ KOy = (2 = K1/ K3)05 4] +o(l&]%,
by =2i(k, + ;) +O(K?), (2.22)
bi;+b;=48,,(1-5,-6,)+2(0, 0, ,+0, 0, ;) +0(K?),
b +by =0(E]),
by =-4-25,-5,+0(|E|).
Then, according to (A14),
_ Jrpimi g i g r K1+K2+ 2 gar > o orp .-
TTiTiTi 5 ﬁln K*3,®) - T TITiT ] Tl e A L S LAY
2
+— (mk it K 4) g, 62]. (2.23)
TPy, \ K Ky Ky — Ky K,
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B. Diagrams 1(c) and 1(d)

For the diagrams 1(c) and 1(d), we have

%= i: s (2.24)
Wliere
SV = —v2i/ch)@n)o(p+q-p' - q’)——k;i)z FE)Ty, i s T2 (PY @®F @)1y, 9@ (2.25)
with
Ty, z(p—l) y =k Ty,
(21r)"cﬁ fdl (2 +22)[(p - 1?7 +x,] (2.26)
and
S;=3.87, : (2.27)
where
5(1”—— 2(i/ch)2m)"o(p+q-p' —q ) + 2z[)‘(p )A‘ (0", P DT @) Ty, 0 @) (2.28)
with
Wy p)= Tiyli(p' =1 -y = ka]T'y, [i(p = 1) -y = 1, 1T v
AP D (Zﬂ)"ch’ Ja=ghs W= 1P [ = 0P+ 7] (2.29)

while other terms in (2.24) and (2.27) have similar forms.
These diagrams also appear in quantum electrodynamics, and their treatment is well known. After re-
normalization and neglect of the O(Ik' ) terms in Au( p',b),

S,==V"2(i/ch)(2n)"6(p+q-p' - q')(g%/k?)(-g?/167°cht) In(\*/ 12)
X[F(BNTTT + T 1Ty, 0 G)F @) Ty, 8 @ + 3 G Ty, v @F @NTT'T + T T’ Ty, 1 @],
Sg==V"2(i/ch)2m)"6(p+q-p' - q' ) g?/K*)(g?/87°ch)

(7601 P (1 ok Jr BT @ @+ T T @D (1, + 0, )5 @)

and then reduction to the Pauli form leads to

Ve =-TiTHTIT! + TT))

81 5 o ‘“_" &, (2.30)

'Uz(k)+T i 8 [ (T{T{+ T s 122(12201 5,-K-5,K-5,)

Ud:T;T;(leT;+T;T2 8 2 232 7

2i(k; + . e
—ﬂﬁ’((ff————éx 2'11{23 (T{T;K201 + T, T,,3,) - (kxp)] . (2.31)
1 K2
C. Diagram 1(e)

In the case of the diagram 1(e),

Se:z-; s (2.32)

where

$¢=~V2(i/cm)@m)6(p+q-p' = ') 57—z ¥ B W, o0 BIF @) Ty, ¥ @ (2.33)

k2+)\
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with

(21 =F), + 62,28 = 1)y = 8, (L +ELITH,[i(p" = 1) -y = k1] Ty ’ (2.34)

B+ =-r2 +22](p = 17 +,2]
while the other term in (2.32) has a similar form.

After integration over !, simplification with the use of the propertles of the y matrices and the relations
(2.15) and (2.12), and renormalization, we obtain :

A;j(p’,p)=—‘f"”kaTk(gz/8n2ciz)f dulf duz[:m —31n("‘2"22+122(“1 il _u‘)>n
0 0

2, 2
K" Uy

ri ’ — 2 £ il g2 [611)\
AP p)=if b(21r)"cii fdl

n -3k, 2wy, +E2(1 - u1’+ w,® — )y, + k0, - uf)ogvkv]
K Pu® + K2y — 1,)(1 ) ’

where the &, terms have been dropped in view of
k0 (@)y, 3" (@=0.
The integrals over u, and #, are similar to those in Appendix A, and upon evaluation

K b, K2 "
L3 —%——m—z)w(k%. (2.35)

A — —jfiiki
(p b= —if T Tklﬁch’(ZK1 K, Ky

It follows that

S,==V3i/ch)(2m"S(p+q-p'—q') - ‘f“’*g‘*/l6cm’<2)[$'(5')TfT~ ('233—' Y- O;‘Vk . 1n—) »*( E)zﬂq') Tiy (9
1

BTy, (DT (&')TIT'*(;“ u+°“”k”ln : )w* c’a)]

7TK

and, with reduction to the Pauli form,

k B\ er » ¢ .2 =
= jpidrimi & X \igem .2 _%- .
if HRTITY 326_%[’(1'(2“{' (T, - T Kl) _—E_ (T In— - T¢In Kzz)(k G, 0,— K 0,k 0,)
2i(k, +,) k? . K2 . - -
+W}%§ (Tszln"'(FO'l— Tgkl 1HE 0’2)' (kxp)| - (2.36)

D. Diagrams 1(f), 1(g), and 1(h)

The treatment for diagram 1(f), which also appears in quantum electrodynamics, is well known, and it
is easy to show that within the approximation under consideration

v,=0. (2.37)

The contribution for diagrams 1(g) and 1(h) is expressible as
2 - -,
S,*S,==Vi/ch)(2m)"5(p +q - P'—q')(—k‘z“g;_‘ww'( )Ty, OB T @) T, 3@ (2.38)

where

» ig dl
M) ==f B (217)"2ch’ Er[ - D] ek

X [0,42L = k), + 85(2k = 1) = 8,6(L+R) 4]

; ig? 1,(k=1),
— fiklf iRl Gnen fdl(l2+7\2)[(k Z)P e (2.39)

After integration and renormalization,

k)u + 5ﬁu(2k - l)a - 6ua(l+k)ﬂ]

'ij = iRl jkl g2 2 kz
(k) ==Y (6 ik k) ln-‘—l—z , (2.40)
and by substituting (2.40) into (2.38) and carrying out reduction to the Pauli form, it is found that

Ly 5 Uy(K) . (2.41)

2
vl+vh=_f“"‘fﬂquTé 48?r ﬁ hl u'
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III. QUARK-QUARK POTENTIAL

The second-order quark-quark potential immediately follows from (2.11), and takes a form familiar in
quantum electrodynamics. However, for the fourth-order potential, in addition to the contributions de-
rived in Sec. II, we require

1 . . (B/ "[I):U,('p’ll 5)
0V, == fd” YT P (3.1

4 (21{)3 p (p0+qo)cﬁ - (pol +qol)c;i b ( )
because the effect of the iteration of the second-order potential must be subtracted from the fourth-order

contributions.
For any p and p’, (2.11) can be written as

-, . g2 1 ) , - '
Vb’ B) = AT (L g, [0 = D0 =) #8107 = D) 467 (3.2
with
_ (K +K )2 l - -
%y _——éxl_xz_é“ =07 020,540, 05 55
ﬁ”=KzK €uk[(2"1+K2)K2°1,k+(K1+2K2)K1°'2,k]9 (3.3)
172

and in the nonrelativistic approximation in the center-of-mass system

1 2Kk, 1 < K2+ K% = KKy wn L. L
TR YT ity e U S B (3.4)

Substituting (3.2) and (3.4) into (3.1), and retaining terms up to second order in p, p’, and p” in the nu-
merator, we find

; . 42 dap”
0, =—TiTITiTI—&_ 2K1Ks p
ov, 1TiTe T (27)%ch K, + &, f [ -p")2+ (" — D)2+ 5 -1")

1
X [“47172 ("‘uﬁp'-p”)i(p’—p">1+(1>"-f’)a(1’"‘P)f]

2 2 3 ->, -
+B,,[(p"=p"), ) +(p" —p),p,]+5M(p2+p"2))],

KiKa
and then upon setting
5=—%E+%§, EI=%‘E+%-§7 B”_ .f):-l’, EI—'§"=T{—T, (3.5)

integrating over T, and dropping terms of second order in 8,
4

- g
6V, = TiT{TiT} PP

1 u 1 3(k, % + 1,2 + 3K, K,)
X du f du, {—— <2a ek 2 12
'£ o 2{“{“\ i K1Ka

1 Ky 2+ K2+ 3K,K
e KKy YOKKy L L
toE | Ak TRk 20+ Oy ) (5 —uy + 30y +(uy = 2u,)°]
[K|°A KiKqy

+k£sf[%ﬁu(1'”z)+(”‘u+°‘n)(%'741*‘%’42)“2]]}, .
where A is defined by (A9). Evaluation of parameter integrals, which are of the same form as those in
Appendix A, gives
4

- g
00, =TT T 55— TR e CRTALHE

2 2
K2+ K2+ 3K, Ky \ o
K TR TORR
[_SKle—aijkik!+ (a”+ y >k],

which becomes, on using (3.3),

8V, =TiTiT} T} Ik|3(-8K1K2+E2-E2’61 “G,-k Gk0,). (3.6)

gA
- &
32c7(k, +Ky)
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By adding (2.18), (2.23), (2.30), (2.31), (2.36), (2.41), and (3.6), and simplifying the products of 7' ma-
trices with the use of the SU(N) algebra, we obtain for the Fourier transform of the fourth-order quark-
quark potential

- g> 1IN Kk g* [ K%, -5, -k-Gk-5, - .
(k)= - ~Iren 12 P 2‘02(k) 32mPclik K, A+B 2 40,5

-»*-—

+Di(K231+Ki;52)~Ex §+Ei(’& f G,) Exﬁ] (3.7)
. kK K®
with
A_ _NTI Ti (K +K < Tl Tl 1)_.2_7T_I£1L(2—
(k, +K,) K|’
B= NT‘ngln E 1 TiT:,
1 2 .
1 k2 (1 - N2—1>x—f< <N2—2 Nz—l)fc +K K
i i - A =7i - 1 2 imi —1T 72 -2
C= NTTz(ln . 4) [NTsz ) e DTy Kl_K]anI, (3.8)
D=—NT! T'ml iLpipifit
KK, KK, N 2 Kk, '
E=-nrirTifitlen X
12 Kl

and we observe that the spin-independent part of (3.7) agrees with the result for the scalar-scalar case.!!
For quarks of equal mass k, (2.11) and (3.7) reduce to

1 P 1 K%6,:5,-k-6k-5, 3 4G, +5) kxp)
2(k) TiTi g ( 2= o2 +K2E2_4K2 = P = ), (3.9)
and
=g 1N Ko gt [ K% 5,k Fk5, =» » i(5,+5,) Exp]
v,(k)= ~ I 1s lnp’2 V,(k) - 39 A+B = +CG, 02+D—-‘—-2——Ez (3.10)
. [
with antiquark scattering is possible, and the contribu-
aN? -1 N2 — 1\ %K tions of various diagrams can be obtained from
A= _( N- T';T;+4—N2—)—|T,{T, those in Sec. II by the replacements
e Nz 1 @)@, v@-v@, a--4, 9~-4q'.
B=NT!T} ln—5+ TiT!, (4.1)
(3.11) :
C=NTiTi1In k_2 N%24+2 i N2-1 As a result of these replacements, the scattering
- 1 N 1t TN contributions involve antiquark factors of the form
_ T . @y, Ty, T - TR ('
D=_2NT,1T;1n%+12_VT.1T;’ P @ruT T (@), (4.2)
which can be expressed by projecting out the color
where we have made use of the fact that factor as'® .
LS SN F@vuve ™ @) @7T'T7 - - - TH@")].
- - 2= M1 R
Ki— Ky K, K (4.3)
IV. QUARK-ANTIQUARK DIRECT POTENTIAL ) The charge-conjugation relations for the two fac-

tors in (4.3) are
The quark-antiquark scattering can be described

by the same diagrams as those for the quark-quark 7@ . @) =17 G .
scattering provided that the external lines are Druye Y @)=+ @y, -9y, 06 @),
labeled appropriately with the propagation four- (4.4)
vectors p and p’ of the quark and g and ¢’ of the (2 i o () (YR -
antiquark. If the quark and the antiquark belong QT T*n(@)=+n&(@)T*- - - TIT 1c(@ ,
to different quark fields, only the direct quark- (4.5)
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where the upper sign in (4.4) or (4.5) corresponds
to an even number of the y’s or the T’s, while the
lower sign corresponds to an odd number. It fol-
lows that

U@y, Ty, T -, T (@)
=@, T% - -+ v, Ty, T @)
(4.6)

With the replacements (4.1) in (2.9), we get for
the second-order quark-antiquark scattering

S, =-V"2(/cn)2r)o(p+q-p'—q’')
2. i > (ZVorE () i ~(r
XV BT, W OF DT, W @),
and then, with the application of (4.6),
Sp==V"2i/ch)2n)s(p+q-p —q')
2 - : 2 (N () : 4+ (>
X ¥ )T, B @) T, @
which shows that

V4(K) = V,(K) , (4.7)

where U,(K) is given by (2.11) or (3.9). Similarly,
carrying out the replacements (4.1) and applying
(4.6), we find that all the fourth-order diagrams
for the quark-antiquark scattering yield the same
potential contributions as in Sec. II except that the
contributions of the box and crossed box diagrams
are interchanged. Moreover, in view of (4.7),
6V, =00V,. Therefore,

V3(K) = 0,(K) (4.8)
where U,(K) is given by (3.7) or (3.10).

V. QUARK-ANTIQUARK ANNIHILATION
SCATTERING

If a quark and an antiquark belong to the same
quark field, we have to deal with the direct scat-
tering as well as the annihilation scattering, keep-
ing of course in mind that the quark and the anti-
quark have the same mass. The direct scattering
has already been discussed in Sec. IV, while the
contributions of various diagrams for the annihi-
lation scattering can be obtained from those in
Sec. II by carrying out the replacements

F@~-¥E), FeN-93@, r@-v@),
q'~p'y, P'~=-q, 9g~~-q’,

(5.1)

and setting «,=k,=«.

The treatment of the annihilation scattering con-
tributions requires an elaboration of the procedure
in quantum electrodynamics.!®* We shall reduce
the scattering contributions by expressing them in
terms of the Pauli spinors ¢ and X for quarks and

%

antiquarks and the color-space spinor 7, and-then
apply the exchange relations. for the Pauli matri-
ces

-

1 1=
Lonlyes=21,01505+20,4 - Ogu,

(5.2)

Osoy e or's=%1r'rls's _%Ur'r *Osess

‘and the color matrices
1.1 -~11 1 27¢, T
s r's'N ststrot s'striro
(5.3)
Nz -1 1
T: 'rT: 'sz—z—N'z’_ ls‘slr'r —I_VT;'sT:'r .

This will be followed by charge conjugation with
the use of

XX@X(@")= - 9&@"¢c@),
X*@ox(@)=9&@"0;9c@) ,
@@’ =1&@me@),
M@ T (@)= -n&d)T*nc(d) .

Let us consider the second-order annihilation
scattering contribution, given by

Str= =V 2(i/ch)2nY6(p+q ~p' —q')

(5.4)

2— - -, -,
x& TE T, @P@T%I @,  (5.5)
where
E==(p+q). (5.6)

After projecting out the color factor, carrying out
reduction to the Pauli form, and taking into ac-
count the anticommutation property of the Pauli
spinors, it is possible to express (5.5) in the non-
relativistic approximation as

Sy=-V2(i/ch)(21)"6(p+q —p’' —q")
X (= g%/4k®) o KD X @), - T,x, (") ¢, (D)
X [nF@MHTITin @, @],

which becomes, in view of the exchange relations
(5.2) and (5.3),

Sy=—=V2(i/ck)(2m)d3(p+q ~p’ -q’)
X (- 82/8k*)0 B N3 =T, - T30, (B)
g (NE=1 1 . -
x | e MmO\ 5z ~ 5 7172 1@, (@) |-
Then, the use of the charge-conjugation relations
(5.4) gives
Sg=—V3/ch)(21)"6(p+q ~p’ ~q")
X (g%/8k®)PHD") PEc (@) (3+ G, + 5,)¢,c(@)9, (D)

wmnew (M= 1)
X MM @\ o5z + 711l flac(@mP)] ,

‘ (5.7)
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whence it follows that perties of the ¥ matrices and the relations
2 ~(t 7 - 7 a) =
w@- (G T 45,5 6.9 PRIy )=0, @yl E=0. g g
P(A)(ig -y —k)=0, (ig’-y —xk)¥(@)=0.
A similar treatment will now be applied to the

fourth-order annihilation scattering contributions A A o .

corresponding to the various diagrams in Fig. 1. - Annihilation diagrams 1(a) and 1(b)

We shall again carry out approximations as ex- The annihilation scattering contribution corre-

plained in Sec. II, and simplify by using the pro- sponding to diagram 1(a) is
J

Sy==V2(p+q —-p’ —q")(g*/cT?)

TEOT o, li(p7+ 1) oy = kITH @ @T*,[ilg+ D) v + ] T3 B) '
x fa (5 rg+ P57 07 g+ D (5.10)

After projecting out the color factor, and simplifying and reducing to the Pauli form, (5.10) can be ex-
pressed in the nonrelativistic approximation as

Sy=V"28(p+q -p' —q')(g"/ch?)

% f dl OXO WA (@)@’ + agly, +ap,L1X,E)¢, ()
(B AD(IZ = 4,p, - 4py2+ N2+ 1. (K + 8) = 2L, poJ[12+ 1 - (K = 8) = 21,0,

x [n3@"M*@TiTITiT nz(q')n,(p)] : (5.11)

where, for n=4,

ar= - 4¢%, G+O(]k|) al=4ik, . 5,+O(|K|),
a};=85,.5,-6+0(|K|), as,=25,.5,+0(|k|).

(5.12)

Upon integration with the help of (B4) and simplification of the product of T' matrices, (5.11) becomes

Sr==V=2(i/ch)(21Y6(p+q —p’ —q’)(g*/167%CchK?)
X O UF W KN - 102)(1 =45, 5) (A5, - @0, ) 365m 1 g Loz @m@).

Then, with the use of the exchange and charge-conjugation relations, S can be converted into a form sim-
ilar to (5.7), and thus

L (N*=1 N241
'Ua"‘( e TToNE T‘T‘)lsﬂgzzﬁ 5[3(1 -1n2)5, . 5,+5(3+ 5, - 3,)In(k2/22)] . (5.13)

Similarly,

- TR CRYA I o= P i
Sr=V 25(p+q ...pl _ql) 4/0%2) dld) (p )T 7u[1’(q + l) Y+ K]T Y ‘p (Q’)‘/"(Q)T Y [1(4"‘ l) Y+ K]T 7Jl.zp (p)
b (& f @2 [(p+q+ 02+ 22|[(g7+ 12+ k2][(g + 1P+ <2 »(5.14)
which becomes, in the nonrelativistic approximation,
S;’ — —V-zé(p + q _p; — qr)(g‘l/cz;[Z)

y f il O3 (B NE@N” +by0y +bull)xa(d) 1 (B)
(# +7\2)(12 —4l,po - 4175 +A2)[lz -1 (E + §) - 2lopo][lz +-i‘ (E - §) - ZIOPO]

X [nF @) @ T TIT{Tin, @ ), )] , (5.15)

- where, for n=4,
b’ =-4xk%, -5, +O(|K]), b;=4ix5,-5,+0(K]),
bt =85, -5, +6+0(|K]), bl =25,+5,+0(E]) . (5.16)

After integration with the help of (B7), (5.15) is expressible as
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Sy ==V"2(i/ch)@n)s(p+q~p' - q')g*/16n2chk?) o5 X @A - n2)(1 + 43, -5,) +1In(k2/2)5, - G,1x,(E") 9, D)
. -1 N?-2
X[nz‘(p')n (q)( e e T'T‘)nz(q )nl(p)]

which leads, with the use of the exchange and charge-conjugation relations, to
” (Nz - 1)2 1 imi g4 - - >
vy = —(*;zv‘s—“-ﬁv—zTiTz Toaral( - n2)1 - $5,+ &) + 33 +3,-8) In(/3*)] . (5.17)

B. Annihilation diagrams 1(c) and 1(d)

By proceeding in the same manner as in Sec. II, the contribution for the annihilation diagram 1(c) is
found to be

Sl ==V-2(i/ch)2m)"5(p+q—p' - q')(gz/_z)(-gz/lﬁﬂ ch) In(X2/ p?)
X [TENTITIT + TETIT)y 1@V @ T4, 070 + T @) Ty (@) P @D TIT + T T Ty, 3 (B)],,
which can be expressed, after simplification of the color factors, as

Ni-1 g*
II=_ ”n
Se N 8rtcn M E 282 ’

and therefore
"= _ = _aqyn
0 N 8ric ﬁln X @) . (5.18)

For the annihilation diagram 1(d),

Sg==Vi/cm)(2m"s(p+q-p'~q’) [lP'(p’)T‘ 7, (@) @DAL-g, p)V (D)

a*'I"‘%.,

+T(@VALP!, - W@ @ TH v (D] (5.19)
with

- Ty [i(g +1) " v+&]THy [i(p = 1) * ¥ = «]T¥y,
Aul-q,p) = (217)" fdl BZ+X3)[(g+ 02+ k2][(p = D2+ k2] ’ (5.20)

Simplification and evaluation yield, after renormalization,
Al(=g,p) =ML, ~q")

2 2 2 2
_ ; g T°K k X -
_-TiT:Tfaﬁzcﬁ(-l—;F+ln;§—1n?+2)7“+0(|k|), ‘ (5.21)
and, upon substitution of (5.21) into (5.19) and simplification of color factors,

1 g% (% K A2
II=__,_____;__ puini [ n
¥ N8n2c7i(|k|+ln:<2 ln“2+2>

which shows that

w1 g (71’2[{ 1E2

A2 g
'Ud N 8n2c}i | + nF-ln?+2) Uz(k) . (522)

C. Annihilation diagram 1(e)

In the case of the annihilation diagram 1(e),
==V @ ol +a ~ '~ ¢) ST EV T, @F@A K =0, V)

+" @A, - W (@)@ Ty (D) ] (5.23)
with

, . P [6,(21—=F), +8,,(2E = 1), = 6, (L +B),]T# [ilqg+1) * v+k]T*
A'u‘(—‘bp) "-’f“k(z,ﬁ)ncﬁ fdl “ (;2_”\2)[” —k-)2+)\2][(ql+ l)2+K2] 2, (5-24)
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After simplification, integration over I, and renormalization, we obtain
AM=q,0) =0 Xp", =q")

1 u - - 1~
= —if 1RTITR g2 /8r2ch) f du, f lduz<3—3lnu2 Aoty = 1)1 = 0y)
(1] 0

Uuy?

1— 2, +5u, + 5(2u, — u2)2) -
- +0(|k
u22_4(u1_u2)(1_u1) Yu (l l)y

where the integrals over u, and %, are similar to those in Appendix B, and upon evaluation

AH=q,p) =0} p',—q )=--zf‘f"TfT’*1 gz (1+21n2)y +0([k[) (5.25)

Substitution of (5.25) and simplification of color factors enable us to put (5.23) in the form

2
s"—le2 (1+21n2)S7,
and thus
V= E%——(1+21nz)'o”(k) (5.26)

D. Annihilation diagrams 1(f), 1(g), and 1(h)

The treatment for diagram 1(f) is similar to that in quantum electrodynamics, and

S/ ==Vi/cm)2m"S(p+q - p’ —q’)gz @ TY @R F@ T3 (6) (5.27)
where
— Tr{Gl -y = ) Ty [i(1+F) - v = k]T?, b
ij = m
MR = - i [ o T (5.28)
Evaluation and renormalization of (5.28) give
2
A u(1 — u)k?
HL’,(k)—G“Zfzc—ﬁ(?é -2,k )f dun(l —u) ln( —;E'_)
=5“4ﬂ h(kzd -k, k) [-%+0(K)], (5.29)
so that (5.27) becomes
SII=_ 5 2” ,
4 9mich
and
2
" _ g n
U == Gen ) - (5.30)
For the annihilation diagrams 1(g) and 1(h),
2
S;+Sy ==V3i/ch)(2m)"5(p+q-p' - q’)‘%z FE) Ty 3 @R T @ T, 37 (B) (5.31)
“where, after renormalization,
BHT) = _Fiklfirl bg” 2_% % k* 5.3
Iy (k) ==fi*1f 481r2cﬁ(6”‘"k —kukv) 1n:;57 (5.32)

which can be obtained from (2.40) by replacing % by z. Dropping the imaginary part in (5.32), we have

AR =—f (6, - F F, )(1n 25+ 0@), (5.33)

which, when substituted into (5.31), gives
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n ”n 5 2 Kz n
Sg+S,,-—NZ§%‘5.:c—ﬁ(2ln2+ln—“—z)Sz
or
v+ 0 =N (21m2 4105 Jor(E 3
5+ U} 1Bt n+nM2 0, (K) . (5.34)

VL. QUARK-ANTIQUARK ANNIHILATION
POTENTIAL

The second-order quark-antiquark annihilation potential follows from v, (k) g1ven by (5 8). However,
for the fourth-order potential, it should be kept in mind that the addition of v, (k) to ‘Uz(k) generates extra
terms in the iteration of the second-order potential, which must be subtracted from the fourth-order con-
tributions derived in Sec. V.

For this purpose, it is suff1c1ent within our approximation to retain the cross terms generated by 'L)z”(k)
and the Coulomb term in Uz’(k) .and thus

'I:_ 1 f -."vzl(p ’-—” '(p”’-ﬁ)+D2,(5"-.,’)Ull(§,,’.§)
OV (e J P ot adch- Gy —adck 61
where, for any p and p’,
VP, B) = Ti T e
2\P S IT ISl
- (6.2)

e = (NP=1 1 2 L.
(B ,p)=(———2N2 +J-\7T{T§>§%(3 +5,0 5.

Upon substitution of (6.2) and simplification of the product of T matrices, (6.1) becomes within our ap-
proximation

Z
. -1 N2-3 . i) -y 1 ,,,( 1 1 1
004 (2N3 Ty T Toge B+ 0 %) g Ja i '5)2+A2+(§’—5")2+A2)'§2—'§”2'

Then, using (3.5), combining the denominators, and performing integrations, we obtain

N*-1 N2-3 ) g - sy 1 - -2
"= TiT} A | [d=z
004 (2N3 Par N Tecme B0 D igep | # ) AT R (1- e p
__(M-1 N°-3 ) P . . ‘
.__< ot ——TiT} (.)4(:;{'{'-}2'(3+01 0,) - (6.3)

According to (5.13), (5.17), (5.18), (5.22), (5.26), (5.30), (5.34), and (6.3), the Fourier transform of the
fourth-order quark-antiquark annihilation potential is given by

2 2 2
nEyee & (LN, & 1, kK (N-1)(5N+3) N°-2 ) e
i) 4n2cﬁ(12 In u? N e 3N 5 n2 'Uz(k)‘
-327r§ch':< ( T T22|k| (3+0, * Gy) + TITY(1 - 1n2)3, - 02). (6.4)

It is interesting that for color-singlet states, (5.8) and (6.4) reduce to

\'OZII(E)=0, ‘ . (6.5)

4 2 2 L
ey & (V= 1)(N*—4) 7%k NE-1 . ,',)
(k) 647720%,(2( N7 21T (3+5,°0,) + (1-1n2)5, * 0, ). / (6.6)
f
VII. CONCLUSION We have found that the Fourier transform of the

fourth-order quark-quark potential is given by
(3.7) for unequal masses and by (3.10) for equal
masses. We have also shown in Sec. IV that if a
quark and an antiquark belong to different quark
fields, the quark-antiquark potential is equal to the
quark-quark potential. But, if a quark and an anti-
quark belong to the same quark field, the Fourier

In view of the complicated nature of our results,
we have given the Fourier transforms of various
potentials in the preceding sections, whence the
potentials can be obtained through the relation

V(F) =(27)° f R e FE(E) | (7.1)



24 QUARK-QUARK AND QUARK-ANTIQUARK POTENTIALS 2321

transform of the fourth-order quark-antiquark
potential is

(k) = V)(K) + v(K) , (7.2)

where V/(K) =V, (K) is given by (3.10), while v/ (k)
is given by (6.4) or (6.6). These results represent
significant improvement over the earlier perturba-
tive calculations.

It should be mentioned that several renormaliza- -

tion prescriptions are currently being used for the
choice of the finite parts of renormalization con-
stants, which leads to prescription dependence

in physical results. Of course, whatever renor-
malization prescription is used, it must be en-
sured that all renormalization constants for the
annihilation diagrams are equal to those for the
corresponding direct diagrams. In Sec. II renor-
malization was performed by choosing the finite
parts such that the fourth-order quark-quark po-
tential takes the simplest form. For simplicity,
the contributions from light-quark loops were also
ignored. When renormalization is performed in a
more conventional manner by using the MS y
scheme,' and the contributions of #, light quarks
are included, we find that the quark-quark poten-
tial (3.7) acquires the additional terms

2 2
AV (k) = (31N+ln%+m%

24112 n
%2

' +n,ln—::—2--§-nf>vz(ﬁ). (7.3)

The same result holds for the quark-antiquark
direct potential, while the quark-antiquark annihi-
lation potential remains unchanged for color-
singlet states because of (6.5).
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APPENDIX A: EVALUATION OF INTEGRALS
FOR DIRECT DIAGRAMS

We shall evaluate the multiple integrals en-
countered in our treatment of the direct box and
crossed box diagrams. Since the integration tech-

niques have already been fully explained,'® we shall

give only a brief account of evaluation in accor-
dance with the approximations described in Sec.
II.

Let us evaluate the integral for the direct box
diagram

a+£1'ul +ayl.l, (A1)
(k+9) +2lopo] [2-T- (k+3) - 21,g,]

by retaining the spin-independent terms to order |kl‘1 and the spin-dependent terms to order |E| 9, Since
we shall retain only the relevant terms at various stages of calculation, it is important to note that, ac-
cording to (2.17), a, and a,,+a,; are of order [k[ and the spin-dependent part of a is of order k2. After
integrating over 7, and dropping the O(s?) terms, we get

fd%f duzf du;,(a”'*' ) ' (YAZ)

f‘”(z%xz)(zz- 3T k+k2+v)[

with
N= a+a kul 5 * (E"E)uz-"aij k‘k,(ul— %uz)2+ %(ai"l'aji)kisj(ul_ %ua)uz' a44(p0u3+q0u3-p0u2)2
- i[% + (a‘4+ 44{)(kiu1 - %k‘-uz +%35“2) ](Poua +qgs "pouz) ’ (A3)
' D=(pous+qeus '170“2)2 +E2[(u1 - “a)( 1- “1) - %”22] +2%(1 - ) - (A4)

Then, integration over u, leads to

I¢=10+Il+127 (A5)
where
: a N
L= 2(po+qo f d”‘f (1k‘lA+|‘k|3A3)’ (46)

__am ! " N_ | _ay _l(u‘;m)
L 2(Po+qo)j; du,_f duz[ ( JKI°A® 3 ]k}A)tan Qo2

+ (ia4+ ay, + ag) (b — ’:likguz +38 ita)

N 1
+ AasG e +=§Z§qouz)m] ) (A7)
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with
N=qa+d Ky, — 38" (K= Shuy+a; .k (u, — 3us)*+ 5a;, + a, ks (uy = 3uu, , (A8)
=Gy = u)(1 = ) = 0" + (/R - ) , | (A9)
and I, can be obtained from I, by the replacements p,~q,, ¢, ~po, @s~—a,, and a;,+a,; ~—(a;,+a,). Final
integrations over u, and %, yield

4

_ im 1>, > 1 - 1 1
Io—_(Po+qo)l jlatza 5-ga,K -qa, bk, va(a, v a,)ks ], (A10)
. 2 2 - 2 . 2 >
i ay-a,, B 22+3-K B zag(wz 1 l_(_) aykik ( k_)]
I, = ——-——————Zqo(po+qo)[ a;+— 1n——q02 gt 1T qolnhz +-ﬂk;-2—-l 1-1In33 ||, (A11)

while I, is obtainable from I,.
From the above results for [, I,, and I,, it is found, by using

Dokt BBy +, go= iy + /Byt
that

. 4

i L -
Il =—————=—<la+sa
2 (ki) L K| z

.w-

_1 1
% +2 —a kR ralag v agkys,
KiKg

. 2 - k2 -
+ Al [_a“_‘_aii Q44 /m_k__iﬁ_ﬁszz _2_a_+i__l§1nk
2K,k 2 K Ky KitKy Ky k?
. 2 _ _ " 2
+%( (K, — K ) K=Ky >+.._U=_L1< ln-k—>]. (A12)
2 \(k, +x5) | kJ KKy

The integral for the direct crossed box diagram

) b+b,l,+bylul, A
L= f B (-2l KR+ [ 1+ (R+9) + 20, po [P~ 1+ (K- 9) + 2lggo] -

c;an be evaluated in a similar manner. However, in this case we do not get any terms corresponding to
I,, while the terms corresponding to [, and I, yield

__in” [ b= by (m K K1+K2m52) 2b+§> I3
31

72Kk, 2 KKy Ky—Kg Ky 3 A2
: e T2 ' :
iby (1 Ky tKy E__bkk(_k_>] Al4
+3 (—I-.ﬁ P In3z —“F;—i 1-Ing5 )| (A14)

APPENDIX B: EVALUATION OF INTEGRALS FOR ANNIHILATION DIAGRAMS

The treatment of integrals for the annihilation box and crossed box diagrams, which we shall now de-
scribe, is much simpler than that for the direct diagrams.
The integral for the annihilation box diagram

L= fdl(zzn@)(l2 — 41, po — 4p02+x2a[z:ffl“(+ki@) = 21, po [ +T (kK = 8) = 21, p, ] (B1)
gives, upon integration over [,
_ir® f iy f duzf du, <g‘1‘;, a'- 2m4fc(u1 2222724‘1;4’{2(“1 - %uz)2>+0( &), (B2)
where
D' =1, = 4(1 =1, )(uy — ug) +(1 —u,) N2/ k2 . (B3)
After substituting (5.12) into (B2), and performing parameter integrations, we obtain
I;=(m?/k®)[(1 = In2)(1 = 35, * G,) - In(k?/A)5, - G,]+O(|K]) . (B4)

Similarly, the integral for the annihilation crossed box diagram
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1'=fdz b +bulutbiluly . (B5)
> (Z+2D)(P= Al py— 4p 2+ M) [IP=T" (k+8) — 2L, po J[B+1 + (k= 9) - 2, p,]
gives
,_in? u U (bl b= 20bK(u, = ) — 4D LkNu, = Suy)? -
’ —KTfO vdulj; duzfo du3<2D,+ L >+O(|k|), (B6)
and then, on substituting (5.16),
I =Gm?/K®)[(1 = In2)(1 +13, * G,) +1n(k?/3)G, * 5,]+O(|K|) . (B7)
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