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%e analyze a mechanism of quark confinement by making use of a frozen Higgs model. By summing up all
possible modes of topological excitations, we derive an effective Lagrangian of the model in the strong-coupling
regime. These excitations are magnetic Z„vortices and magnetic Z„monopoles, which are labeled by the magnetic
weight lattice and by the magnetic root lattice of SU(N), respectively. The effective Lagrangian is shown to contain
electric Z„vortices and electric Z„charges as topological excitations, which are labeled by the electric weight lattice
and by the electric root lattice of SU(N), respectively. From this fact we conclude that the SU(N) Higgs model gives
the N-ality confinement of quarks in the strong-coupling regime.

I. INTRODUCTION

In a series of papers we are analyzing a mech-
anism of quark confinement in non-Abelian gauge
theories. ' Our ultimate purpose is to prove that
the Yang-Mills vacuum is a magnetic supercon-
ductor in which electric flux is squeezed into phys-
ical vortices. Such a superconducting state is con--
sidered to be a condensed state of magnetic mono-
poles' or magnetic vortices. '

In the staridard approach one evaluates the Wilson
loop as a criterion of quark confinement; the well-
known area law is expected to follow due to the
linking of magnetic excitations with the Wilson
loop. ' ' However, we are more interested in de-
riving an effective Lagrangian of the Yang-Mills
theory which would explicitly lead to electric vor-
tices attached to quarks. It is very difficult to at-
tain this object directly on the basis of the Yang-
Mills Lagrangian. We recall that the SU(N) Higgs
model would have precisely this type of vacuum in
the strong-coupling regime. ' ' Thus, we have de-
cided to analyze it in detail. We hope that the
Yang-MiQs theory might be approached from the
Higgs model in a certain limit and that the weak-
coupling phase of the model would be removed in
the same limit.

In our previous paper, ' we analyzed the SU(N)
Higgs model by freezing all the gauge degrees of
freedom except for the minimal component that is
necessary to introduce Z„vortices and Z„mono-
poles. It is given by the last component of the
gauge potential, that is A"„' in the standard no-
tation. However, it is impossible to argue on
color confinement of quarks by making use of a
single component of the gauge potential. It is also
impossible to include the effects of all possible
modes of Z„excitations. We wish to make a more
sensible approximation of the model.

Here, we note' that we may associate an (N —1)-
dimensional charge vector q with a quark since
the rank of SU(N) is N —1, and that we may label

all states in all representations by vectors
Z"„=,'n,e, with n~ being integers. The set of all
such vectors composes the weight lattice of SU(N),
which we call the electric weight lattice. For in-
stance, charge components q~ are the color iso-
spin I, and the color hypercharge I' in SU(3). The
states in the singlet representations, the triplet
representations, etc. , are labeled by vectors
(I„I)as/(0, 0)), {('„',), ( ~, ', ), (0, -,')), etc. ;
in the weight lattice of SU(3), as we have illustra-
ted in Fig. 1.

/
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FIG. 1. The weight lattice of SU(3). The bases ~&

of the electric weight lattice are given by the charge
vectors of quarks, while the bases g of the electric
root lattice are given by the charge vectors of Higgs
fields in the adjoint representation. The bases w„of
the magn. etic weight lattice are given by the minimum
charge vectors of magnetic ZN vortices, while the bases
r~ of the magnetic root lattice are given by the minimum
charge vectors of magnetic Zz monopoles.
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Now, let us assume that classical electric vor-
tices are attached to quarks and confine them.
These classical vortices are essentially Abelian
objects because it is always possible to diagonalize
color matrices along them. Namely, they are
created in the maximal torus of the gauge group
SU(N). Each electric vortex carries a definite
amount of Abelian charge which is the charge q of
the quark.

On the other hand, the SU(N) Higgs model in the
adjoint representation contains magnetic Z„vor-
tices together with associated magnetic Z~ mono-
poles as topological excitations in the weak-coup-
ling regime. "' They are also introduced in the
maximal torus of the gauge group SU(N). We may
associate an (N —1)-dimensional magnetic charge
vector w with each of these vortices. The set of
all vectors w is easily shown to compose the weight
lattice of SU(N), which we call the magnetic weight
lattice. '

Thus, the electric vortices as well as the mag-
netic vortices are defined in the maximal torus of
the gauge group SU(N} provided that we neglect
non-Abelian quantum fluctuations. Therefore,
even if we restrict the gauge group SU(N) to its
maximal torus, we expect that me are still able to
consider all possible modes of Z„excitations and
study color confinement in the SU(N) Higgs model.
To achieve this simplification, we freeze all other
gauge components by increasing the associated
masses. The merit of making this approximation
is that we may reduce the dynamical degrees of
freedom to being Abelian without losing any essen-
tial group-theoretical properties of non-Abelian
gauge theories.

We derive an effective Lagrangian of the frozen
Higgs model in the strong-coupling regime by sum-
ming up all possible excitations of magnetic Z„
vortices as well as magnetic Z„monopoles. A
technique for this calculation has been developed
in our previous paper. ' As is expected, the ef-
fective Lagrangian describes a magnetic super-
conductor in which electric flux is squeezed into
physical vortices. Furthermore, the effective
Lagrangian contains excitations of not only elec-
tric vortices but also electric charges. We demon-
strate that they are labeled by the electric weight
lattice and the electric root lattice of SU(N), re-
spectively; the electric weight lattice is precisely
the one which we have associated with the quark
charge.

We obtain the following conclusions: (i} A phys-
ical electric vortex is generated and accompanies
each system of.quarks, which is on the electric
weight lattice. (ii) The electric vortex is unstable
when it is on the root lattice. In contrast, an elec-
tric vortex accompanying a single quark is con-

II. ELECTRIC DIRAC STRINGS AND ELECTRIC
WEIGHT LATTICE

We consider the SU(N) gauge theory

L= — Tr(E„„'+4g'A J'„),1

E„„=B„A„—B„A„—i[A„,A„]
(2.1)

in the presence of an external source J,. Here,
J„ is supposed to be given by

Ja='Py'y P (2.2)

in terms of quark fields which transform accord-
ing to the fundamental representation of the gauge
group SU(N).

Our common belief is that a single quark is al-
ways accompanied by a vortex which is generated
by dressing a "string" W(~, x) via radiative cor-

eluded to be stable. This implies that a single
quark cannot exist as a physical state and must be
confined. More generally, me shorn that only the
states in nonzero N-ality representations are con-
fined in the Higgs model.

However, this type of confinement scheme might
be peculiar to the Higgs model in the adjoint rep-
resentation. The reason for N-ality confinement
is that the magnetic superconducting vacuum al-
lows electric charge excitations labeled by the
electric root lattice. We may identify these
charges with Higgs charges liberated into an in-
coherent plasma state due to magnetic vortex con-
densation. ' Indeed, within the present model, if
we consider only the effect of monopole condensa-
tion, we are able to check that such charge exci-
tations do not emerge. Therefore, it may well be
that only a singlet combination of quarks mill es-
cape from confinement in the Yang-Mills theory
where Higgs fields are absent. However, me shall
not attempt to elaborate this statement any further
since we still lack a consistent renormalization
scheme by way of which the Yang-Mills theory
might be approached.

In Sec. II, we remark about the correspondence
between the electric Dirac string and the path-de-
pendent phase factor. We also associate an (N —1)-
dimensional charge vector q with a quark and in-
troduce the electric weight lattice. In Sec. III, we
reviem on the classification of magnetic vortices
as mell as magnetic monopoles in terms of the
magnetic weight lattice and the magnetic root lat-
tice. In Sec. IV, we derive an effective Lagrangian
of a frozen Higgs model in the strong-coupling re-
gime and show that it leads to electric vortices to
confine quarks. In Sec. V, we discuss the problem
of deciding the magnetic gauge group. Finally, in
Sec. VI, we summarize our conclusions.
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rections. Here

)(z(), z) = p zzp(i dz„A„~
r )

(2.3)

e) = (e) ep ~ ~ ~ ~]((-y)

q „=(0,. . . , 0, (1 —k)e, „e„,. . . , e„,)

is the weQ-known path-dependent phase factor.
It is essential to note that operator (2.3) trans-

ports the color charge of a quark at point x to
another point y. Namely, the object

&„=(0,. . . , o, (I -N)e„,),
with

(2 & k &N —1), (2.10a)

y(y) = W(y, x)q(x) (2.4) e, = I/[2k(k+ I)]'~' (1 ~k ~N —1) . (2.10b)

A„.=Q A"X"/2, (2.5)

transforms according to the fundamental represen-
tation of SU(N) at point y. Therefore, we may
classify a set of external quarks into color multi-
plets by transporting all their charges to one point
y. In an instance of the SU(3) gauge theory, a (t)(]I)

system is decomposed into irreducible represen-
tations by the scheme 3* && 3= 1+8, while a PPQ
system is represented by 3&&3&3=1+8+8+10.
Here, combinations QT()'(f)' and Qq, ~„(t)'P&P' pro-
vide the singlet representations.

As we have argued in the Introduction, we shall
restrict the gauge group SU(N) to its maximal
torus in this paper. Accordingly, we consider
the gauge potential

Note that

(N —1)/2N for j=k,
-1/2N for jWk

(2.11a)

gg, =o. (2.11b)

It is well known that we may construct the weight
lattice of SU(N) on the basis of the vectors q,.

For a later convenience we remark about the
Higgs charges when Higgs fields are introduced
in the adjoint representation. Then, there are
N —1 independent charge vectors g associated
with the Higgs charge. For instance, they are
given by

which takes values in the maximal Abelian sub-
algebra. Without loss of generality, we way set

(k= 1, . . . , N —1). (2.12)

l. /2
diag(l, . . . , 1, -H, 0, . . . , 0),

Ht,H+1

(2.6)

where 1 appears K times, which are the diagonal
Gell-Mann matrices in SU(N).

In our formalism, ' operator expressions for the
quark current (2.2} and the phase factor (2.3) are
not convenient. We replace the quark current by
a classical current

Then, the root lattice of SU(N) is constructed on
the bases of the vectors q~. Obviously, the root
lattice is a sublattice of the weight lattice in SU(N)
and labels the elements in the multiplets composed
of the Higgs particles.
. Now, we introduce electric Dirac strings at-
tached to the quarks by

&"(z)=Qzz f dzZz'(z-zz)zz,

(2.7)

where q~~ are the electric charges of the pth quark:

&„,(z) =I, zzz fdztl z'(z —zz)'[zzzz], ,

Note that they satisfy

&„Z"„.„(x)= J"„(x).

(2.13)

(2.14)

g.
2

(2 8)

Here, q is an N-dimensional vector which reads

It is important to notice that phase factor (2.3)
with gauge potential (2.5) satisfies the commuta-
tion relation

qt =(0, . . . , 0, 1,0, . . . , 0}, (2.9)

where k —1 zeros precede the 1, when the quark
has a definite color k. Thus, a quark with color
k has an (N —1)-dimensional charge vector q,
whose components are given by &~ =q~(A."/2)q„:

S V()' y=)'f&'z».z"'(z — )Iy.z, ],z(a.(b)

with electric field E,"„. Therefore, q~ +y„y,)q
creates an electric Dirac string connecting two
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points y, and y, along the integration path in phase
factor (2.3). We emphasize that these strings are
unphysical.

We now arrange all strings to meet each other
at one point y. Then, cutting them at this point,
we obtain

&„&"„.p(x) =J"„(x)—6„ogeq6 s'(x —y), (2.16)

instead of (2.14). The total charge Z ~ps~ is thus
induced at a point y. It is obvious that the charge
vector constructed from Abelian charges Egs~ is
labeled by the electric weight lattice. We may as-
sociate a single electric Dirac string to this charge
by solving (2.14). Hence, we conclude that all pos-
sible electric Dirac strings in SU(N) gauge theories
are also labeled by the electric weight lattice.

In Sec. III, we define magnetic Dirac strings in
SU(N) gauge theories. In Sec. IV, we shall dis-
cuss the relation between magnetic and electric
Dirac strings.

III. MAGNETIC DIRAC STRINGS AND MAGNETIC
%(EIGHT LATTICE

In deriving an effective Lagrangian of the SU(N)
Higgs model in the strong-coupling regime, we
need to sum up all possible modes of topological
excitations. They are defined with respect to the
center Z„of the gauge group SU(N). ' Here, we
review the classification of all ZN excitations in
the Higgs model.

We consider the Lagrangian density

L = — —Tr(F„„'—4g'A„J„)
1

for classical fieM equations to create topological
excitations. ' In the present formalism, ' by inte-
grating over field variables for given p„„ in the
generating functional, w'e obtain an interacting
system of magnetic strings and monopoles de-
scribed by p„„. Namely, p„„may be regarded as
bare excitations which are to be dressed by way
of quantum corrections.

It is always possible to diagonalize the matrix
p„„. Thus, we may set

N-1

p„„=gp"„„P/2,
H=1

where X" are defined by (2.6), where

(3.4)

5"„.„"(x)=ex+ex f d're'e(x —y')[y,', y„'], (5.5e)

5"„(x)=4w Qrw f dr 5 "'(x- y')y'„ (3.6b)

together with

s~"„„*(x)= k"„(x) (3.5c)

Peep] f (dx„)55)SE Z„
(

to create strings, and

(3.6a)

(3.6b)

and p"„*=—,'g„„zp"~. Here, a)" and H are Abelian
charges of each of the strings and monopoles, re-
spectively. These charges are quantized according
to generalized Dirac quantization conditions. In
fact, a singular gauge transformation S should
satisfy'

+ L„(A„,45„. . . , 45~), (3 1)
to create monopoles, which are equivalent to

A„SA„,S ' —i(B„S)S ',
e.-se s-' z -sz„s-'

to the Lagrangian (3.1), we obtain

(3.2)

L = ~ Tr[(F „-p„„)'—4g'(A, -iS 'S„S)J'.]

+L (A„,4„.. . , 4'~), ,

(3.3)

p„„=iS '[9„,s„]S.
Then, p„„provides us with a boundary condition

where, in order to break the gauge symmetry
SU(N) completely except for the center Z„, we
have introduced a sufficient number of Higgs fields
in the adjoint representation. First, we note that
all topological excitations are parametrized by
magnetic Dirac strings and magnetic monopoles
which singular gauge transformations generate. '
Indeed, performing a singular gauge transforma-
tion

' N-1

exp] ixwg ewxwx) eZ (3.7a)

(
N-1

exp](xwg r"5")=5.
H=1

(3.7b)

n and n being arbitrary integers, where p" are
the Hth components of vectors (2.10a). We as-
sociate an (N —1}-dimensional vector w to each of
solutions of (3.8}. Then, by making use of relation
(2.11) it is trivial to show that the general solu-

We note that these quantization conditions have
been studied in the classification problem of non-
Abelian monopoles. '

Because AH are diagonal matrices explicitly
given by (2.6), it is quite easy to solve these equa-
tions. Obviously, (3.Va) is equivalent to

N-1
2W

4 v g I)"45"„= n+ 2 my~ (k = 1, . . . , N)—, (3.8}
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tions of (3.7a} are given by

N-1
w= n

)=1

with n& being integers. Thus, the set of all vec-
tors w compose the weight lattice of SU(N), which
we call the magnetic weight lattice. ' On the other
hand, the general solutions of (3.7b) are given by

(3.9a}

N-1
r=g n,q, , (3.9b)

j-"1

n& being integers, and hence they constitute a sub-
set of the magnetic weight lattice, which is called
the magnetic root lattice. Therefore, up to regu-
lar gauge transformations, all Z„vortices (Z„
monopoles) are labeled by the weight (root) lattice
of SU(N). ' In Fig. 1, we have illustrated these lat-
tices in case of SU(3). All points therein corre-
spond to magnetic vortex excitations while the
crossed points correspond to magnetic monopole
excitations.

It is clear that we are able to describe all these
excitations within the maximal torus of SU(N).
For the sake of simplicity, we freeze the other
gauge components by increasing their masses so
that we may approximate the gauge potential by
(2.5). Moreover, let us increase Higgs masses
as well and approximate the Higgs Lagrangian
(3.1) by

N-1

H=1

Then, Lagrangian (3.3) amounts to
1

H=1

(3.10)

IV. MAGNETIC SUPERCONDUCTOR
AND ELECTRIC VORTICES

The essential step towards quark confinement is
to prove that phase-factor (2.3) indeed creates

—2g'(F„"„-p",„)Z".„], (3.11)
where J",„denotes electric Dirac strings (2.13) at-
tached to quarks. It is well known". that Lagran-
gian (3.11) describes magnetic vortices parame-
trized by p„,„. In this linearized version, we need
an ultraviolet cutoff which is provided by the Higgs
maSS m~. 1O

In the next section we analyze the effect of these
magnetic excitations to the generating functional
of the Higgs model.

physical electric vortices. In this section, we
analyze the SU(N) Higgs model instead of the
Yang-Mills theory. %'e derive an effective La-
grangian in the strong-coupling regime and show
that the Lagrangian describes a magnetic super-
conductor.

For this purpose, we evaluate the generating
functional

Z= dA„. d4,. exp— (4.1)

together with the Higgs Lagrangian (3.1) in Eucli-
dean metric, where field variables are to be in-
tegrated over all possible topological excitations.
As we have remarked in the preceding section,
they are parametrized by magnetic string singu-
larities (3.5). Thus, we rewrite (4.1) as

Z= d string dA„dC',. exp — L, (4.2)

together with (3.3). Here, f [d(string)] stands for
an integration over all possible configurations of
magnetic string singularities (3.5). By integrating
over A and 4,. for given p„„in generating function-
al (4.2), we obtain an interacting system of mag-
netic vortices and monopoles.

We evaluate generating functional (4.2) in the
frozen limit, where we may use Lagrangian (3.11).
Then, the system is dynamically Abelian and the
self-energies of the Z„excitations are calculated
easily. " Corresponding to the magnetic vortex
excitation (3.5a) and the magnetic monopole exci-
tation (3.5b}, they read

K,(x) = x, Lw,
' f d' () x'(x —xx')

x~det[y'„y:]~' ', (4..3a)

Si:,(x) = x, ,* Q x,*f dx tl w(x y')(y'ys)X'

(4.3b)
respectively, where n are dimensionless positive
quantities whose precise values are not important
and m~ is a typical mass of the frozen Higgs
fields. Vectors w and r denote points on the mag-
netic weight lattice and the magnetic root lattice,
respectively.

After extracting self-energies of these excita-
tions, we may rewrite (4.2) as'

N-1
Z= g [dF„"„][dA„]5(F„„—B„A„+B„A„+p".„)exp — + Fs„F~„+ " A"„A"„

(~,'f) H=l
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together with (3.5) and

SR", (x)=n, " Q(ut,')' jt d'~5"'(x-y')idet[y„' ey'„]i' ', (4.5a)

pp". (z]=e. ' P(ze)' f&»"'(z p')(p-.'pe)"; (4.5b)

where Q[-;& stands for a summation over magnetic vortices (w) and magnetic monopoles (r) labeled by the
magnetic weight lattice and the magnetic root lattice. We now express the Bianchi identity (3.5c) which
represents the magnetic flux conservation by

Hp(e, p„."-pz)= f [Xpz ]exp(~' I [Xz(e pz -„pz".]]]:
Then, (4.4) reads

N-1
Z = '

[dA."„][dB"„][dC"„„]f(B,C) exp j I
(C"„„+Z"„„)'+

(4.6)

(4. I)

with

N j.
zlxC] Peep , -=g

]
pX", e—' p{ „"G„" C+"„„) +exp -g f(pX,"eppzp„".]),

and

(4.8)

Here, the summation Q- (g, ) runs over all points on the magnetic weight lattice (magnetic root lattice)
of SV(N).

In our previous paper we have analyzed the summation of magnetic Z„excitations where charges only
with the single component (H=N - I) are taken into account. The generalization to the present case is sim-
ple but needs a technical improvement. We shall describe this technique in the Appendix. ' Here we only
cite the result. By making use of Poisson resummation formulas, we may change the summation over
magnetic Z„excitations into the summation over electric Z„excitations. Thus, (4;8) leads to

N-1
I(B,C)=+/exp —g J i » (G"„„+4wC",„*+o„"„~)'+,BHB"„i (4.9)

with 5 being a lattice spacing introduced in order to fix the integration measure of magnetic Z„excitations,
and

e„".„(z]= 4zgz", JX'» "'(z —*')[*'„,z:], (4.10a)

(4.10b)

together with

0 H~pv -j ~ (4.10c)

Here, o„"„and j„"represent electric Dirac strings and electric charges carrying Abelian flux p and charge
q, respectively. The summation 5~;. (Z-„) runs over all points on the electric weight lattice (electric root
lattice) of SV(N).

Combining (4.7) and (4.9), we derive the effective Lagrangian

1
4 1+yg
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with y=4w'/n, b m„', m„'=(1+y)m ', and m»'
= 8»'(1+ y)/a, yb'm» in the unitary gauge. This La-
grangian describes a magnetic superconductor in
field variables B"„, just as Lagrangian (3.11}de-
scribes an electric superconductor in field vari-
ables A„. It is obvious" that the system contains
electric vortex solutions in B„whose boundary
conditions are given by electric Dirac strings
(4.10a). These vortices may have open ends when

they terminate on charge excitations described by
charge singularities (4.10b). The mass of an open
vortex is composed of two terms' '"; the mass
density -g'ms' ln(A/ms) of the vortex, and the
mass -g'A of the end-point charge, with A being
an ultraviolet cutoff. In case of magnetic vortices,
the cutoff is given by the size of the vort x core
in which the electric superconductor is broken and
it is provided by the Higgs mass m~. Similarly
in case of electric vortices, the cutoff A is given
by the size of the vortex core in which the mag-
netic superconductor is broken and it must be pro-
vided by the monopole mass. Hence, we expect
that A=m~.

%e now discuss color confinement of quarks.
As we have proved, the effective Lagrangian (4.11)
contains electric vortices labeled by the electric
weight lattice of SU(N). Furthermore, the string
singularities (4.10a) have precisely the same ex-
pression as the electric Dirac strings (2.13) at-
tached to quarks. Therefore, we conclude that the
SU(N} Higgs model contains electric vortices pa-
rametrized by (2.13) as topological excitations in
the strong-coupling regime; equivalently, phase-
factor (2.3) creates physical electric vortices.

Next, let us arrange these strings (2.13) to join
with each other at a point y and cut them as in
(2.16}. Then, the total charge Z~a~ is induced,
which is labeled by the electric weight lattice of
SU(N}. On the other hand, the system (4.11) con-
tains excitations of electric cha, rges (4.10b) which
are labeled by the electric root lattice of SU(N).
If and only if the induced charge is on the electric
root lattice, we may screen it. Hence, electric
vortices are terminated and the system has a finite
energy Theref. ore, we conclude that the SU(N)
Higgs model provides us with the N-ality confine-
ment of quarks.

V. ELECTRIC AND MAGNETIC GAUGE GROUPS

—;Tr[(G „—o„*„+4vZ*.„)'—2m»'B ']
3277 1+ p)

( )
TrE„*„(G„„—o'„*„)

in the matrix notation, where we have set

(5.1)

E 1

=g A"y»/2, B =P B»j»/2
Hrl Hrl

E.„=s„A„s„A. a[A„,A„],

G„„=a„B„-s+„-f[B„,B„],
(5.2a)

N-1

Hrl

gH yH 2

Hr]
(5.2b)

with X» being defined by (2.6). We remark that all
matrices are taken in the maximal torus of SU(N).
This Lagrangian reads

As we have remarked in Sec. III, all magnetic
excitations in gauge theories with the electric
gauge group SU(N) are labeled by the magnetic
weight lattice of SU(N). Based on this fact, the
existence of the underlying magnetic gauge group
SU(N) has been conjectured. '" We are yet unable
to give a proof of this conjecture since in this pa-
per we are analyzing solely the maximal torus of
SU(N). Nonetheless, we may present an affirma-
tive step towards this goal. Namely, we shall
show that electric Dirac strings o"„in (4.11}may
be removed by performing a singular gauge trans-
formation in the underlying magnetic gauge group
SU(N), just as magnetic Dirac strings p,„ in (3.11)
have been generated by performing a singular
gauge transformation in the electric gauge group
SU(N).

First we rewrite effective Lagrangian (4.11) as

1
2 1+7

)+ Tr[E„„'—2m„'(A„+ f(S„Q„)Q„')'+2g E„„J„„].
)

Tr[(G„„—o„*„+4wZ~. „)' —2m»'(B„. + f(&„Q»)Q» ')'] —
+1 )

TrE„*„(G„„—o„*„), (5.3)

in the covariant gauge. '" Here, 0„ is essentially
the Higgs phase factor" which carries the electric
gauge symmetry. In the present frozen case, it
reads

N-1
ie„= exp i+ x„"e"/s)

Hr&

with X"„being Goldstone fields. Recall that the

(5.4)
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N-1
Q =exp ig y A"/2'

~

H~1

(5.5)

in the present frozen case." We may trace back
the origin of the "Goldstone" field X~ to the Bian-
chi identity (4.6), which does not define the mag'-

netic potential B„uni quely. Indeed, (4.6) is in-
variant by the replacement

BK BH+ g ~H (5.6)

multivalueness in X„has created magnetic Z„
vortices in the weak-coupling regime. " Now, X„
are single-valued functions in the strong-coupling
regime and Q„ is a regular function in (5.3}. On

the other hand, O~ carries the magnetic gauge de-
grees of freedom in effective'Lagrangian (5.3).
It reads

o+„=is-'[s„s„js.
Then, (5.3) gives rise to

(5.7}

because the monopole current (3.5b} is conserved,
B„k„=0. It is possible to identify phase-factor
(5.5) with quantum monopole fields whose radial
components are frozen"; these monopoles are
condensed and create a magnetic superconductor
in the strong-coupling regime.

We proceed to use the fact that electric Dirac
strings o„„are labeled by the electric weight lat-
tice of SU(N), just as magnetic Dirac strings p„„
are labeled by the magnetic weight lattice of SU(N).
Mathematically, o„*„and p„„are the same objects,
as is obvious from (3.5), (4.10), and (3.9). There-
fore, corresponding to (3.3), it is possible to
choose a singular gauge function S such that

L~'=—,„Tr[E„„'—2 m„'(A„+i(&„Q„)Q„')'+2g'E„„Z„„j
2 1+y)g

. —, Tr[(G„.„+4vJ~„)'—2ma'(B„+i( „Qa)Qa ')'j —,1,TrF*„G, ,„, (5.8)

where we have set

A„=SA„S '+iSG„S ',
E„„=SF„P', Q =S,Q,
B =SB S '+iSe S

G„„=S(G„„-o„*„)S', Q, =SQ, ,

J„„=SJ„P'.

(5.9a)

(5.9b)

(5.9c)

We are able to interpret (5.9) as a singular gauge
transformation performed in the magnetic gauge
group SU(N).

A comment is in order. Literally, we should
have written

F„„=S(E„—o„*„)S'

in (5.9a), and hence (E„„+o„*„}'instead of F,„'
in (5.8). However, we have dropped it since this
type of singularity is entirely unphysical in (5.8).
This is so because the Higgs phase-factor Q„has
acquired a singular phase S simultaneously,
which cancels string singularities o» in field
equations. Namely, o„*„donot provide a boundary
condition for A„ to create physical magnetic vor-
tices, as should be the case. For brevity, we
may say that singular gauge transformations in
the magnetic (electric} gauge group create elec-
tric (magnetic) vortex strings in the strong-
(weak-) coupling regime of the Higgs model.

Finally we wish to make a conjecture on "un-
frozen" SU(N) Higgs models where the complete
gauge group SU(N) is respected. A concise exam-

pie of such a Higgs model is given by

L =- —'Tr[E„„'—2m„'(A„+i(B„Q)Q '}'j, (5.10)

in the large mass limit (mz» m„) of Higgs fields.
Here, Q is the Higgs phase factor and denotes
the unphysical Goldstone mode carrying the com-
plete electric gauge symmetry in the model. '
Lagrangian (5.10) itself is known as the massive
Yang-Mills Lagrangian. ' " Comparing the
resemblance between (5.8) and (5.10), we conjec-
ture that (5.8} might be the effective Lagrangian
of (5.10) in the strong-coupling regime. Then,
phase-factor (5.5) would also be replaced by the
general SU(N) matrix which carries the complete
magnetic gauge symmetry. However, in order to
prove this conjecture, we need to improve a
technical device of calculating non-Abelian quan-
tum fluctuations around classical Abelian vortices.

VI. CONCLUSIONS

In this paper we have analyzed an SU(N) Higgs
model in the strong-coupling regime by freezing
out all the gauge degrees of freedom except fox
the minimal components that are necessary to
argue color confinement of quarks. These com-
ponents are given by the maximal torus of the
gauge group SU(N). Then, we have associated
an (N —1)-dimensional charge vector a with the
quark. All possible charge vectors c in the model
compose the electric weight lattice of SU(N).

In the weak-coupling regime the SU(N) Higgs
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model contains magnetic vortices together with
end-point monopoles as topological excitations.
These excitations have (N —1)-dimensional magne-
tic charge vectors w. The set of all possible
charge vectors w in- the model composes the
magnetic weight lattice of SU(N).

By summing up all tmagnetic excitations, we
have derived effective Lagrangian (4.11) from
frozen Higgs-model (3.11). It is notable that the
effective Lagrangian is local but it contains two
kinds of fields &„and B„. We could have per-
formed the integration over &„ in the generating
functional, but the resulting effective Lagrangian
would be unmanageably nonlocal.

The effective Lagrangian describes a magnetic
superconductor where topological excitations are
electric vortices labeled by the electric weight
lattice and electric charges labeled by the elec-
tric root lattice. We may identify these electric
charges with Higgs charges liberated into an in-
coherent plasma state due to the magnetic vortex
condensation. ' Because of electric charge screen-
ing by these charge excitations, we have con-
cluded that the SU(N) Higgs model gives the N-
ality confinement of quarks in the strong-coupling
regime.

We would like to emphasize the importance of
the monopole condensation in the problem of
quark confinement. ' Indeed, if only the condensa-
tion of closed magnetic vortices are to be con-
sidered, it is easy to show that we do not get the
mass term for the magnetic potential &, in the
effective Lagrangian. Namely, in the absence of
monopole condensation, the effective Lagrangian
is unable to produce physical electric vortices to
confine quarks.

Finally, we remark on the magnetic gauge group
of effective Lagrangian (4.11). We have shown
that it is given by the maximal torus of the gauge
group SU(N). This is so because we have re-
stricted the electric gauge group to the maximal
torus of the electric gauge group SU(N). Accord-
ingly, if the complete gauge degrees of freedom

could be taken into account, the magnetic gauge
group would be SU(N) itself. However, in order
to justify this conjecture, we need a technical
improvement to include non-Abelian quantum cor-
rections to classical vortices and monopoles
which are essentially Abelian. We shall discuss
this problem elsewhere.

APPENDIX

The well-known Poisson resummation formula

g exp(-an'+ iBn) = —
I P exp[- (B —2mm)'/4a]

5 ~) m

(Al)

relates the one-dimensional "magnetic" lattice
point labeled by n with the one-dimensional "elec-
tric" lattice point labeled by m. In our previous
paper, ' where we have considered a single com-
ponent of the gauge potential, we have used (Al)
in order to change the summation over magnetic
Z„excitations into the summation over electric
Z„excitations.

In this appendix, we derive the following Pois-
son resummation formulas:

exp(-aw'+iS w)

(N-Z)/2
exp[- (8 —4w q)2/4a]a 7l

and

exp -ar 2+i

(A2)

(N-1) /2
e&p —B —4' ' 4a, A3

6

where w (r) runs over all points on the magnetic
weight (root) lattice of SU(N), while q (e) runs over
all points on the electric root (weight) lattice of
SU(N). Then, it is quite ea,sy to derive (4.9) from
(4.8) in the present case by following the method
presented in our previous paper. '

Let us prove (A2). In general, a point w on the
magnetic weight lattice is represented as

w=$(n, —n,)e„. . . , (n, + +n» —kn»„)e», ' ' ', (n, +' ' '+n„,)e„J,
n» being integers, where we have used (2.10a) and (3.9a). Then, we may express

(A4)

&N-X)/2 N-X

exp(-aw'+iB w) =
4am

dx» exp
l( 4a ~i ]

N-2

x g exp i (x, +B )(n, + +n» kn~, )e»-
{ng )

By making use of a Poisson resummation formula

+i(x~i+B~.)(&.+ ''+&~i)e~.
Ii

(A5)
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exp ixn =2m ~ x+2am, (A6)

we rewrite in (A5}

~ ~ ~

S-l ( N-1

exp( ) = g 2w ()( j(x-&+B&)e&+ (x +B )e~+Rem&„) .
ny) J=o ep, g w +).

(A7)

These 5 functions restrict the values of xz in (A5)
Rs

I

of the root lattice are defined by (2.12), we
may summarize (A8} as

B~-+4n' e(m, +'' '+m~ —km~, )

for 1 & jg &N-2, and

(ASa)
z =-8+4@ mg, g~-

k=

(A9}

B«—, +47(Ne«, (m~+ ' '+m„,),
where (2.10b) was used. Recalling that the bases

Therefore, (A5) is reduced to the right-hand side
of (A2). The proof of (AS) is similar.
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