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Analytic mappings: A new approach to quantum field theory in accelerated frames

Norma Sanchez

(Received 1 April 1981)

A new approach to quantum field theory in two-dimensional accelerated frames is presented, in which classical,
quantum, and thermal aspects of the theory are explicitly expressed in terms of analytic mappings, Each analytic
function defines an accelerated frame and a quantum produc'tion rate associated with it. Conversely, given the
quantum production rate, we reconstruct the mapping. Real singularities of the mapping determine the asymptotic
regions of the space-time. Each real singularity has an associated temperature. In particular, critical points define
event horizons. Temperature appears irrespective of the presence of event horizons. We classify the accelerated
frames in terms of the singularities of analytic mappings and their associated quantum production rates and
temperatures. It is proved that the only accelerated frame in which particle production takes place in a global
thermal equilibrium situation is the Rindler frame. Nevertheless, the Planckian spectrum is not restricted to Rindler
observers. Comparison with the existing literature is made. Generalizations of the approach are considered, for
instance its extension to four-dimensional curved space-time.

I. INTRODUCTION

Since the discovery by Hawking' of the quantum
thermal radiance by black holes, particle pro-
duction by accelerated observers is a subject
of great interest to which a considerable amount of
work has been devoted (see, for example, Refs.
2-5).

It is by now well known that the vacuum and
thermal effects characteristic of Hawking emission
are not exclusive to black holes nor tg the curved
space-time itself. They appear even in flat space-
time when quantum fields are described in terms
of accelerated coordinates. The extensive litera-
ture discussing this problem is essentially cen-
tered around one particular example: the Bindler
frame. As is known, '" it describes uniform ac-
celeration and has as a vacuum spectrum a pure-
ly Planckian formula. Until now no general de-
scription of quantum fields in accelerated coor-
dinates involving nonuniform accelerations (or
non-Planckian spectra) has been given. On the
other hand, no explicit relation between the ther-
mal aspects appearing in this problem arid the
structure of the space-time has been obtained. It
was accepted that the temperature in this context
is due to the presence of event horizons. In this
paper we give a new approach to the subject. A

large set of new results not contained in the earlier
literature has been obtained. We deal here with
two-dimensional flat space-time and free massless
scalar fields. It exhibits the essential features of
our approach and covers a rich class of situations.
It can be applied to four-dimensional curved space-
time and generalized to massive and interacting
fields. The grounds of our approach are given in
what follows: From analytic mappings considered
in Euclidean space we construct a wide class of

accelerated frames in which self-adjointness of
propagation equations and completeness and ortho-
gonality of their solutions are guaranteed. The
Bindler frame is contained here as a particular
.case. Beal singularities of the mappings deter-
mine the asymptotic regions of the space-time.
In particular, critical points determine event
horizons. We formulate free massless scalar
quantum field theory in such accelerated frames.
A Bogoliubov transformation relates the positive-
frequency ~ modes with respect to the accelerated
time coordinate t' to the positive-frequency k
modes with respect to the inertial time t. We ex-
plicitly express Bogoliubov coefficients [A~(k),
B„(k)j and the set of vacuum spectra, i.e., the
number of created ~ modes per unit frequency
[N(A)] and per unit volume [N„(X)], the energy
[H(x ', t') ] and momentum [P(»', f') j densities and
the total vacuum energy [E] in terms of analytic
mappings [Egs. (3.16)-(3.18)j. In this way, rele-
vant properties of the quantum spectra can be ob-
tained by analyzing the properties of the mappings.
Conversely, given the vacuum production rate, we
reconstruct the mapping [Eg. (3.19)]. All the ac-
celerated frames defined on an orbit of the bilinear
transformation group [O(2, 1)j have the same vacu-
um spectra. It is proved that the only accelerated
frame in, which there is a global thermal equili-
brium situation over the whole space-time is the
Bindler frame. However, the Planckian spectrum
Kv(X) is not restricted to Rindler observers. A

wide class of nonuniformly accelerated frames
have been associated with it (see also Refs. 8 and
9).

Despite being in the context of pure (not mixed)
quantum states, there are thermal features in the
theory. This fact is due to the noninertial charac-
ter of classical observers. All the accelerated
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frames constructed by our procedure entail two
characteristic parameters (TJ which play the
role of temperatures. We relate temperature
directly to the mapping [Eq. (3.30)]. Each asymp-
totic region of the space-time has an associated
temperature. Temperature appears as a concept
irrespective of the presence of event horizons
(in contrast, event horizons are relevant to the
concept of entropy'0). The spatial infinity contri-
butes to the vacuum spectrum with the same ther-
mal properties as an event horizon, each asymp-
totic region contributing in an independent fashion.

We classify the accelerated frames in terms of
the singularities of the analytic mappings defining
them and their associated vacuum spectra and
temperatures (see Table I and p. 14).

We discuss the vacuum-spectra interpretation in
terms of the measurements of accelerated detec-
tors. It can be pointed out that the interpretation
of a positive-frequency state associated with ac-
celerated time as being a real particle is nontriv-
ial even in the Bindler case. In this case, Unruh
has shown that the accelerated modes are real
particles in the sense that a quantum detector
moving with uniform acceleration detects them. '
Bather than discuss here whether the detector
measures real particles or vacuum field fluctua-
tions (see Ref. 11), we ask ourselves the following
question: Can one generalize Unruh-type detectors
to include more general accelerated motions? The
answer is affirmative. In this sense, Hindler ob-
servers (despite having a Killing vector) are not
pr eferred.

In light of our approach we discuss preceding
works on the subject. Comparison is made with
the approaches'which describe particle production
by accelerated observers or by black holes by
using moving boundaries (or mirrors). ' " The
particle production described by such approaches
is basically a Casimir-type effect. This boundary
effect is essentially different from the acceleration
effects considered by us despite giving the same
result in the Bindler case. Only in this case, the
mirror approach gives the same result as that
obtained from quantum field theory in accelerated
frames.

Finally, we discuss extensions and generaliza-
tions of our approach.

(i} Our approach can be extended to consider cur-
vilinear coordinates in the forward light cone.

(ii) We generalize our approach to the case when
two analytic mappings are involved. This allows
us to describe accelerated frames for which the ob-
servers traveling to the right and to the left have
different accelerations. The right- and left-going
parts of the vacuum spectra are then different.
Pa.st and future horizons (or infinities) can be at

II. ANALYTIC MAPPINGS AND
ACCELERATED FRAMES

We begin by considering two-dimensional space-
time because it joins an interesting physical struc-
ture to its intrinsic simplicity. In such a space-
time, we make a formal analytic continuation of
the time variable t (t -iv), making it imaginary.
We look for real analytic functions

u =f(u') (2.1)

as establishing a mapping between the points
gg =g+ir of the Euclidean plane and the points
zg'=g'+is' of a transformed one. Mappings re-
presented by Eq. (2.1) are conformal. As is well '

known, ~f'(u')
~

is the magnification factor of the
transformation and argf'(u') is the rotation angle.
Points where f'(u') =0 are critical points. The
transformation is not conformal there.

In the primed coordinates the metric takes the
form

ds' = If'(" )
I

("~ + dr ) (2 2)

The real critical points of the conformal transfor-
mation determine event horizons in Minkowski
space-time. This is so because the two families
of characteristic lines g + t = constant =c coalesce
upon going to Euclidean space to the points (c, 0),
i.e., the real axis of the Euclidean plane. In par-
ticular, the frontiers of the light cone coalesce to
the origin.

In Minkowski space-time, the mapping

x+t =gx'+ t') (2.3)

transforms characteristic lines into characteristic

different, temperatures. Moreover, there can be
a horizon in the past but no horizon in the future,
etc.

(iii} Our approach is not restricted to the two-
dimensional case. It naturally extends to four-
dimensional curved space-time admitting two
Killing vector fields. In this way, thermal as-
pects and particle production of the Kerr-Newman
and Taub-NUT (Newman-Unti- Tamburino) famil-
ies of metrics (with or without cosmological
terms) and the de Sitter solution can be analyzed
in the light of the results given here (see Ref. 10).

(iv) Our approach can be generalized to massive
and interacting fields (see Refs. 13 and 14).

In this paper, Sec. II deals with the construction
of the accelerated frames. Section III deals with
the formulation of quantum field theory and its
thermal aspects. In Sec. IV we discuss the physi-
cal interpretation. In Sec. V we compare with pre-
ceding work by other authors. In Sec. VI we out-
line the generalizations of our approach.



2102 NORMA SANCHEZ

lines. Physically, the mapping represents a
transformation from an inertial frame (x, t) to an
accelerated one (x', t'). It defines x' and t' as even
and odd functions of t,. Constant values of x' de-
fine the world lines of the accelerated observers
in the (x, t) plane. The velocity of these observers
1s

(2.4)

the (x', t') coordinate system is defined. No event
occurring outside this domain can causally com-
municate with the accelerated observers defined
in it.

In particular, it can be I =0 and gg, =+~, in
which case the accelerated frame covers the right-
hand wedge of Minkowski space-time. If u, =+
there are no event horizons (the accelerated frame
covers the whole Minkowski spa. ce-time).

In terms of the inverse function
The proper acceleration is given by

u
[ (

d d)]gym
S [LnA(x y t )] p

1
x

(2.5)

u' = F(u)

conditions (2.8) read

(2.11)

where A(x', t') =f'(x'+t')f'(x' —t').
This involves a very large class of accelerated

motions. In particular, the Hindler frame' cor-
responds to the analytic mapping

f(u ) PeR /R

and describes uniform acceleration. It can be
pointed out that bilinear transformations

(2.6)

f(u') =, (»—Py & o)
o.u'+ p
yu'+ &

(2.'I)

(2.8)

where one of the gg, or both zg, and zg can be in-
finite.

For finite u„conditions (2.8} imply

[f'(u')]„, ,„=0, (2.9)

i.e., critical points off lie at the ends of the real
axis.

An accelerated frame defined from Eqs. (2.1)
and (2.8) cover a bounded region (a rhombus)

u & ix+ti &u, (2.10)

of Minkowski space-time; x + t =u and x + t =u,
represent two event horizons. These are the
boundaries of the space-time domain over which

for [x, p, y, 6 real parameters, i.e. , the Q(2, 1)
group, also describe uniform acceleration. How-

ever, whereas the function (2.6) maps the half
axis Reu&0 onto the full real axis zg', this is not
so for bilinear transformations. In accelerated
frames whose analytic mappings do not cover the
full x' axis, self-adjointness of propagation equa-
tions, completeness and orthogonality of their
solutions cease to hold, unless additional artificial
assumptions on the wave functions are imposed.

It will be possible to carry out a field quantiza-
tion procedure in those accelerated frames defined

by analytic functions which map one to one an
interval [u, u. ]c Reu into the whole real u' axis.
That is, we require monotonic functions f(u') such
that

(2.12)

That is, F(u) have real singularities at u=u, . Real
singularities besides u, are excluded in the inter-
val [u, u, ]. F(u) may have complex singularities
but they do not influence event horizons in Min-
kowski space-time. Real singularities lying out-
side the interval [u, u, ] represent events causally
disjoint to the region (2.10). It can be noted that
a single function f(u') can define different accel-
erated frames. If f(u') is multivalued, each
branch f "'(u') such that boundary conditions (2.8)
are satisfied defines an accelerated frame. The
different accelerated frames cover causally dis-
joined regions

u"'& ~x~t ~&u,
"' (2.13)

2 y[m[= f d' d R+ f dyMyR,
m aoz

(2.14)

where g and y are the determinants of the metrics
over the manifold 3p and its boundary 85P., re-

of Minkowski space-time.
In accelerated frames defined by Eqs. (2.1}and

(2.8), self-adjointness of propagation equations
and orthogonality and completeness. of their solu-
tions are guaranteed.

physically, conditions (2.8) mean that event hori-
zons move at the speed of light (light rays take an
infinite time t' to reach them). For t'-a~ world
lines of accelerated observers tend asymptotically
to the characteristic lines x + t =u and x + t =I„
where its velocity given by Eq. (2.4) rea, ches the
values +c.

It can be pointed out that the presence of event
horizons for the accelerated observer causes a
hole in its Euclidean space. Accelerated observers
having one or two event horizons see a space with

topology characterized by Euler number X=O. Ac-
celerated observers having no event horizons or
inertial observers see a space with topology of
X=1. We recall that for a two-dimensional Rie-
mannian manifold, the Euler number is given
byl5, 5
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spectively. R and K are the scalar curvature and
the trace of the extrinsic curvature, respectively.
A boundary at a, (u } contributes with a term of
value +1 (—1). A boundary at a =+~ contributes
with +1.

It can be noted that by means of bilinear trans-
formations one can modify the position as well as
the number of horizons. For instance, bilinear
transformations such that ((»5 —Py) &0 and 5/y &0
lead from an accelerated frame defined in the in-
terval [0,~](= Reg to another one defined in the in-
terval [p/6, (2/y](= Reu. The accelerated frames
related by the 0(2, 1) transformations have differ-
ent accelerations, but as we will see in the follow-
ing section, all of them define the same quantum
vacuum spectra

III. QUANTUM FIELDS IN ACCELERATED FRAMES

C„I0'& =0 for all X does not define the vacuum state
of the theory. This is defined by

a»I0) =o v)'2.

We define

(3.7)

iogx) =)im f f oh)(h g,(iz')g"(i ',,v'))((x, x'),
y~~ 0 0

oi(~, v)=(olc,'.c.lo)=f doB;(o)a(o), (3.8)
0

which we call the production function. For X=X',
it gives the number N(&) of quanta of frequency &

in the inertial vacuum state on the total volume.
The number Nv(X) of created modes per unit mo-
mentum and volume can be obtained by introducing
wave packets, that is, wave functions normalized
in a unit volume

We proceed now to quantize a free massless
scalar field 4 in the accelerated frames described
in the preceding section.

A complete set of solutions of the conformally
invariant wave equation

where g„(A., X') is such that

d~ g ~, X' 2=1.
0

(3.9}

Co=0

is given by

2(vy}l/2 e

(3.1)

(3.2)

For instance

g„(X,A. ') =(2y/w)'" exp[-y(X- A. ') 2] .
Besides N(X, X') we can calculate the vacuum ener-
gy [H] and momentum [P] densities. These are
the vacuum mean values of the Tpp and T» com-
ponents of the energy-momentum tensor

(oi od =' f o')"o.oo. (3.3)

where

j )i —~gg )iv s s g)i)i~@

A Bogoliubov transformation

where ~'=x' —t', g'=x'+t', and X&0. Because of
Eq. (2.12), they are orthogonal with the scalar
product

l.e.)

H(x', t') =-'(0I:(s, i)'+(8 (i)': Io&,

P( ' 't=)- &0I: '(i)(' j): Io&

where:: stands for normal ordering with respect
to the creation and annihilation operators in the ac-
celerated frames.

From Eqs. (3.2) and (3.8) and by using

C), = dl2[A„(t2) a»+ B„(t2)at»]
0

with coefficients

(3.4}
dX C~ ~+ C~t

0

it follows that

(3.5)

relates the annihilation operators C„of the modes
(t)» (positive-frequency modes with respect to the
time t') to the annihilation and creation operators
a», al of the modes y» (positive-frequency modes
with respect to the time t). Here

H(x', t') =-.'[H(x'- t', 0) +H(x'+t', 0)],
P(x', t') = 2[H(x' —t', 0) —H(x'+t', 0)],

where

(3.10)

(3.11)

H(x', 0) =— d&d&'(&&')'"[8' '" " '"N(& X')Be
W p p

i(»+X)2'ft(y y))]
iku'

2(v~)2~)'~2 .

I 1 -fkp'
(3.6)

Here

a(x, ~') =(oIc„c„,Io) = dh A„(t)B,,(t).
0

(3.12)
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H and P satisfy

s,.H(x', f') + s,P(x', f') =0. (3.13)

of the mapping F(u). First, we express Bogoliu-
bov coefficients as Laplace transformations of the
accelerated wave functions, i.e.,

Asymptotically, for x'-+~, the main contribution
to H(x') comes from the values X- X'. N(X, A. ') and
R(A. , X') describe interferences between the cre-
ated modes with different frequencies ~, &'. These
interferences cancel over the whole volume as can
be seen from the relation

1/2
B)(k) =—— Z„(-ik), A~(k) =iB~(-k),

Z„(s) = due '
0

(3.15)

(3.14)

for the total energy E. The total momentum of
created modes over the whole space is zero. All
these quantities can also be expressed in terms

For real X, B~(k) [A~(k)] as a function of k is
analytic in the region Imk &0 [Imk &0] and in the
domain Imk/Rek & a[imk/Rek &-e] if e' -"' is
analytic in the region

~

Imu
~

/Reu & e.
This allows us to express N(A, X'), H, P, and

E in terms of analytic mappings. We obtain

N(~, X') =,„, . . .exp[~'F(u'+i~) —~E(u —ie)],
1 1 " " du du'

wg ', u'-u+s& '

1 1 " " du du' 1
(2mi)' ir, , (u' —u+i&)' [E(u) -x'+i&][F(u') -x' —ie]

1 1 " " du du' 1
(2mi)' 7[, , (u —u'+i&)' [F(u) —x' —ie j[F(u') —x' —i» j

'

dQ dD

(2wi)' x, , (u —u'+i&)' [E(u) —F(u')+is] '

Conversely, given the quantum production rates we reconstruct the mapping, i.e. ,

f[M') =f(u') exp(-4w) Re f —exp[i%a'[[l l ')'"N(x, v)] }},
0

(3.16)

(3.17)

(3.18)

(3.19)

which follows from Eq. (3.20) below. Here f(u,') is
an integration constant which is a scale factor of
the transformation. It can be noted that the mea-
sure du du'/(u —u'+is)' in the above integrals is
invariant under bilinear transformations. Under
such transformations, E(u) becomes a new func-
tion defining a new accelerated frame, whereas
N(X, X') remains invariant. This means that all
the accelerated frames defined on an orbit of the
O(2, 1) group have the same vacuum spectra.
Moreover, the following theorem is proven below.

Each one of the following statements implies the
two others.

(i) The production function has the form

N(X, A. ') =Nv(X) 6(&—&') .

(ii) The Bogoliubov transformation can be de-
composed as a two-term one, i.e.,

c,= [I+N,(~)]' 'c, [„)- [N,(~)]~~2c„,.

(iii) The analytic mapping is

1
F(u) = lnPu,

where T, P are real constants.
Proof: E[I. (3.16) for N(&, &') is valid for all

I

In particuiar for ~=0 one gets

l ~~OAF ~Q f 6)
= 4x2[(~~)'~2N(~, ~') ]„,(u —ie)

By Laplace transforming both sides of this equa-
tion, one obtains

f'(u') . " 1 f (~)

-4m dA. M. ''~'~ Z Z'
0

where (P denotes principal value. By using the re-
lation"

P W' dan' = dV',

one finds

, [lnf(u') ] = 4m Re d&e""'[(&&')'~N(~, &') ]),.
dQ 0

(3.20)



ANALYTIC MAPPINGS: A NE% APPROACH TO. .. 2105

N()(, )('}=NPX) 6(X- X'),

then Eq. (3.20) gives

f (+ d) —Pe2rT)d'

x.e.,

(3.21)

(3.22)

total numbers [i.ed 2 Ik(x', f') =0 for all x', f'j. It
corresponds to a thermal equilibrium situation
over the whole space-time.

A consequence of the theorem is that if N()(, X'}

satisfies statement (i), then Nv(X) is given by

F(M) = ln —,Q

2rr (3.23) v( } (el/T I) (3.29)

1
1

u u
2m'T I+ —u )

(3.24)

satisfies the theorem. This generalizes the Bind-
ler frame to the case of two event horizons.

The equivalence of statements (i) and (ii) follows
from the relation

(3.25)

where

T =[)(N (X)]

and P is an integration constant.
Then, if N(A. , A. ') has the form of Eq. (3.21), the

only possible F(2() (up a bilinear transformation}
is that of Eq. (3.22). The converse is also true,
as can be seen from Eq. (3.16). This proves the
equivalence of statements (i) and (ii). It can be
noted that as a consequence of the O(2, 1) invar-
iance exhibited by the vacuum spectra, F((() ad-
mits a bilinear transformation such that

The converse is not true. The presence of logar-
ithmic singularities in E(u} produces Planckian-
type spectra in Nv(X) even if g(() is not a pure
logarithmic function. There is a large class of
accelerated observers for which Nv(X} is given by
Eq. (3.29} but whose H(x', t') is not homogeneous
over the whole space-time. '» For these obser-
vers, the acceleration is not uniform, but for.
~'-y~ the acceleration becomes uniform. Asymp-
totically, a thermal equilibrium situation is
reached.

Prom Eq. (3.29) we see that the parameter T de-
fined by Eq. (3.23) plays the role of a temperature.
The noninertial frames constructed from our pro-
cedure entail two characteristic parameters T,.
In the vacuum spectra of "particle production"
these parameters play the role of temperatures. In
the limit (('-+~, the integral (3.20} is dominated
by those ~ in a neighborhood of X-0. According to
Eq. (3.20) and as a generalization of Eq. (3.23),
we give the following definition of temperature as-
sociated with each boundary u'=+~:

[C t.&, Ci &, &]
=f A (k)A (lt)dk

0

= [I+N„(X)]'/26(X —X'),

[C 1-) C '(-)[ JB (k)Ba'(k=ldk
0

(3.26)

which is the necessary and sufficient condition for
the Bogoliubov transformation being decomposable.
Condition (3.25} allows us to define a basis

~,(~)
[1+N ()()]1/2

B,(I)}*
t( ) [N (g)]1/2 4+ k

such that

T, =—,[lnf(u'}]„, ,„.d (3.30)

T, =~ [(u.—u)F'(u)] '—„.1 (3.31)

If u, =+~, then

Each asymptotic region u'=-~ (+~), has as-
sociated a temperature. If (('=+~ (-~) is a criti-
cal point of f(2('), T. (T ) is the temperature of
that horizon. Otherwise, T, (T } is the tempera
ture of the infinity. In the Bindler case, T, =T .
The horizon and infinity have equal temperatures
because the behavior of f(((') in such regions is
of the same type.

In terms of the inverse function, T, reads

= [N (3)]1/25(X —X') (3.27) T, =~ [uE'(u}] ',„. — (3.32)

(3.28)

We see that Eq. (3.27} gives statement (i). This
completes the proof of the theorem. Its physical
counterpart is that thp vacuum energy density is
homogeneous [it does not depend on (x', [)')]. At
each point of the space-time particles traveling
to the right and to the left are created in equal

In terms of the production function, T, are given
by

T = lim dX cosW'[(&&.')'/2N(X, &')), ,
g &~goo 0

(3.33)

In terms of the asymptotic acceleration of the
noninertial observers, T, are
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T,= , (—MAa)„,„.=1

All these results allow us to study the quantum
spectra themselves in terms of the analytic prop-
erties of the mappings. The main conclusions of
this analysis are summarized in'Table I. Explicit
examples and detailed calculations are given in
Ref. 9.

From the results given in Table I we distinguish
three basically different types of vacuum spectra:

1( 1 1
(i) N„(X)—

/
„+„),

(ii) N„(A) =0, in this case N(&) is finite and non-
zero and it is nonthermal;

(iii) Nv(A) =~.
Each one of these spectra Nv(A) characterizes

a class of accelerated frames having the same
asymptotic properties and temperatures. Nv(&)
reflects the asymptotic properties of the accelera-
tion but not their detailed behavior. This is taken
into account by N(X, A. ') and the local densities H
and P. The class (i) corresponds to accelerated
frames with logarithmic singularities for both
asymptotic regions. For the type (ii), both singu-
larities are of the power or essential type. (iii}
corresponds to log-log (or weaker) singularities.
Each one of these three classes [even the class
(i) when T, =T ] involves nonuniform accelerations
and one, two, or no event horizons. The Rindler
frame belongs to the class (i).

By combining different types of singularities one
can construct accelerated frames for which T.
is finite but T =0 and vice versa (see Ref. 9).

IV. PHYSICAL INTERPRETATION

To begin with we recall that we apply in the ac-
celerated frames the laws of quantum mechanics
as they are formulated in the inertial frames. Thi~
is a basic assumption for the entire subject.

If one considers a classical detector, then the
eigenvalues of the operators and the mean values
obtained in our formalism are the detected magni-
tudes.

If one considers a quantum detector following a
general accelerated motion, as considered here,
it must necessarily be a relativistic detector. In
particular, if the acceleration is uniform, the non-
relativistic approximation can be used to describe
the detector. 2 The general relativistic detector
can be constructed by two quantum detector fields
ya and PD of masses p and M, respectively, in-
teracting with the field 4 to be detected through
a small coupling eyDPa4'. The transition Qa- yD
shows that the 4 quanta have been detected. To
obtain this transition rate we need to generalize

our formalism to interacting fields. For this
generalization, see Refs. 13 and 14. For nonuni-
form acceleration (and massive detector fields),
besides the vacuum effects due to 0) e ~0'), there
are further contributions because 0'~') g

~

0""').
These two effects interfere coherently. A detailed
calculation to be reported in another paper" shows
that the transition rate of the detector is entirely
determined by the contribution of the asymptotic
regions of the accelerated trajectories. We con-
sider a measurement in the past (future) asymp-
totic region [-~, t~] ([to, +~]) where the charac-
teristic time of the interaction ~~to« the charac-
teristic time of the variation of the acceleration.

By using the in (out} formalism to first order in

q we obtain"

p, = e'Nv(—~.—N)o'a(~i ~2»
16

(4.1)

i.e., the [pD] transition rate is proportional to
Nv(A) mult:iplied by the form factor [oa] of the
detector. If the detector field is massless, then
~0'") = (0""') and Eq. (4.1) holds even for a detec-
tion from t'=-~ to t'=+~.

Finally, it can be pointed out that because of the
Heisenberg principle in quantum mechanics, mo-
mentum detectors must be spatially extended. To
measure a momentum k with an uncertainty LQ,
the detector must have a size h/M. That is, it
is an extended detector. Their different parts will
have different world lines and hence different ac-
celerations. In particular, in our formalism, the
acceleration is given by Eq. (2.5).

V. COMPARISON WITH PRECEDING WORKS

Several authors [see, for example, Fulling and
Davies (FD)] have discussed the problem of particle
production by accelerated observers (or by black
holes) in connection with quantum radiation by
moving mirrors. However, there are essential
differences between this approach and ours.

In their mirror approach, FD consider a trans-
formation like Eq. (2.1) to relate the trajectory
of a stationary mirror to that of an accelerated
one. FD did not consider the boundary conditions

. on that transformation in order to construct ac-
celerated frames suitable to formulate quantum
field theory. Instead, they imposed total reflection
boundary conditions on the field (4 =0 on the mir-
ror) This leads .them to a conceptually different
problem from quantum field theory in an acceler-
ated frame. The corresponding basis of positive-
frequency solutions are different. 'The FD
Bogoliubov coefficients take into account the pre-
sence of the mirror. The vacuum expectation value
(T) of the energy-momentum tensor they calculate
is a Casimir-type effect, which is essentially dif-

I
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ferent from the acceleration effects considered by
us. Only in the Rindler case the FD procedure
gives the same result as our approach. One can
compare the (T) of FD and our energy density H
[Eq. (3.17)]. In our notation, the FD formula
reads

(Zr) f4( l)1/2[f /(u4 ) 1/2]441
12g

VI. EXTENSIONS OF OUR APPROACH

A. Forward light cone

In the presence of event horizons, the acceler-
ated coordinates defined in Sec. II cover the right
light cone (or a portion of it) of Minkowski spa, ce-
time. By considering the analytic continuation
(t = t, x =ty) we can define curvilinear coordinates
in the forward light cone such that

1.e., t+x =f(t'+x') . (6.1)

E(u) = ~ lnu+ yu, (5.1)

1 ' „, 3E"(u)(')--12.Z(u) '" -2 Z(u)

Then, one can take, for example, any of the
F(u) I consider in Ref. 9 and compare the vacuum
energy H(x', t') given there with that calculated
from the FD formula. For instance, if we take

The quantization procedure described in Sec. III
can be extended directly to the forward light cone.

B. Two different mappings

On the other hand, we can generalize our ap-
proach to the case when two analytic functions f
and g are involved, i.e.,

one gets

1.e.)

1 + 3
3

2--
12m (o'+yu)' 2 (44. +yu)

(y 1 19n2 1 1
~y' u' 24my' u' u'

x t =f(x'- t—'),
x+t =g(x'+t'),

which satisfy

u, =f(+~),

v, =g(+~) .

The metric takes the form

(6.2)

(6.3)

Whereas in our problem we obtain

»llnu I

24m~' 4g'a. lnu~

d&'=f'(x' —t')g'(x'+t')(dx" —dt") .

For finite u„n„ the coor'dinates defined by Eqs.
(6.2) and (6.3) cover the region

+0 l~o 2

1 lnllnu I lnllnu
4~'~ lnu' ( (lnu')' )+9

only for u-0 (u' ——~), the FD formula reproduces
the leading term of our result. This is so because
for u-0, the mapping (5.1) becomes that of the
Rindler case.

The reason why the FD procedure gives the same
results in the Rindler case as in ours is the fol-
lowing: In the Rindler case the relevant distribu-
tion in frequencies is N„(A.) [N(X) is infinite]. As
we show in Table I, Nv(A. ) isdetermined solelyby
the asymptotic behavior ofB„(k)for k- 0 and k- ~.
These are fixed by the asymptotic values of the ac-
celerated coordinates, independent of the presence
of any mirror. Moreover, in the Hindler case the
asymptotic behavior of B~(k) coincides with the
exact one.

For any other accelerated motion, the particle
production predicted by the FD approach is differ-
ent from that obtained by quantum field theory in
accelerated frames.

u & ix-ti &u, ,

v &i xti+&v,

T„=—,[Inf (u ') j„, ,„,1 d (6.4)

T, =
2 „,[Ing(v') ]„.,„.1 d (6.5)

The complete set of orthogonal positive-frequency
solutions with respect to the time t' is

(a parallelogram) in Minkowski space-time. There
can be horizons on u but no horizons on v and vice
versa, in which cases the coordinates cover an
infinite strip at a 45' angle with the g axis. If

u, =+~ and g, =+~, there are no horizons.
Future and past boundaries at u =u and v = v

are defined here by different types of singularities
of f and g, respectively, and they have different
temperatures. Analogously, for future and past
boundaries at v =v, and u =u, (boundaries can be
horizons or infinities), i.e. ,
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1,)ty. („)0.(~) =2( ~)k/.
~'

1
)k/2 e

2~@~

Here G stands for the inverse function of g and the
arrows stand for the sense of the particle's mo-
tion.

The quantization procedure of Sec. III can be
generalized for this case, by observing that now

Then, there is one production function

N(k, k') )B;=(k)B;(k)dk
0

determined by the mapping E, and another one

k)(k, k) =j B,(k) B,.(k)88
0

determined by the mapping G. These define two
independent frequency distributions Nv(X) and

Nv(X), respectively. The spatiotemporal distribu-
tions show essentially the same structure of Eqs.
(3.10)-(3.13), i.e.,

H= —'[H(x' —f', 0)+H(x'+t', 0) j
(anaiogously for P) and

86(e', v')=(0. ", , , ", vve'i)ee»8'(a .[)'+([],»)'
f'(u')f'(t/') 4!

xexp(i JBv[P(p)]v) p] 0*)
)

(6.9)

The divergences appearing in the accelerated and

inertial frames are of the same type and one can
subtract the divergences in the sumsover the ac-
celerated modes Q„by following similar methods
to those used in the inertial frame for the modes

In Hefs. 13 and 14 we discuss the renormaliia-
tion prescription and we calculate one-loop correc-
tions to the magnitudes (6.7)-(6.9) for the case
p/(p) ~gki4. The conterterms required in the in-
ertial and accelerated frames are of the same
type. In the accelerated frame the tadpole graph
gives a nonzero finite contribution, i.e., the iner-
tial and accelerated Green's function are different.
(We recall that in the absence of interactions, the
inertial and accelerated Green's functions are the
same. )

8(» v ) (0 8(» )8(e) exp v Bv[P(v)]8 8
l 0).

(6.7)

(
ev(k„k, )=(0 0", 0„' p] fB,[p(v)]B vl'0}, (6.8)

E= d&XN(X)+ dXXN(X) .
0 0

C. Massive and interacting fields

The above approach can be also generalized to
massive and interacting fields. The Klein-Gordon
equation in accelerated coordinates reads

[ "+m'f'(x'+t')f'(x' -t')jvj(x', t') =0. (6.6)

Asymptotically, f'(u') -0 for f'--~ (+~). This al-
lows the definition of positive- and negative-fre-
quency in (out) states and their associated opera-
tors C„„,C~~,, (C„,„„Ct~,„,). The quantization
procedure follows from that of Sec. III. One has

c„„~o,.&=o (c„„,~0.„,&=o).

In this case there is also a Bogoliubov transfor-
mation between the in and out accelerated states,
because the second term of Eq. (6.6) depends in
general on f'. Only in the Rindler case, ~0,', )
=

~
0,'„,) up to a phase factor.
The interaction-picture formulation as it is

known in the inertial frames holds formally in the
accelerated ones. The differences come from the
renorma!ization (see Refs. 13 and 14). In the
presence of interactions the connected Green's
function 9(x„x,), the production function '.R(X, X'),
and the vacuum energy density K(x', f') are defined
by

D. Four-dimensional curved space-time

Two-dimensional space-time treated above can
be considered as embedded in a four-dimensional
space-time 'Jg with metric tensor g. If 3P admits
two Killing vector fields, such a two-dimensional
manifold can be taken as the fiber of the manifold

9p considered as an appropriate fiber bundle.
Then, the maximal analytic extension of can be
obtained from a mapping like Eq. (2.1) satisfying
boundary conditions (2.8). It transforms from the
coordinates (x', f') (in which g has the removable
singularities) to the maximal coordinates (x, f).
Examples of this situation are the Kerr-Newman
(KN) and Taub-NUT (T-NUT) families of metrics
with or without cosmological terms, as well as
the de Sitter solution. For all these cases, the
mapping defining the maximal extension is

u ~f(u') =e"'

E(u) = l oun.

For KN, u = r» + t» are the Kruskal-type (r», t»)
coordinates, gg

' = z*+ t are the Schwarzschild-type
(r*, f) coordinates, and

M
~2+ )2+ 2 1/2
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where M, l, Q are the characteristic parameters
of this metric. . For T-NUT, u= /~+fr, u'=tji+t*,
and

M(M+1)+2[L —M(M +L ) i ]
2L(M2+ L2)&/2

(M, L being the parameters of this metric).
The theorem of Sec. III concerning the logarith-

mic mapping as well as the conclusions on logar-
ithmic singularites given in Table I hold in these
cases. Quantum and thermal aspects of particle
production in these metrics can also be analyzed

from the geometrical and topological properties
of the mapping f. The differential winding number
of the mapping gives the temperature of the vacu-
um spectrum. In this context the meaning of
temperature is the following. If we call t.' the
classical trajectories of the accelerated observers
for the imaginary time, the differential angle
rotated by 8 around the real singularities of the
mapping measures (in units of 2w) the temperature
carried by the singularity (see Ref. 10). For all
the above metrics, T.=T =1/2wn.

~S. W. Hawking, Commun. Math. Phys. 43, 199 (1975);
Phys. Rev. D 13, 191 (1976); 14, 2460 (1976).

2W. G. Unruh, Phys. Rev. D 14, 870 (1976).
3P. Candelas and D. J. Raine, J. Math. Phys. 17, 2101

(1976).
4P. C. W. Davies and S. A. Fulling, Proc. R. Soc. London

A348, 393 (1976); A356, 237 (1977).
~S. M. Christensen and M. J. Duff, Nucl. Phys. B146, ll

(1978).
6W. Rindler, Am. J. Phys. 34, 1174 (1966).
7S. A. Fulling, Phys. Rev. D 7, 2850 (1973).
N. Sanchez, These d' Etat, Universite de Paris, 1979
(unpublished).

N. Sanchez, Phys. Lett. 87B, 212 (1979). See also

Meudon report (unpublished) .
N. Sanchez, Proceedings of the 2nd Marce]. Grossmann
Meeting on Recent Developments of General Relativity,
Trieste, 1979 (North-Holland, Amsterdam, to be
published). See also Meudon report (unpublished).
D. W. Sciama, in Centenario di Einstein (1879-1979),
(Ciunti Barbera Universitaria, to be published).
S. A. Fulling, J. Phys. A 10, 917 (1977).

~3N. Sanchez, Phys. Lett. 81A, 424 (1981).
~4N. Sknchez, Meudon report (unpublished).
~ P. Gilkey, Adv. Math. 15, 334 (1975).
~6I. M. Gel'fand and G. E. Shilov, Generalized Eunctions

(Academic, New York, 1964), Vol. I.
N. Sanchez, Phys. Lett. B (to be published).


