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Some consequences of extending the SU(5) gauge symmetry to the generation symmetry
SU(5)' y, SU(5)" && SU(5)'
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The possibility that each fermion generation has its own flavor-color SU(3)'. XSU(2)~ &(U(1)l (i = e,p, r) symmetry
is entertained in the SU(5)' X SU(5)~ XSU(S)' generation symmetry. It is shown that its subsequent descent to the
low-energy symmetry SU(3), &(SU(2)~ &U(1) through several intermediate stages leads to (i) a renormalized weak

angle sin'8~ that lies within the presently a11owed experimental range, and (ii) low intermediate mass scales that can
fill the energy gap between 10' GeV and 10'"—10"GeV encountered in the simple SU(5) theory.

I. INTRODUCTION

Present-day attempts at building a realistic
and perhaps aesthetically appealing unified pic-
ture of the interactions that govern the realm
of elementary particles hinge upon the hypotheses
that (i) these interactions —at least the strong,
weak, and electromagnetic —are described by a
gauge symmetry that is broken, and (ii) the dis-
parity in the strengths of these interactions is
the consequence of the decoupling theorem of
Appelquist and Carazzone. '

The precise mechanism of symmetry breaking
is still unclear. It could be either spontaneous,
needing elementary scalars, or dynamical, needing
composite scalars formed from exotic fermions,
An example of (i) that has empirical support is
the electroweak theory of Glashow, Salam, and
Weinberg' that partially unifies the weak and the
electromagnetic forces. In this 'theory the spon-
taneous breakdown' of the SU(2)~ x U(1) gauge
symmetry to U(1), is manifested in the relation
(M~/Mzo cos9~)'=1 and is in remarkable agree-
ment with the experimental value'

(M I,/M~o cos9q,)' = 0.985 + 0.023 .

Here ~~ and ~~0 are the masses of the charged
and neutral gauge bosons and 8~, better known
in the form of sin'9~, is the weak angle. That the
application of (i) and (ii) does lead to a nearly
successful synthesis of the strong, weak, and
electromagnetic interactions was first demon-
strated by Georgi, Quinn, and Weinberg' in the
SU(5) grand unified theory of Georgi and Glashow. '
For the hierarchy

SU(5) =SU(3),x SU(2) x U(l) — SU(3),x U(l),
Ng 102 0@V

they show'ed that the renormalized weak-angle
(sin'9~) expression at the renormalization point
p. =M~ and the grand unifying mass M~ are given

by'

sin'9~(M~) = —+ — ~, (1.2)
1 5 n(M~)
6 8 n, M, '

Mc 1 8n(M~)
M~ 6eK 3n(M )

where n (n, ) is the electromagnetic (strong) fine-
structure constant and e'K= 11n(M~)/6v For.
n(M~) = 1/128. 5, n, (M~) = 0.13, Eq. (1.3) gives
M~ of order 10" to 10"GeV which leads to the
proton lifetime falling within the experimentally
a11owed value of 10""yr. For the same values
of n and n„Eq. (1.2) gives sin'9~=0. 20, close
to the world-average experimental value' sin 9~~,~
= 0.23 + 0.015. However, this small discrepancy
between the predicted and the experimental value
of sin'8~, the enormous energy gap between
M~ (=10' GeV) and M~ (=10" to 10" GeV), and the
fact that there are three generations of fermions,
each treated sequentially, suggests that the sim-
ple SU(5)-based elementary-particle synthesis
ls far from complete.

The straightforward embedding of the low-en-
ergy interaction symmetry H = SU(3), x SU(2)~
x U(l) together with the generation symmetry
SU(2), SU(3). . . of the electron, muon, and r
families into a symmetry larger than SU(5) is
uninteresting since such an extension leads to the
same weak-angle and energy-gap predictions as
in the simple SU(5) theory. Alternative ways of
enlarging H are to consider the following three
pos s ibilities.

(i) Each family has a distinct flavor SU(2)~
x U(1) symmetry but shares a common color
SU(3), symmetry, i.e.,

a - [SU(2), x U(l)]' x [SU(2), x U(1)]

x [SU(2) x U(1)]' x SU(3), .
(ii) Each family has a distinct color SU(3), sym-

metry but shares a common flavor SU(2) z x U(1)
symmetry, i.e. ,
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H- SU(2)i x U(1) x SU(3); x SU(3); x SU(3);.

(iii) Each family has a flavor and color sym-
metry of its own in which case

H-H'xH" xH', where H'=SU(3),'x SU(2)i& x U(1)'
(i=e, p, , ~)

The last possibility, of which the former two
are special cases, is realized in the generation
gauge symmetry G = SU(5)' x SU(5)' && SU(5)' con-
sidered first by Elias and Salam' to explain the
hierarchy of fermion masses between the different
generations. In their work it was assumed that
the descent of the intermediate stage H' ~ H" x H'
to II involved a single mass scale and the pre-
diction for the renormalized weak angle sin'8~
turned out to be the same as in the simple SU(5)
theory in Eq. (1.2). The present work is a gen-
eralization of their work (Ref. 8). It is shown
that the subsequent descent of G to H can involve
several intermediate mass scales and the re-
normalized weak angle sin'9~ turns out to be a
probe of the intermediate region between
H'xH" xH' and H.

II. THE MODEL

Grand unification based on the generation gauge
symmetry G = SU(5)' x SU(5)' x SU(5)' is a straight-
forward generalization of the simple SU(5) theory.
In it the electron, the muon, and the & families
are each assigned an SU(5) gauge symmetry of
their own. Thus the fermions of each family form
the fundamental 5 (g,') and the antisymmetric 10
(P,o) dimensional representations of their generic
SU(5)' (i=e, p, r) and anomaly cancellation pro
ceeds just as in the simple SU(5) theory. A set
of discrete symmetries e —p. w is imposed on
G for one coupling constant, i.e., g, =g =g,.

Let g be the common gauge coupling of the gen-
eration group G-. The interaction of the fermions
in g& and g&&o (i =e, p, , r) with the gauge bosons of
G is given by the Lagrangian I ~, where

5 I /2 /0 (&s) go(g ) . go(g )+
g&s) g&o) g&&')+ + (2.2)

X ~ 8
+ig &Tio I'Y

2 4&o& + (e P)+ (i& ))~-
(2.1)

The charge assignment of the fermions, i.e.,
fractional charges for the quarks and integer
charges for the leptons, fixes the structure of
the photon field A and the electric charge e to be

A Wo'g) Wo~) Wo
L + L + L

+(e) +~I ) +(~)

1 1 1 1
2 Q')2 Qt)2 (g )2

W2

5 1 1 1
&«)o + &«)2 + &r&28'5 8'5

(2.3)

Thus the weak-isospin current of the e, p. , and v

families couples to the diagonally summed in-
dividual weak-isospin gauge fields Wi«& (i = e, p, r)
in Eq. (2.2) and the resultant SU(2) [=—SU(2)"o"]
weak-isospin coupling g, (p) at the renormalization
point p, is given by

2.4)

III. CONSEQUENCES

In the primary descent, each SU(5)' in the gen-
eration group G descends to its subgroup H'
= SU(3),' x SU(2)~& x U(1) ' (i = e, p, , r) through mass
scales I,, M~5, and M,'. In the secondary de-
scent a possible scenario by which the surviving
residual symmetry H'x H" xH'=SU(3)' x SU(3);
x SU(3); x SU(2)i x SU(2)i x SU(2)ix U(l)' x U(1)'
x U(1)' descends to the observed low-energy sym-
metry SU(3)',+""x SU(2)"""x U(1)'+""-=SU(3)
x SU(2)i x U(1) is the following: For energies
below the intermediate mass scales (M;, M;, M;),
each family has its own flavor SU(2)i& x U(1)' and
color SU(3),' (i=e, p, r) symmetries. At energies
equal to intermediate mass scales (Moo', M, ",
Mo)") the flavor and color symmetries of the muon
and the 7 families combine into a common flavor
weak-isospin SU(2)" ', weak-hypercharge U(1)"",
and color SU(3),"' . With further descent in en-
ergy, the electron, muon, and 7' families evolve with
[SU(2)', SU(2)"', U(1)', U(I)""J flavor and [SU(3);,

Similarly, for the weak-hypercharge current the
resultant U(1) [=U(1)"""]coupling g, (p) is given
by

g'())) 3 g" ())))g~) (q)+g&) (q))l.

(2.5)

From Eqs. (2.3) and (2.4) and the usual definition
of the weak angle,

(2.8)

the bare value of the weak angle at energy scales
where all couplings are equal is —„', just as in the
simple SU(5) theory. However, the renormalized
weak angle turns out to be different since G de-
scends to H through more than one intermediate
symmetry stage. This and its consequences are
discussed in what follows.
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SU(3),""]color symmetries until energies equal
to intermediate mass scales M3
are reached. At these mass scales the flavor
and color symmetries of the electron, which up
to now were evolving on their own, unite with the
corresponding symmetries of the muon and &

families to give the observed SU(3) "+' of color
and SU(2)"'"x U(1)'""of flavor electroweak

interactions. Thus the. various subsymmetry
stages in the secondary descent of H' x H~ x H'
to the observed symmetry H = SU(3), x SU(2)~
x U(1) divide the energy scale into regions of en-
ergy with boundaries marked by the intermediate
mass scales (M~'", M "")(a=1, 2, 3). The ef-
fects of various mass scales are summarized
below:

SU(3); x SU(3), x SU(3); —SU(3); x SU(3)~" = SU(3) ~"—= SU(3)„

SU(2)' x SU(2)" x SU(2)' = SU(2)' x SU(2)~" — SU(2)'~' ' = SU(2)~,
u+l

2

U(1) xU(1) xU(1)' =U(1) xU(1)" = U(1)e+v+(' P(] )

Their magnitude characterizes energies at which
new interactions are manifested with strengths
given by the running coupling constants g', (p.),
g,'(p, ), g,'(i(,), g,""(p,), g", ""(p.), where a = 1, 2, 3
correspond to U(1), SU(2), and SU(3) groups,
respectively. For instance, in weak interactions
the three families share the same weak-isospin
coupling constant g'2""=—g2 for energies below
the mass scale M; ". At energies equal to
M',"",g, splits into g', of SU(2)' and g3'+') of the
SU(2)"". Thus M,'~" signifies the mass scale
at which the electron-muon universality is lost.
Further ascent in energy splits g,"into g, and

g'2 at mass scale M,'". This "cascading" of the
coupling constant is also believed to occur with
g3""(-=g,) and g", '" (=-g,). A special case is the
situation in which the SU(2)~ universality of the
coupling g, between the families could be lost at
one go' at a common mass scale M',""instead
of two stages at mass scales M,"and M',"".
However, due to a lack of knowledge at present
as to how the universality breaks down, if at all,
the discussion is left general.

Application of the decoupling theorem of Ap-
plequist and Carazzone leads to the following ef-
fective coupling constants for various energy
regimes:

M~" M'""& „&M'321& 321 I 5

1 -1 M,'+A, ln ', f=e, p, , r; (3.1)

I

M & p &M"'"
W' 3 2, 1

1 . 1 1

g '(I(,) g "(M""") g"""(M""'")

Me+g+~
+C ln ', a=1, 2, 3;8

p
(3.3)

sin 9((,(Mv) — +, , + 3 e Kln
Q ( g/

(3.4)

and the intermediate mass scales M", ', M~",
M;"", Mv (a=1, 2, 3) satisfy the relation

M~M~ M' 4 M""M"""
5 5 5 +4)n 2 21

M M"+&M~~+ ~ 3 ~ M~' &M~+"'
W' 2 2 3 3

1 8o((M~) i
6e'E 3 (M )

where A, =b, A, = (b —2K), A, =b —3K, 8, =2b,
B2=2b —2K, B3=2b —3K, C1= 3by C2= Sb —2K,
C, = 3b —3lf', ff'= l l/24v', b is the total contribution
from the fermion multiplets, (1/12v') (—,') from
the fundamental 5-dimensional representation and
(1/12'') (—,') from the antisymmetric 10-dimen-
sional representation, and M~ (-100 GeV) is the
mass of the charged gauge boson of SU(2)~'""
= SU(2)i.

From Eqs. (2.6), (3.1), (3.2), and (3.3) the
renormalized weak-angle expression at the re-
normalization point p. equal to M~ is found to be

M'""& „&M'" ~

'3, 2, 1 ~ 3, 2, 1'

1 1 1

g (P+(')&(p) g (P )2(M((+(') g (&)2(MP+(')

+B ln (3.2)

Comparing Eqs. (3.4) and (3.5) with (1.2) and
(1.3) for the simple SU(5) theory, the logarithmic
term in (3.4) makes up for the small discrepancy
between the experimental and the predicted values
of sin'8~, while Eq. (3.5) gives a relation between
the various mass scales instead of fixing one
unifying mass scale as in Eq. (1.3). For o. = 1/128.5,
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n, = 0.15, the ratios

and

MP, +'KMg+P +Y
2 2

M"' M'+""
2 2

2 II~A +&Me+W+&
LVL 3

of the mass scales for a range of values of
sin H„are

sin Ogp

0.21
0.215
0.22
0.225
0.23

R,
1012,6

1012,4

10"'
1011,5

]011,1

R2

10'
10'2
10'4
10"
10

Only the ratio M;/M~ is relevant for proton decay.
Fixing M;/M~ =R, with M~ =10' GeV gives values
of M,' that fall within the range 10' '"' GeV re-
quired for the proton lifetime to be of order
10'~' yr. Taking sin'8~=0. 23 and M;-10"GeV
fixes M,"M,'/M", "M;""to be of order unity and

R,-10'. These constraints are satisfied if the

mass scales are chosen to be M", /M~=M,""/M~
=10, M, /M~=&2'~' /M~-10', M,"' /M~-10,
and M"""/M~= 104.

Thus not only is the value of sin'8~ brought
within the lower end of the experimentally allowed
range but also the energy gap between M~ and M;
is filled with low-intermediate mass scales. The
other mass scales M» M", , M,', M", ",M", " ' dictate
the structure of the U(1)'s operating at energies
relevant to these mass scales and are not con-
strained by Eqs. (3.4) and (3.5). A possible
handle on their magnitudes can be provided by
future high-energy neutral-current phenomenology.

In passing it is to be noted that values of
sin'8~&0. 23 cause M', to decrease, rapidly from
order 10'~ GeV, making the proton lifetime con-
siderably shorter than 10"yr. One possibility
that remedies this defect is that the fine-structure
constant o.(Ms) is less than the currently favored
value" of 1/128.5. Then values of sin'8~&0. 23
and M;-10' to 10"GeV are simultaneously
allowed (Table I).

The other possibility is a radical departure
from SU(3), x SU(2)~ & U(1) as the low-energy
symmetry of strong, weak, and electromagnetic
interactions. It is conceivable that right-handed

TABLE I. Constraints on the ratios It t = %PS +Ms /Mz~+ ~M2+ &+ ~ and R2 =~+~ AP&+&+~/
++~ hP&+t'+~ for a range of values of o. , o.~, and sin28~.

Sin2+
CR =

128,5
Rf R2 Rf

G =—
132

R2 Rf
CV =——1

137

0.21

0.215

0.22

0.225

0.23

0.1
0.13
0.15
0.17
0.20

0.1
0.13
0.15
0.17
0.20

0.10
0.13
0.15
0.17
0.20

0.10
0.13
0.15
0.17
0.20

0.10
0.13
0.15
0.17
0.20

1pi2.6

1pi2,4

1pii.9

1p11.5

1011.1

1p0.23

100.58

1p0.83

101'0

1pi, 24

1p0.52

1p0,86

101,12

]Qi y3i

1pi,53

1p0.81

1 pi .15

1pi s41

10'60
101.82

101 1

1pi,44

]01 e7

1pi.9
]Q2gf

101,4
101,z
1p2,0 .

]Q2s2

1o"

1p13,0

1p12,6

1pf 2 o2

1pii.8

10fiA

1OO'
100 6

10»
1P1.1
101'3

. 100,6
1p0,8

10
1o'-'
1pf .6
1O"
1pi, 2

1O"
10 '7

101 9

101'2
1P1,5
101,8
102'0
-102 2

1pf ~
1pi.8
1p2Q

102
102~

1pi3.5

]Q13s1

1012.6

]p12 e3

1p '
100.7

1pi, 0

101.2
101,4

1pO. Z

1pf,0

1O"
1O"
]pfe7

1O"
1 pi.4

1O"
1p1.8
1O"
1 pi.3

1pi.7
1st'
1Q2 ai

1p2g3

101,6
1p2,0

1Q2 2

1p2,4
102,6
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currents exist and the structure of the low-energy
symmetry is SU(2)~ x SU(2)s x U(1)~ „xSU(3)„
which is contained in the Pati-Salam group
SU(2)~ x SU(2)sx SU(4),. In this case each family
is assigned an SU(2)~ x SU(2)s x SU(4), symmetry
of its own and performing the same analysis as
before on the SO(10)' x SO(10)" x SO(10)' generation
symmetry leads to the renormalized value of the
weak angle that covers the entire experimentally

allowed range sin'19~= 0.23+ 0.015 and admits low-
intermediate mass scales in the energy gap at the

same time. Some details of this are presented
in Ref. 8.
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