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It is stressed that if neutrinos are massive they are probably of “Majorana” type. This implies that their magnetic-
moment form factor vanishes identically so that the previously discussed phenomenon of spin rotation in a magnetic
field would not appear to take place. We point out that Majorana neutrinos can, however, have transition moments.
This enables an inhomogeneous magnetic field to rotate both spin and “flavor” of a neutrino. In this case the spin
rotation changes particle to antiparticle. The spin-flavor-rotation effect is worked out in detail. We also discuss the
parametrization and calculation of the electromagnetic form factors of Majorana neutrinos. Our discussion takes
into account the somewhat unusual quantum theory of massive Majorana particles.

I. INTRODUCTION

The growing presumption that neutrinos may ac-
tually be massive particles' makes it interesting
to reexamine their properties, especially in the
light of the modern gauge theories of weak inter-
actions. The “classical” questions are: how do
neutrinos interact with (i) electromagnetic fields,
(ii) gravitational fields, and (iii) matter (absorp-
tion and coherent scattering). Here we shall be
concerned with an aspect of case (i)—the interac-
tion of neutrinos with magnetic fields. It has been
realized for a long time? that the weak interactions
should induce a neutrino magnetic moment of,
roughly,

eGpm,, (1.1)

where G is the Fermi constant, e is the proton
charge, and m, is the neutrino mass. The effect®
of a nonzero moment is, of course, to rotate the
neutrino’s spin when it encounters a magnetic field.
There has been interesting speculation in the liter-
ature® about whether or not there exist somewhere
in the universe (or laboratory) strong enough
fields to give observable effects with moments as
small as those given by (1.1). We shall not focus
on this matter here. Our goal is to illustrate an
interesting theoretical aspect of neutrino spin
rotation, in the case wherein neutrinos are de-
scribed by Majorana fields. The usual scenario

is then not directly applicable, since a Majorana
neutrino cannot have a magnetic moment. His-
torically the possibility of neutrinos being of Ma-
jorana type has generally been thought very exotic,
even though it was recognized? that the interactions
of a zero-mass Majorana neutrino are indistin-
guishable from those of a chirally projected Dirac
particle. Even if the neutrino has small mass the
differences are extremely difficult to detect. We
would like to emphasize that the possibility of the |
usual neutrinos (assumed massive) being of Ma-

#

jorana type is, rather than an isolated curiosity,
actually the most probable situation. There are
two reasons for this. The first is that the usual
neutrinos which emerge® from grand unified the-
ories like SO(10) are of this nature. The second
reason is perhaps more profound and is inde-
pendent of which gauge theory turns out to be most
nearly correct. It is simply that the most general
description of spin-3 particles is in terms of two-
component Weyl or van der Waerden spinors,
which amounts to the Majorana description. In a
fundamental weak-interaction theory it has come
to be accepted that it is unaesthetic and unnecess-
ary to make any ad koc assumptions about the C,
P, and T properties of the Lagrangian: the theory
itself will decide on which (if any) symmetries of
this type should emerge. A four-component Dirac
description of a massive spin-3 particle can be
thought of as an amalgamation of two two-com-
ponent spinors in order to achieve a linear trans-
formation property under parity. Therefore, it is
unnatural to expect that the fundamental fields of
the theory be Dirac fields: The Dirac theory is a
special case of the theory of two massive Weyl
fields.® (The Majorana description of a massive
Weyl field amounts to halving the degrees of free-
dom of the Dirac theory by imposing a constraint.)

If one grants the force of the above argument it
appears that neutrinos should not suffer any spin
rotation in a magnetic field. However, this con-
clusion is not true. As we shall see it is possible
for a pair of Majorana neutrinos to have a trans-
ition moment , roughly analogous to the Z°-A hy-
peron transition moment. This will enable a neu-
trino of a given spin to rotate into another neutrino
of different spin in the presence of a magnetic
field. For this to happen the magnetic field must
be inhomogeneous either in space or time. There
is another interesting difference between this spin
rotation and the spin rotation for a Dirac neutrino.
In the case of a massive four-component Dirac
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neutrino it is expected that lepton number is con-
served. An antineutrino which, for example, has
been produced in 8 decay will after spin rotation by
a magnetic field lose some of its effectiveness for
producing e*’s, p*’s, etc., and not gain anything
in return. [This is true in an SU(2) ® U(a) gauge
theory of massive Dirac neutrinos.] On the other
hand in the present case the effect of a magnetic
field on an antineutrino produced in 8 decay will
be to enhance its strength for producing e™’s, etc.:
In the present case the magnetic field rotates par-
ticles into antiparticles. In fact our original mo-
tivation in examining this question arose from an
attempt to upgrade a neutrino-to-antineutrino-os-
cillation “thought experiment” (which was shown’
to be sensitive to new CP-violating phases) to the
status of a process which could conceivably be ob-
served in an astrophysical environment.

In Sec. II the kinematics of massive two-com-
ponent neutrinos is briefly reviewed. The general
electromagnetic form factor is presented and it is
shown that the diagonal moment-type form factors
vanish identically. More discussion on the theory
of Majorana neutrinos is given in the Appendix.

In Sec. III we calculate the matrix element for a
neutrino of one type to transform to a neutrino of
opposite spin and different type in the presence of
an inhomogeneous magnetic field. For illustration
we adopt a particularly simple type of inhomogen-
eity—a space pulse—and construct an effective
four-level Hamiltonian to approximate the system.
This permits us to find the transition amplitudes
after passage through the field region. There is
a certain methodological interest in the construc-~
tion of the effective Hamiltonian. This is because,
as discussed in the text, one cannot write down
a first-quantized description of a system involving
massive Majorana particles in the ordinary way.

Section IV contains a brief discussion of the
order of magnitude of the spin-flavor-rotation ef-
fect and the possibilities for enhancing it. We also
show how the existing calculations of neutrino de-
cays for massive Dirac neutrinos in SU(2), ® U(1)
gauge theory can be used to furnish the intermedi-
ate-boson loop contribution to the Majorana-neu-
trino transition form factor.

II. TRANSITION MAGNETIC MOMENT

First we write down the Lagrangian density for
n free two-component (Weyl or van der Waerden)
spinor fields v, of different masses m,:

n

L ==Y [ivhou.8,v, +3(Wiowem,+Hoc)].  (2.1)
o=l

Here we are using

0,=(5,-i), (2.2)

and the m, are taken to be real by cornvention. The
SL(2,C) covariance of (2.1) may be seen mani-
festly by introducing dotted and undotted spinor
indices as follows:

o t_(,He
v=-v*, v, (2.3)
(cu-)a'b 9, = aa;,’ (Uz)a‘,,=-i€;',, .

Then (2.1) can be rewritten

Liree == 2‘5 [i(vz)“ 9,08 -%(viia;,vz +H. c.)], (2.17)
It may be noted from either (2.1) or (2.1’) that the
mass terms of the free Lagrangian will vanish if
the v,’s are ¢ numbers. We overcome this prob-
lem by treating the v, as quantized anticommuting
fields from the beginning. A convenient field ex-
pansion, discussed in Sec. II and the Appendix of
Ref. 6 is obtained in terms of the left-handed
components of the ordinary massive Dirac wave
functions #‘” and v”. In this way, with a repre-
sentation of the Dirac algebra where v, is diagonal,
one finds

()5 B e
0 P 4 + e OEAND)], (2.4)

where Cz"’T=v"  C being the charge-conjugation
matrix. The quantization of the Majorana field dis-
cussed by Case® is a special case of the above
wherein the spinors are taken to be helicity eigen-
states (see the Appendix). It is also helpful to

give the intermediate-boson term of the charged
leptonic weak interaction. The explicit form this
takes depends on the gauge theory of interest. If
we restrict ourselves to SU(2), ® U(1), the inter-
action form depends on how many of the v, belong
to left-handed doublets. For simplicity let us as-
sume that all » of them do (the more general case
is discussed in detail in Ref. 6). Then the inter-
action term is

n

. -1/ T/ — 1%
£,,=927 AW, ) T yuK,,| P FH.C., (2.5)
. o,B =1 0

where K, is the unitary mixing matrix. It is ap-

parent from (2.4) and (2.5) that the usual theory

is recovered when all neutrino masses vanish. In
that case one of the #” and one of the v do not
contribute because of the (1+y;) projection.

After these preliminaries® we will write the ef-
fective electromagnetic interaction of magnetic-
moment type between a pair of neutrinos, say v,
and v,. The most general effective electromag-
netic interaction involving v; and v, may be writ-
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ten'® as

2
o™= Z v [jug(D)(cuD - 0,8,8,)4, |y,
d,Ba

+[% vlelo,0,v,R(Q)F, +H. c.] , (2.6)

where A, is the electromagnetic field, F,, =9,A,
-9,A,, and O is the d’Alembertian. j,4(0)=5%,(0)
and #(0), the form factors,* are complex functions
of O. In checking the covariance of (2.6) it is
helpful to use (2.3) above. The effective low-energy
moment-type interaction is the last term of (2.6)
with 2(0) replaced by 2=h(0):

EM ik

oy vIelo,0,v,F,, +H.c.

=hvf 0,5+ (B+iE)y +H.c., (2.7)

In (2.7), B and E are the magnetic and electric
fields. CP invariance would require % to be real.
This statement follows from the assumed CP

transformation properties
EEx,t) -~ E(—i, 1), ﬁ(?:, t)~-B(-%,1),
Val®, 1)~ —ic, K=, 1) . (2.8)

The last of these has a unique phase, required in
order to keep the free Lagrangian (2.1) CP invari-
ant with the convention of »eal m,.

Finally, we can verify that the diagonal moments
vanish since :

O=O'MTO‘20'VF‘,_V=0T
and
vIoy=-vT0Ty=0,

by virtue of the anticommuting property of the v
fields. This argument does not eliminate the off-
diagonal moments, of course.

III. SPIN-FLAVOR ROTATIONS

As noted in the last section there is no “first-
quantized” description of a massive two-compon-
J

ent field in terms of c-number wave functions.'?
Thus it is better to use perturbative field theory
directly, considering the S-matrix element for
the interaction of v, and v, with an external mag-
netic field B=1B(x). Using (2.7) and the field ex-
pansion (2.4) we find

(Vupl,"" |S | pr,'r) = %lTr'r fd“xB(x)e”P"" "
. (3.1)

mmy\Y2 . [n.ge?* 0 -
Twﬁ(;‘p—,z) W) "o )w®). (B.2)
0P8 0 H-Be

Here 7’ and p’ are the spin and momentum labels
of the final neutrino v, and 7 and p the same for
the initial neutrino v,. The phase  is defined from
h=|h|e*®*/?)  The Dirac spinors above are to
be considered in a vy -diagonal representation. If
the external field B is constant in space and time
the integral in (3.1) will be proportional to
54(p—p’). This will vanish if the neutrino masses
m, and m, are different. Thus we must consider
a magnetic field with some space-time inhomo-
geneity in order to find an effect. The simplest
choice is a “space pulse”"

0, |z|>L
B

B(x,y,z,t)=B(0,0,2,0)= { (3.3)

0s |z| <L

Such a choice can, of course, only be an approx-
imation; it is similar to the field that a neutrino
would see in traveling along the z axis through the
center of the gap of a (gigantic) horseshoe magnet.
With (3.3), the x and ¥ components of the mo-
mentum as well as the energy of the neutrino will

- be conserved. The change in mass will be com-

pensated by a change in z component of momen-
tum. We shall adopt (3.3) for the purpose of-il-
lustrating the spin-flavor-rotation effect. Assign-
ing to 7 the values of + helicity and - helicity and
using the v -diagonal-representation spinors of
the Appendix, we find for the S-matrix element

3 . . — ’ L
<u1,z>'|s|uz,m=&”’V—'f"—30a(p,-p;)a(py—p;)a(po—ppS—Lﬂ—ﬁ—l‘“; — Ll g, (3.4)
) (3.5)
T: TQ"" T*- ,
T.. T

- 2

T, = -1 zg,(m”[mm]u[

boPo ma(py + 7).

ma(py +e;>]“2}
mi(po*+p,)

(3.6)

T, =1%,= i) iny) (MZ-) 1/Z{e-nl:m (o= )]1 . e"*[mz(éo' + Q',)]1 /2} .

2 bobo ma(ph + b))

my(py=p,)
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The last two expressions simplify considerably
if the neutrino masses m; and m, are small com-
pared to the momenta:

n o .
T..~ —J—(e Ixmi + e‘lmz) N
2P

T,.~(n,—in)e'™ .

(3.7)

With =0, (3.7) and (3.5) are of the same form as
the spin-rotation Hamiltonian!? in the Dirac the-
ory, although the interpretation is different.
Notice that 7'.. is generally negligible compared
to T,.. This shows that the components of mag-
netic field perpendicular to the neutrino’s direc-
tion of motion are the effective ones for causing
spin rotations. (This would also lessen the ef-
fects of the “fringing” field.) It is most con-
venient to orient the x and y axes so that

T, =~sinf, (3.8)

0 being the angle between the direction of the
beam and the magnetic field. ‘

From the discussion above it is clear that there
are nonzero matrix elements for a Majorana neu~
trino of one flavor to make a transition in the
presence of an inhomogeneous magnetic field to
a Majorana neutrino of different helicity and dif-
ferent flavor. In order to make this more vivid
let us focus on the flavor and helicity labels des-
cribing a neutrino beam. Define an effective
four-level Hamiltonian by

(v’ | S| vapr)

- 3
==HBRE) 5, - pi)op, - p5(p, - 1)

X (ugr" | Hoge | va?) . (3.9

The order of the labels is (1+, 1-, 2+, 2-) with
the first label describing flavor and the second,
helicity. Comparing this with (3.4) gives

. o .
Heg= IhlBo{ﬁ%‘Ej—pg’i—L—]Kigt f)T) , (3.10)
where 7 is defined in (3.5) and (3.6) and approx-
imated in (3.7) and (3.8). Note that H,, is Her-
mitian. The factor in curly brackets is a geo-
metrical factor describing the “shape” of the ex-
ternal magnetic field. As a consistency check we
note that it vanishes as L - «; in that limit the field
becomes homogeneous and there is no rotation
effect. On the other hand, for (p,- p,) L~ (m;’
- my*)L/(2p,), small compared to one, this shape
factor is unity. In writing (3.10) we are implicitly
assuming that the edge effects responsible for the
transition can be “spread out” over the field
region. This approximation is clearly more
reasonable when (p,—p7)L is small.

Using (3.10) as an effective four-level Hamilton-
ian we can easily discuss the time evolution of a
relativistic neutrino beam entering the field region
at time £=0. If we neglect 7,, in (3.7) and use
(3.8) (we are here neglecting corrections due to
the small neutrino masses), H,, becomes

H,po=-iA 0 Yo 3
-0y O (3.11)
— 5 Sin[(pz —i);)L]
A—|h|Bosm0{ $.-POL .

Equation (3.11) is easily diagonalized as follows:

VtHef£V= Adiag(—, +’ +7 ")

1/v =-iU 1/1 1
V=== y U=+= .
ﬁ(—iU U) ﬁ(l —1>
With our level ordering the eigenvalues thus are
E;=E;=-A and E;=E3=+A. Let y, denote the
states of the incident beam 2=1-~4. The eigen-
states of H,, X, are related to these by
x=Vy. (3.13)

Let us say that, at =0, the system is in the
state y,. After entering the field region, under
the influence of H,, ¥, evolves to

D VX e Bt =3 v, Ve Bt (3.14)
t 1,3

(3.12)

The amplitude for state & to go to state j at time
t=2L is thus
4

amp(k ~ j;t) = 2, Vyy Ve 51t (3.15)
=1 .

where the E; are given after (3.12). Equation
(3.15) explicitly shows how an initial neutrino beam
of a given type oscillates to the opposite flavor and
spin. Taking k=1-, for example, yields with the
help of (3.12)

amp(l- - 1+) =amp(l- - 2-) =0,
amp(l— - 1-) =cosAt, (3.16)
amp(l- -2 +)=—sinAt

Notice that the labels 1 and 2 refer to neutrinos
of definite mass. They are each mixtures of
Vg Yy, €tc. In this example the initial neutrino
has dominant matrix elements for producing neg-
ative leptons by W exchange with matter. After
passing through the magnetic field region there is
amplitude sin2AL available for producing positive
leptons.

This analysis can be immediately extended to



three neutrino flavors, for example. Instead of
the matrix (3.10) we would have the 6x 6 matrix

0 —iT =-iT’
iTY 0 —iT"
iT’t AT 0

Here 7’ is the same as 7' except for an overall
strength which characterizes the vy - v; transition
moment, etc.

IV. MAGNITUDES AND MOMENTS

The magnitude of the spin-flavor-rotation effect
depends on the product of the transition moment
h, the magnetic field By, and an effective time
during which the neutrino beam transverses a vary-
ing field. There is also a shape factor, describ-
ing the field inhomogeneity. If the neutrino is a
true elementary particle, rather than a composite,
its transition moment will be very roughly given
by (1.1). (In fact detailed calculations may give
an additional suppression of 10™ or so, depending
on the Higgs-meson structure of the theory.) To
appreciate how small the effect is we note that
the product of (1.1) (assuming m,~1 eV) and a
magnetic field of 10* G is about 108 sec™!. Thus
effective travel times of the order of 10® sec are
needed for sizable particle to antiparticle con-
version. The effect could be enhanced if (i) neu-
trinos were composite or if they had larger trans-
ition moments than (1.1) for other reasons, (ii)
extremely strong rapidly changing (either in space
or time) magnetic fields were present, or (iii)
the neutrinos were to pass through the same B
field again and again due to an orbiting motion.
Although the present mechanism would probably
be somewhat weaker than a comparable spin ro-
tation for massive Dirac neutrinos, it seems more
amusing. If, as seems likely, neutrinos are
Majorana particles the effect described here is
the only one.

Finally, we will comment on how much of the
calculation of # from a gauge theory can be ob-
tained from the existing literature, in which trans-
ition moments for massive Dirac neutrinos have in
effect been calculated. Consider the intermed-
iate-boson loop contribution to the transition mo-
ment. For definiteness in our formal argument
imagine that we are using the U gauge (although
this is a delicate one in practice). In addition to
lepton-number-conserving diagrams like the one
in Fig. 1(a) there will be corresponding lepton-
number-violating diagrams like the one in Fig.
1(b). For Fig. 1(a) we use the interaction in
(2.5) which we write out explicitly using a y5-
diagonal representation of the Dirac algebra:
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FIG. 1. Lepton-number-conserving (a) and lepton-
number-violating (b) diagrams for the vy —Vg electro-
magnetic transition.

L =ig2 2 Y (Fay KasvaL WS

+ Uy uKasea W3) . (2.5%)

Then, using the field expansion (2.4) we see that
Fig. 1(a) will contribute a factor

> KooKl U0Vt 5 (4.1)
o

where 9n(o) is a matrix, containing the “core” of
the diagrams. While 91(¢) depends on the mass
of the intermediate charged lepton ¢ it does not
have any vy; factor. Equation (4.1) has the same
momentum-space structure as what one would get
from the massive Dirac theory. To calculate the
diagrams of Fig. 1(b) imagine that we rewrite
(2.5’) in terms of “charge-conjugate” fields (de-
fined by y°=Cy”, for a fermion field y):

'Clnt == ig2'1/2 Z (ESR'VuKaBeZWA‘.L + Ez?’ungW;) .
(4.2)

The expansion (2.4) may be equivalently presented
as either

y~ugA+v Al A (4.3)
or '
Vo~ ugAT +ugA,

in an evident shorthand. Comparing Fig. 1(a)
computed using (2.5’) and Fig. 1(b) computed us~
ing the conjugate formulation (4.2) we see that
there will be an overall difference of sign due to
the electromagnetic interaction. Also, the mixing
matrices will be complex-conjugated and right-
handed spinors will appear resulting in
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- ZK:aKoBﬁBRm(c)umR . (4.4)
g

The important point is that the same (o) appears
in (4.1) and (4.4). The total contribution of the
diagrams involving gauge bosons is given by the
sum of (4.1) and (4.4) which may be written as

z}: Im(K, oK) (o), + 2 Re(K oK) 7:00(0) Y stte .

(4.5)

Now from the calculation of Petkov!! (who was
interested in the decay v —~ vz +7¥) we can read off
the moment parts of #IN(0)u, and #ZIM(0)YsUy:

2
3272 m(W)] PauTuntluthe s

3eG r(ms = ma)[m() |-
327%V 2 I_m(W) Up€ 0L, Y5q  %a -

Here g, is the four-momentum transfer and ¢, the
photon polarization. Still to be added are the con-
tributions from the Higgs mesons. This will have
the same general structure but there will be extra
contributions characterizing the Higgs sector of the
theory. Notice the additional suppression factor
(mass 6f charged lepton divided by mass of inter-
mediate boson)? compared to (1.1). It is impor-
tant to check that the result in (4.5) and (4.6) gives
zero for the diagonal moments (whenya:B): The
0,,Ys term vanishes because m, =m; while the

0., term vanishes because Im(X ,K¥,)=0. Equa-
tion (4.5) shows that the coefficients of ¢,,(1
+v5)q, and 0,,(1 - y5)g, are equal in magnitude,
differing by a phase. This is the origin of the ¢
phase factor in our basic equation (3.2).

Note added. After this paper was written we
learned of a recent paper [ Carnegie Mellon Report
No. COO-3066-164, 1981 (unpublished)] by Lin-
coln Wolfenstein which also discusses transi-
tion magnetic moments between different Majorana
neutrinos.

wI(o)u e = 3eG plma + @;)[m(l,,)
(4.6)

UMY 0)y5tha =
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APPENDIX

For convenience, the quantized-field expansion
of the massive two-component spinor given in

Eq. (2.4) uses the left-handed projections of ordi-
nary Dirac wave functions. For the Dirac theory
we adopt Pauli’s conventions and use the explicit

7s-diagonal representation

0 —i¢ 01

77,= y V4= ’
ic 0 10
(A1)
1 0 -0, O
5 , C= 2
0 -1 0 o,

Note that C obeys -yI=C™'y,C. Furthermore, we
adopt the phase convention

vIF)=07 " B). (A2)

In (2.4) the index 7 labels any convenient set of
two independent spin wave functions (see the dis-
cussion in the Appendix of Ref. 6). If we specia-
lize » to the meaning of a helicity label

G u®)=+|plu®), (A3)

we arrive at a quantization essentially equivalent
to that of Case.® We used the 7,-diagonal helicity
spinors in computing (3.2}; they are explicitly
given by

1/2 @)
¥ ®F)= [——'”?] X (4)
2(ExIpl)) (1 vl
o Ex[Bx
x(*)__.___l__v_ 1+5l
S . ,
[2(p,+ D] 5, +ib,
. (A5)
x(-); 1 —5x+iﬁy

[2(p.+ 1)] 1+i;

To check that, with helicity spinors, boiz terms
of (2.4) obey together the equation of motion
—i0,9,v=mop*, ) (A6)

for a given p and #, it is sufficient to use (A3) as
well as [noting (A2)]

G P ®=%Blv @)
For example,
—ig,8,[e? *uf B)A,B)+ € =0 () ALD)]
=(|Bl+B)e*? *uf” )4, ()
+(|Bl-Ew{ @ ALE), (A7)
while
moJe? Fuf *ALB)+ e T M * H)AD)]

is equal to (A7) since (A2) and (A3) imply
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1Pl -E
Uzul(,')*=’2"—‘v(’)

-
op@x=EXIPL
2YL m L » m L -

Notice that u{™ and v*’ do not vanish as the neu-

trino mass m goes to zero, while »" and v{> do
vanish. One arrives in this way at the old two-
component massless-neutrino theory.
Finally, we give the fwo propagators (lepton-
. number violating and conserving) which follow

from (2.4):
(O] T, )vy (9)] 0y = 1m(0,) 0y Ap (x =33 m)

O] Tv (W} (3)] 0)= (0} )y, Ap (v —y;5m)

PURICEY

Ap(x —y;m)=(2;f)4f d'p (A8)
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