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Extensive Monte Carlo calculation on y-ray families was carried out under appropriate model parameters which
are currently used in high-energy cosmic-ray phenomenology. Characteristics of y-ray families are systematically
investigated by the comparison of calculated results with experimental data obtained at mountain altitudes. The
discussion is devoted mainly to examining the validity of Feynman scaling in the fragmentation region of multiple-
meson production. It is concluded that the experimental data cannot be reproduced under the assumption of the
scaling law if primary cosmic rays are dominated by protons. Other possibilities on primary composition and
increase of interaction cross section are also examined. These assumptions are consistent with experimental data
only when we introduce intense dominance of heavy primaries in the high-energy region and very strong increase of
the interaction cross section (say o « E,, %) simultaneously. Otherwise, the breakdown of Feynman scaling in the
fragmentation region and the existence of azimuthal asymmetry in production mechanism are strongly suggested by

high-energy cosmic-ray interactions (E, 2 10'* eV).

I. INTRODUCTION

There has been a long history of the study of
multiparticle production induced by very-high-
energy cosmic rays whose incident energy covers
a wide range of 10'-10'® eV or even more, de-
pending on the type of experiment. Emulsion-
chamber experiments at mountain altitudes pro-
vide us with information on multiparticle pro-
duction in the 10'*-10% eV region through the ob-
servation of y and hadron families which are the
bundle of electromagnetic and hadronic particles
produced by the interactions of a high-energy
cosmic ray with atmospheric nuclei. Usually the
observable quantities are related to the informa-
tion of several successive interactions attributed
to the same primary cosmic radiation.

Several phenomenological models were pro-
posed to interpret production mechanism since
the early 1950’s. Among them, the two-fireball
model' could attractively explain some charac-
teristics of cosmic-ray phenomena. But during
the last decade, accelerator physics in the 10°-
10*2 eV region proved a remarkable feature of
multiproduction called Feynman scaling® or the
hypothesis of limiting fragmentation.® It became
one of the most important problems in cosmic-
ray physics to examine the validity of the scaling
law in a higher-energy region than is available at
present accelerators. The two-fireball model,
or, generally speaking, the high-multiplicity mod-
el, proposes a fast increase of multiplicity as
n<E, where a is -3 while the scaling law im-
plies a logarithmic increase with the incident
energy E,. The production spectrum of second-
aries of these two models also differs greatly.

Since the cosmic-ray experiment brings us in-
direct information on elementary processes as
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mentioned before, direct comparison of experi-
mental data with theoretical predictions is usually
impossible and Monte Carlo simulation based on
given assumptions provides us with an interpreta-
tion of the experimental data. There are two in-
dependent calculations connected with the Mt. Fuji
emulsion-chamber experiment* which are utilized
as the basis of the analysis of experimental data.
One of them is described in the present paper and
another work by Kasahara et ¢1.° will be published
elsewhere. The consistency of the two calcula-
tions will be discussed later, together with some
other works.®

Among a number of possibilities to be assumed
in the process of the propagation of cosmic rays
through the atmosphere, the following parameters
are adopted as standard ones which are based on
the extrapolation of the low-energy data.

Standard model.

(1) Primary particles and energy spectrum:

Proton primary with bending slope

1.7, E<10¥% eV,
I(E)dE <E~8-'dE, 3:{ (1.1)
2.1, E>101%eV,
(2) Scaling law in particle production spectrum:
Fx)dxac (1 - x)P%dx/x, (1.2)

where x =E/E,, E is the secondary energy, and
E, denotes incident energy.

(3) Interaction cross section:
o=const (A,=80, x,=96 g/cm? in the atmosphere).

(4) Charge-exchange probability P in the pro-
cess m*+air— mgq,, +X is P=0.
(5) Mean transverse momentum:

( {330 MeV/c for secondary pions,
! 500 MeV/¢ for leading particles.
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Then modifications of the model parameters
can be made as follows.

Modifications of model parameters

(1’) (a) Single slope of primary energy spec-
trum with g =1.7. (b) Chemical composition of
primaries are included. The chemical abundances
are listed in Table I, which are derived by the
extrapolation of the low-energy data.”

(2’) Cocconi-Koester-Perkins (CKP) model® -
is used in production mechanism (violation of
scaling law).

(3’) Rising cross section is assumed using the
formula o o F°-%,

(4’) Charge-exchange probability of leading
pion is assumed to be P= 3.

(5’) Large transverse momentum is assumed
using the mean value (P,)=660 MeV/c.

Though there are many combinations of the mod-
el parameters, typical ones are tested and the
characteristics of each set of parameters will be
discussed later. In order to specify the assump-
tions used in a calculation, the following symbols
are used:

P: proton primary (bending slope).

P’: proton primary (single slope, g=1.7).

M: mixed primary (bending slope).

o, CNO, Fe: purely heavy primary (bending
slope).

R: rising cross section.

S: scaling model.

C: CKP model..

ch: charge-exchange probability P=1,

For example, a model denoted as PRS uses the
proton primary with bending slope, rising cross
section, and scaling model, while other properties
such as charge-exchange probability or mean P,
are the same as the standard model. More details
of the calculation are described in the next sec-
tion.

A new method of analysis called “rejuvenation”

TABLE I. Mixed primary model. Chemical abun-
dances of primaries in percent. The symbols in the
first column represent groups of elements whose mean
mass number is given in the second column.

w) 1012 10'14 1016 1018
A

p 1 37.5 18.6 6.8 2.1
o 4 18.8 9.6 3.6 1.1
L 8 0.7 0.2 0.06 0.01
M 15 15.2 19.8 18.9 15.2
LH 25 9.5 18.3 25.8 30.7
MH 35 3.7 5.8 6.7 6.5
VH 56 14.6 27.6 38.1 44.4

was introduced by the Pamir collaboration® in
1975 to extract the characteristics of the produc-
tion spectrum. This method uses relative thresh-
old fr. instead of the usual detection threshold
(around 2 TeV), where f};, is defined as

i \n min
= By Tmin T 4V E

when we calculate summation of energy from the
highest one in decreasing order. After finding

a critical value of the energy corresponding to
fri. for each family, the following quantities are
used in the analysis:

n': rejuvenated multiplicity,

E'E: rejuvenated total y-ray energy,

f’ =E/E'E: fractional energy of constituent y-
rays.,

The scaling law implies the invariance of f'
spectra in different energy regions, But the op-
posite problem, namely, the sensitivity of re-
juvenated characteristics of families to the in-
teraction model or to other parameters, is to be
examined. The present paper also deals with the
analysis of rejuvenated families.

II. DETAILS OF SIMULATION

A. Primary particles

The calculations were made for various primary
particles [i.e., protons, a particles, (C,N, O)
nuclei, and irons] and with mixed chemical com-
position in which the dominance of heavy nuclei
is assumed in the high-energy region. Figure 1
represents the primary energy spectrum of the
mixed-composition model.

The proton equivalent spectrum is defined as
Le(>Eo) =33,AI, (> AE,), where A denotes mass
number of the nuclei.

The slope of the proton equivalent spectrum
gradually becomes steeper; g~ 1.8 for E,<10% eV,
B~1.9 for 10®<E,<10% eV, and 8~2.3 for E,
>1015eV.

The cutoff energy of primaries coming to the
top of the atmosphere is 200 TeV in the standard
model and other higher values are used in modi-
fied models, for example; 300 TeV for PRC, 500
TeV for @, and 3000 TeV for Fe because pri-
maries below these energies hardly create fam-
ilies at the observation level.

B. Interaction mean free path

Interaction mean free paths of nucleons and
pions in the atmosphere are assumed to be 80
g/cm? and 96 g/cm?, respectively. In case of the
rising_cross-section model, these values are
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FIG. 1. Primary energy spectrum assumed in mixed
composition model. Details are given in Table I.
Dashed line represents proton equivalent total spectrum.

used at 1 TeV and the relation A < £,7%% is as-
sumed. Though this energy dependence may be
too strong as an extrapolation of the accelerator
data, the extreme case is tested in this paper.

C. Inelasticity

The distribution of the inelasticity coefficient
is assumed to be uniform between zero and unity,
both for nucleons and charged pions in the whole
energy region. '

D. Production spectrum and multiplicity

Two typical production spectra are tested,
namely, the scaling model and the CKP model.
The distribution function of variable x (=E/E,)
is assumed as Eq. (1.2) for the scaling model,
and as

fx)dx <exp( - ax)dx, a=E,L ?5/0.08, E, in TeV
(2.1)

for the CKP model. The technical problem of en-
ergy conservation was taken into account in the
sampling method in order not to distort the as-
sumed distribution function (see Appendix). The
sampled distributions of x for scaling and CKP
models are shown in Figs. 2(a) and 2(b), respec-
tively. '

The multiplicity of produced particles above 2
TeV was determined as a result of energy con-
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FIG. 2. (a) Sampled x distribution for scaling model.
Dashed line represents the assumed distribution func-
tion. (b) Sampled x distribution for CKP model with dif-
ferent parent energies.

servation. Mean values of sampled multiplicity
of secondaries of the energy greater than 2 TeV
are shown in Fig. 3 as a function of E,.

In the present calculation, scaling is defined as
an invariance of normalized inclusive cross sec-
tion, namely,

1 d?®
5 fE d—;sdP,2 =xf(x).

Therefore no changes are assumed in the pro-
duction spectrum of individual collisions even
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FIG. 3. Sampled average multiplicity of secondaries
of the energy greater than 2 TeV. Open circle: scaling
model (n «<log;yE,), closed circle: CKP model
(neEq'/4).

when we include rising cross section. This seems
to contradict current understanding of the scaling
law which states the invariance of E(d3s/dp®), but
it is still obscure to what the increase of cross
section should be attributed, and the above-men-
tioned scheme gives an upper boundary of the ef-
fect of the fragmentation region to the observed
high-energy phenomena. ’

The lower boundary may be obtained assuming
E(d3/dp®) invariance only for the fragmentation
region and the additionally presumed pionization
part (in the x~0 region) which can reproduce the
increase of cross section.

E. Transvei‘se momentum

Sampling of transverse momentum of a second-
ary particle was carried out in a similar way to
the fireball production model.

Firstly, the momentum of a secondary particle
in a rest system is sampled using a distribution
function of the form

3
F(p¥)ap* = g5 p** exp(= p*/po)dp*
0

where p,=140 MeV/¢ for pions and p,=213 MeV/c
for survival particles of projectiles. Secondly,
zenith angle g* is sampled assuming isotropic
distribution in a rest frame of the production sys-
tem. Finally, transverse momentum is calculated
as P, =p*sing*. Thus, the distribution function

of P, is expressed as

_P.dP, (~ exp(=p*/p,)
FPIAP =405t | = (/e "

The mean values of P, are given as (P,)=3np,/4
=330 MeV/c and 500 MeV/¢ for pions and survival
particles, respectively.

The correlation between x and P, is not con-
sidered.

F. Model of atmosphere

The following precise formula® of standard at-
mosphere is used.

7 (x) =47.05 — 6.9 Inx=0.299[In(x/10)]2, x<25 g/cm?,
=45.5-6.34Inx, 25<x<230g/cm?,
=44.342 - 11.8‘619:""9 , 230<x g/cm?,

where / denotes the height from sea level (Km)

and x the atmospheric depth (g/cm?).
G. Nucleus-nucleus interaction model

The interaction cross sections of nuclei are
derived from the overlap-model formula,!!

O,AB=1”,02(A1/3+31/3 —1’)2 ,
7o=1.41x10"® cm, »=1.17,

where A and B are the mass number of incident
and target nuclei, respectively. In the nucleus-
nucleus interaction, some of the nucleons interact
independently and the residual part of the nucleus

- breaks up according to a given fragmentation pa-

rameter into lighter nuclei or nucleons. The av-
erage number of interacting nucleons is calculated
by the formula'®

Vint A0y — i /04 air »

where A denotes the mass number of incident nu-
cleus and o, _,; is the cross section of nucleon—
air-nucleus interaction.

The sampling of interacting nucleons is made by
binomial distribution with the above-mentioned
average value. The numerical values of o,
Vi are listed in Table II.

The fragmentation parameter is taken from Ref.
13. The transverse momenta of fragment parti-
cles are sampled from the distribution

f(P,)dP? «exp(- P,*/20%)dP,*, 0=50 MeV/c.

and

= air

The energies of fragments are simply calculated

TABLE II. Numerical constants of nucleus-nucleus
interactions. Interaction cross section o, ,; and
number of interacting nucleons v, in the reaction of
nucleus of mass number A in the atmosphere.

A 0 p-ir (D) Vint
1 300 1
4 505 2.38
8 662 3.63
15 ’ 865 5.20
25 1090 6.88
35 1278 8.22
56 ‘1611 10.43
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H. Electromagnetic cascades

In the process of bremsstrahlung and pair crea-
tion, complete screening formulas'* for infinite
primary energy are used. Angular and lateral
displacement of electrons are calculated accord-
ing to multiple -Coulomb-scattering formulas.!®

1. Secondary component

The secondary particles are assumed to be pions
only and their charges are assigned by equal
weight, i.e., n . n,-n,0=1:1:1. Charge conserva-
tion is not taken into account.

J. Consideration of experimental conditions

Since the threshold energy of the Mt. Fuji emul-
sion chamber is around 2 TeV, the minimum en-
ergy of the calculation is taken as 2 TeV for every
component. The observation levels are assumed
at 250, 540, 650, and 730 g/cm?.

Hadrons coming to the observation levels inter-
act with the lead layer of the emulsion chamber
and produce jet showers (Pb jets) with mean
K,= 4. The interaction mean free path in lead is
30 cascade units (c.u.) for nucleons and 36 c.u.
for charged pions. The first interaction which
liberates secondary energy EEY greater than 2
TeV is recorded with the depth of interaction in
the chamber.- The selection of the y rays and
hadrons is made in a way similar to the Mt. Fuji
experiment; i.e., those showers of starting point
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less than 6 c.u. (Pb) are regarded as y rays while
others are regarded as hadrons. Therefore the
contamination of hadrons into y rays is taken into
account in the calculation. The effective thickness
of the chamber is assumed to be 20 c.u. for hadron
detection in order to compare the results directly
with experiment.

The geometrical conditions connected with the
limited size of the x-ray film used in experiments
(mostly 40 x50 cm?®) are also considered. The
centers of families are artificially positioned at
random within an area of the square of 40x 50 cm?
and the particles outside of this square are re-
jected from analysis.

After the above-mentioned two considerations,
the selection criteria of families are applied to
calculate results as follows:

Enin=2TeV, n,>4, ) E, >30 TeV

Sfiin =0.04 for rejuvenation.

The number of simulated events is listed in Table
IoI.

III. RESULTS

A2 E,, spectrum at Mt. Fuji level

The intensities of the energy flow of the y-ray
families at the Mt. Fuji level (650 g/cm? atmos-
pheric depth) are calculated for various models
and they are shown in Figs. 4(a)-4(d), where the
perpendicular axes are normalized by the number
of primaries of the energy greater than 100 TeV.
The experimental data of the Mt. Fuji emulsion-

TABLE III. Integral number of simulated events.

Model\ 2IE, >39 TeV >100 TeV >500 TeV >1000 TeV
PS 1180 260 22 7
PRS 981 213 9
PC 603 126 9 4
PRC 368 56 3 1
P's 1022 270 39
PC 275 73 4
P’S+ch 822 294 35
P'C+ch 298 80 16
PRC+ch 539 112 3 1
large P; 143 32 2
Ms 963 252 17 5
MRS 617 137 11 1
Mc 507 100 2 1
MRC 113 15
@ 398 100 11 5
CNO 327 100 15 6
Fe 242 67 8
exp 289 118 11 5
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FIG. 4. (a) ZEy spectrum at Mt. Fuji level (650 g/cm?). Each model assumes proton primary and scaling law. Ex-

perimental data are normalized to proton equivalent total spectrum. (b) E

Ey spectrum at Mt. Fuji level. Each model

assumes proton primary and CKP production spectrum. The normalization of the experimental data is the same as

Fig. 4(a). (c) 2
normalized to total primary spectrum. (d)
composition; other parameters are standard.

chamber experiment are also plotted in Fig. 4,
where the intensity of the primaries is assumed
to be I(E,>100 TeV) =2.5%10-%/cm? sec sr for the

comparison with proton primary models [Figs. 4(a)

and 4(b)], while I(E,>100 TeV)=8x10"°/cm? sec
sr (total energy spectrum) for the comparison
with mixed-primary or purely heavy-primary
models [Figs. 4(c) and 4(d)].

In Fig. 4(a), primaries are protons only and the
scaling law is adopted in each model. The in-
tensity of the standard model (PS) around ¥ E,
~100 TeV is about 15 times higher than experi-
mental data. The effect of the change in the slope
of the primary energy spectrum can be seen in

Ey spectrum at Mt. Fuji level. Each model assumes mixed composition. Experimental data are
Ey spectrum at Mt. Fuji level. Primaries are assumed as pure chemical

the difference of the intensities between PS and
P’S (factor ~1.3); also the effect of the charge-
exchange process of interacting charged pions
can be seen in the difference between P’S and
P'S +ch (factor ~1.7), and in the rising cross
section between PS and PRS (factor ~2.5). Every
model in Fig. 4(a) gives too high a yield of the
y-ray family; even the strong increase of the
interaction cross section is not enough to obtain
reasonable intensities.

The other possibilities which can decrease the
intensity are the breakdown of the scaling law
and/or the dominance of heavy primaries in the
high-energy region. In Fig. 4(b), the compari-
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sons are made among several models which as-
sume proton primary and CKP production mech-
anisms. In this figure, the PRC model is con-
sistent with experimental data within a factor of
2.

The next possibility, the dominance of heavy
primary, is tested and the results are shown in
Figs. 4(c) and 4(d); the former assumes mixed
chemical composition in primary particles as
listed in Table I (also shown in Fig. 1) and the
latter assumes pure chemical composition in
order to realize the effect of the mass number
of primaries. In the present mixed primary mod-
el, the ratio of proton among primaries decreases
rapidly in the high-energy region and M, LH,
and VH nuclei become dominant; therefore the
yield of the y-ray family becomes less than the
case of purély proton primarily due to the fast
dissipation of the energy by the fragmentation
process of the nucleus in the atmosphere.

In Fig. 4(d), it is seen that we need to assume
purely iron primary to obtain the intensity of a
y-ray family close to the experimental value if
we do not include any other possibilities such as
rising cross section or break down of the scaling
law.

However, it will be shown later that such a dras-
tic assumption fails in the lateral structure of
the family. In Fig. 4(c), it is shown that models
MC and MRS are consistent with experimental
data within a factor of 3. The relative values of
the intensity of the calculated y-ray families to
the experimental data around YE, = 100 TeV are
summarized in Table IV.

B. Altitude variation of y-ray families

The observation levels are assumed at various
atmospheric depths in the simulation, namely,
at 250, 540, 650, and 730 g/cm? to obtain the
altitude variation of the intensity of the y-ray
families. The results are shown in Figs. 5(a) and

TABLE IV. The relative intensity of the y-ray fami-
lies around Z;E,,'z 100 TeV to the experimental data of
Mt. Fuji.

Model I(calc)/I(exp) Model  I(calc)/I(exp)
PS 14.3 £1.7 MS 6.7 1.0
P’'S 19 +3 MRS 2.5 0.4
P’'S +ch 33 4 McC 1.7 +0.3
PRS 5.8 +0.8 MRC 0.30 +0.11
PC 3.5 +0.5 o 14.0 +2.0
P'C 5.8 +0.8 CNO 5.5 0.9
P'C+ch 9.1 14 Fe 1.2 +0.2
PRC 0.61 +0.15

5(b) for proton-primary and mixed-primary mod-
els, respectively.

The attenuation lengths for each model are listed
in Table V. The PS model gives too large a value
compared with experimental data.

Not only the assumption of the rising cross sec-
tion but also the CKP model and/or dominance of
the heavy primary can shorten the attenuation

Py
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FIG. 5. (a) Altitude variation of y-ray families
of EE7>100 TeV for proton primary models. Experi-
mental data are from Ref. 16. (b) The same as Fig.
5(a) for mixed primary models.
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TABLE V. Attenuation length of y-ray families in the
atmosphere (2JE,>100 TeV).

Model Aatt g/0m2
PS 160 +10
PRS 110 +15
PC 140 +10
PRC 95 +15
MS 140 +10
MRS 100 +10
MC 125 +10
MRC 85 +20
exp 105 +20

length, However, the assumption of the rising
cross section is necessary to obtain the value of
attenuation length around 100 g/cm?.

C. Energy spectrum and multiplicity of constituent y rays

The energy spectra of constituent y rays are
shown in Fig, 6 for some typical models only for
the energy intervals of 100<%; E, < 200 TeV and
1000 <35 E, < 2000 TeV, where the perpendicular
axes represent the number of y rays in a family.
The sensitivity of the energy spectrum to the
assumed models is poor in 100 <Z}E7 <200 TeV
region and every model, including others which
are not shown in Fig. 6(a), is consistent with ex-
perimental data within the statistical error. But
in the very-high-energy region [Fig. 6(b)], though
the sensitivity is still not very large among as-
sumed models, experimental data show excep-
tional behavior, which is characterized by the
abundance of low-energy particles and the steep-
ening of the spectrum in the high-energy region.

The abundance of low-energy particles can be
attributed to the effect of heavy primary as shown
in Fig. 6(c), where we assume a purely heavy
component in primaries and the scaling law in
the production spectrum. However the steepening
of the spectrum indicates breakdown of scaling.

Numerical details of the multiplicity are described

in Table VI.

D. Lateral structure of families

The average characteristics of the lateral spread

of the y-ray families are shown in Fig. 7(a) and
7(b) and Table VII, where (R,) means that the
average value ofR7 in a family is calculated for
constituent y rays and such values are averaged
over many families in a given energy interval.
In Fig. 7(a) it is shown that (1_37> of the PS model

deviates from experimental data in the high-en-
ergy region (3E,>100 TeV) if the mean P, is

w
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FIG. 6. Energy spectrum of constituent v rays in a
family: (a) 100 <EE7<200 TeV; (b) and (c) 1000 <EE,
<2000 TeV. Hatched line represents Mt. Fuji experi-
mental data.

considered to be constant up to very high energy.
The effects of CKP, rising cross section, and
mixed primary are in the same direction, mak-
ing (Ey) larger than the PS model, and these as-
sumptions with feasible combinations lead to the
lateral spread consistent with experimental data
up to }_“IE7 =~ 1000 TeV without introducing the in-
crease of mean P, in the fragmentation region.
The lateral spread of the families caused by heavy



24 BREAKDOWN OF FEYNMAN SCALING IN HIGH-ENERGY... 1855

TABLE VI. Results of simulation. Average number of
Y rays and hadrons and average Z)E,,. The following se-
lection criteria of families are used: E;,=2 TeV,
ny=>4, ) &, >30 TeV at depth =650 g/cm?®. Hadrons are
treated as Pb jets detected in the emulsion chamber at
the depths between 6 c.u. and 20 c.u. (see Sec, I1J for
details). The energy intervals are denoted as follows.

a: 30<24E, <50 TeV; b: 50 <2/ E, <100 TeV; c: 100
<2JE,<200TeV; d: 200<)E,<500 TeV; e: 500<2 £, < 1000.

Model (n,) (ny) 2 (O Ep) Tev?
PS a 7.8+x0.2 15+0.1 9.7+2.0
b 12.1 :0.5 1.8+0.2 15.7+3.3
c 20.7 +1.4 2.0 +10.2 14,4 +3.2
d 42.5 +5.0 4.2 10.8 55 +33
e 79 +16 4.6 +1.6 41 121
PRS a 8.2+0.3 1.5+0.1 8.2 +1.2
b 13.2 +0.7 1.6 +0.2 11.0 +2.6
c 24.2 +1.7 2.1 +0.3 15 14
d 47 15 2.9 +0.6 21 18
PC a 8.7+0.3 1.6 +0.2 9.5+2.2
b 14.1 +0.8 1.9 +0.2 13.1 +3.3
c 24 12 2.9+0.5 24.0 +7.5
d 49 47 42111 30 10
PRCa 8.6 +0.4 1.6 +0.3 8.0 +2.1
b 13.8 +1.0 1.9 +0.2 12.3 +3.3
c 27 +4 2.8+0.9 25 17
d 63 +10 45+15 36 +18
MS a 8.0+£0.3 1.6+0.1 9.4+1.6
b 12.7+0.5 2.0+0.2 12.7+2.2
c 23.3+1.6 3.0+0.4 23.4+£5.2
d 45 +5 4.6+0.9 36 £10
e 100 +30 6.9+4.3 60 44
MRS a 8.3+£0.3 1.6+0.2 8.5+£1.7
b 14.3+0.8 2.0+£0.3 9.5+1.8
c 25 x2 2.5:0.4 18.2+6.7
d 52 10 4.2+1.2 21.9+£7.3
e 112 +34 8.3+4.0 61 +25
MC a 9.2+0.3 1.8+0.2 13.2+3.2
b 14.0+£0.7 2.2+0.3 16.7+4.1
c 25 +2 3.2+0.6 20.7+5.1
d 47 £10 3.6x1.0 25 10
MRCa 8.9x0.9 1.8+0.4 8.2+3.3
b 15.0+1.5 21+0.4 13.5+5.5
c 24 =7
o a 8.1+0.4 1.6+£0.2 10.0+£2.0
b 13.6+0.9 1.9+0.3 12.3+3.5
c 24 13 2.9+0.6 28 14
d 50 10 5.1x1.3 63 +32
CNOa 8.2+0.4 1.8+0.3 10.0+£3.6
b 13.7x£1.2 2.6+0.4 16.1+3.9
c 25.7+2.8 4.1+0.8 26.5+8.1
d 55 9 6.7+1.7 44 115
e 125 +27 10.9+2.8 87 +55
FE a 9.2+0.6 2.4:0.4 12.0+3.1
b 16.7+1.2 3.1:£0.5 17.6+5.4
c 28.1+3.1 5.2x1.1 27.9+9.2
d 64 +8 9.6+1.8 60 +16

2 Families accompanied by no hadron are not included
in statistics in these columns.
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FIG. 7. Average lateral spread of y-ray families.

primary is quite large as shown in Fig. 7(b), which
strongly contradicts experimental data. Therefore
the possibility of almost purely heavy primary

can be rejected.

The same characteristics are seen in a quantity
(ER,) as shown in Figs. 8(a) and 8(b). These fig-
ures show that the lateral characteristics are
sensitive to many model parameters and most
sensitive to the kind of primary particles.

Therefore, the fluctuation of the lateral spread
reflects the primary composition. The standard
deviation of 1_37 is shown in Fig. 9, where the dif-
ference between PS and PC is rather small and
the MS model gives greater fluctuation than pro-
ton-primary models.

Experimental data lie between models of proton-
primary and mixed composition. The charge-ex-
change process also causes greater fluctuation
of lateral spread as shown in the difference be-
tween P’S and P’S +ch models. The numerical
details of lateral characteristics are described in
Table VII with various methods of statistical
treatment.

E. Characteristics of accompanied hadrons

Although the statistics of hadrons are still poor
in the experiment, a preliminary analysis of the
fraction of hadron energy in a family was made
using a quantity defined by

¥ By, =ZEPb_/(ZE7 v pr) )
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TABLE VII. Mean values of lateral structures. R, in cm, E, in TeV. See caption of Table

M. SHIBATA

VI.
Model (R, (R,) (log;oRy ) (ER,) (ER,) (log,ER,)
PS a 3401 3.4+0.2 0.27 +0.02 13.8+0.6 142+1.1 0.88 +0.02
b 2.810.1 2.7+0.2 0.20 +0.02 12,0+0.5 12.2+0.9 0.83+0.02
c 25x0.1 2.3+0.2 0.11 +0.02 114+0.6 11.5+1.3 0.76 + 0.02
d .1.8%0.1 1.7+0.3 —0.06 +0.02 8.4+0.5 8.6+1.5 0.60 + 0.02
e 1.2+0.2 1104 -0.25 +0.03 6.4+0.8 6.2+1.7 0.44+0.04
PRS a 3.5+0.1 3.3+0.3 0.27 +0.02 135+0.6 13.6=+1.1 0.86 +0.02
b 31x0.1 3.1+0.2 0.24 +0.02 14.0+0.5 13.7+1.2 0.85+0.02
¢ 2.6+0.1 25+0.3 0.14 +0.02 11.3+0.6 11.7+1.,5 0.76 + 0.02
d 24101 23+0.4 0.06 +0.02 106+0.7 10.6+1.6 0.69 +0.02
e 18zx0.2 1.7+1.0 —0.17 +0.04 8.1+1.0 7.9+4.8 0.45 +0.05
PC a 3.5x+0.2 3.3+0.2 0.34 +0.02 13.0+0.6 13.1+1.0 0.91 +0.02
b 3.0+£0.2 29+0.3 0.27 +0.02 119+0.6 12.0+1.2 0.86 +0.02
c 24+0.2 2.4+0.3 0.14 +0.02 101+0.6 103+1.4 0.77+0.02
d 23102 23+0.4 0.14 +0.03 100+0.7 101+1.4 0.77+0.03
PRC a 38x+0.2 3.6+0.3 0.37 +0.03 143+0.8 147:+1.6 0.95+0.03
b 3.4:0.2 3.3+0.3 0.34 +0.02 13.4+0.8 13.6+1.3 0.93 +0.02
c  3.1+03 2.8+0.6 0.24+0.04 123x1.1 11.6 £+2.2 0.84 +0.04
d 25+02 25+04 0.19 +0.03 10.0+0.8 10.0+1.3 0.78 +0.03
large P; a 43+0.5 41+0.8 0.33 +0.06 173 +2.0 17.2 +3.6 0.94 +0.06
b 41104 4.0+0.8 0.35 +0.05 18.7+2.1 19.6 +4.3 0.98 +0.05
c 3.2+0.5 2.9+0.8 0.22 +0.07 17.2+3.2 16.2 +5.0 0.93 +0.07
d 3.21+0.5 3.0+1.8 0.21+0.06 17.0+3.6 17.1+11 0.87+0.06
P'S+ch a 41+02 4104 0.33 +0.03 165+0.9 16.8+1.7 0.92+0.03
b 3.8x0.2 3.6+0.3 0.31 +0.02 16.4+0.8 172+1.6 0.93 +0.02
c 28+0.1 2.8+0.3 0.18 +0.02 13.7+0.8 145+1.7 0.83 +0.02
d 2.6+0.1 2.6+0.3 0.16 +0.02 12.8+0.7 13.1+14  0.80+0.02
MS a 4.0+0.2 3.8+0.3 0.34 +0.02 154 +0.7 15.4+1.2 0.94 £ 0.02
b 3.6x0.1 3.4+03 0.29 +0.02 15.0+0.7 15115 0.90+0.02
c 3.2x0.1 2.9+03 0.23 +0.02 13.8+0.6 133+1.4 0.86+0.02
d 3.0+02 2.7:04 0.17 +0.02 13.6+0.8 12.7+2.0 0.81+0.02
e 23+02 2.0+x14 -0.03+0.04 10.6+1.2 9.2+5.8 0.62+0.03
MRS a 43+02 41:04 0.38 +0.03 16.4+0.8 16.4+1.6 0.96+0.02
b 41+0.2 3.9+0.4 0.34 +0.02 16.1+0.8 159+1.7 0.93+0.02
c 3.8x0.2 3.5+0.5 0.32 £0.02 159+1.0 15.8+2.3 0.93 +0.02
d 34+0.2 3.0+0.7 0.24 +0.03 13.9+1.0 13.2+2.8 0.85+0.03
e 3.6+03 3.2+1.1 0.28 +0.04 146+13 13.5+4.2 0.87 + 0.04
Mmc a 4.0+0.2 3.9+0.3 0.40 +0.02 14.6+0.7 14.8+1.3 0.96 + 0.02
b 3.4+0.2 3.2+0.3 0.31 +0.02 13.7+0.8 13.6+1.3 0.91 +0.02
c 31x02 27:05 0.23 +0.03 125+0.8 114 +1.7 0.85+0.02
d 2.2+0.2 22106 0.07 +0.03 9.1+0.8 9.3+2.4 0.70+0.03
MRC a 4305 4.3x0.7 0.45 +0.04 16.3+1.8 172 +£2.7 1.02 +0.05
b 3.7+03 3.5+0.7 0.34 +0.04 13.9+1.3 13.5+2.7 0.91 +0.04
c 3.7+0.5 3.3+1.2 0.35 +0.06 141+2.0 13.5+3.5 0.96+0.06
a a 42103 4.0:04 0.36+0.04 16.5+1.1 16.4+1.9 0.95 + 0.04
b 47+0.2 46+04 0.48 +0.02 19.5+1.1  20.2+2.2 1.08 £ 0.02
c 3.6+0.2 3.4+04 0.29 £0.03 15.2+1.1 15.3 +2.3 0.91+£0.03
d 3.3%03 3.2+0.5 0.29 £0.03 143 +1.2 14.3+2.2 0.90 + 0.03
CNO a 59+04 5705 0.59 +0.03 22.7+15 23.0+2.3 1.17+0.03
b 5.7+0.3 5.6 +0.5 0.59 +0.02 227+1.4 24.5+3.1 1.18 £ 0.03
c 53+0.3 5.4+0.5 0.56 +0.02 225+1.3 24.0+2.3 1.15+0.02
d 4203 4.0+0.7 0.43 +0.03 177+1.3 17.6x2.6 1.03 +0.03
e 36+03 3604 0.30 +0.03 151+1.2 15217 0.93 +0.03
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TABLE VII. (Continued)
Model (Ry> (Ry> (10ngr> (ER7> (ER7> <10g10ER 7)
Fe a 8.3+0.4 8.1+0.7 0.79 +0.03 31.0+1.9 31.7+3.2 1.35+0.03
b 77+04 7.6+0.6 0.75 £ 0.02 29.1+1.6 294 1+2.6 1.31 +£0.03
c 72+04 73+0.7 0.72 +0.03 29.4+19 30.2+3.0 1.30 +0.03
d 6.1+0.3 6.2+0.5 0.63 +0.02 25.1+1.6 2563 +2.2 1.21 +0.03

where Y E,, is the summation of Pb-jet energy
liberated by the interaction of hadrons with the
lead target of the emulsion chamber.

Fig. 10 represents the distribution of the above-
defined variable for some typical models, where
families accompanied by no hadron are not in-
cluded. The PS model shows a sharp peak in the
small 7, region which is not seen in experi-
mental data.

Because of the poor detection efficiency of had-
rons assumed in the present calculation (hadrons
are detectable only in 6<¢<20 c.u.), it is still
difficult to describe precisely the sensitivity of
characteristics of hadrons to the assumed model
parameters. Figure 11 shows how the situation
would be changed if we could improve the detec-
tion efficiency of hadrons using 50 c.u. as the ef-
fective thickness of the chamber instead of 20
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FIG. 8. Average ER of y-ray families.

c.u., where the average value of logo7 gy, is
plotted for given energy intervals of LE,-

The energy fraction of hadrons is much higher
in the PC model than in the PS model in the
Y E > 100 TeV region; the MS model lies between
them.

F. Character of rejuvenated families
1. f' spectrum

The sensitivities of the f’ spectrum to the pro-
duction model and the primary chemical composi-
tion are tested and they are shown in Fig. 12 for
different energy intervals with f/,=0.04. Figure
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FIG. 9. Fluctuation of lateral spread in y-ray fami-
lies.
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FIG. 10. Distribution of the fraction of hadron energy
to the total energy of a family (100 <2Ey<200 TeV).

12 shows that the invariance of f’ spectrum still
holds in the CKP model within the statistical er- -
ror. In Figs. 12(c)-12(e) are shown the behavior
of the f’ spectrum under the assumption of heavy
primaries, where the invariance does not hold.
The degree of the break of invariance becomes
larger when the mass number of primary in-
creases. Experimental data [Fig. 12(f)] are con-
sistent with the PS or PC model in low energy
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. FIG. 11. Average value of log;y7g__ in given energy
intervals. Effective thickness of the chamber is as-
sumed as 50 c.u.
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FIG. 12. f’ spectra of y-ray families. Energy inter-
val and notations are shown in Fig. 12(a). f/,=0.04.

and it shows slight deviation from them in the
highest-energy interval (200 <Z"E7 <500 TeV);
however the statistics and accuracy of the energy
determination in this region make the discussion
inconclusive.

The average multiplicity of a rejuvenated family
is shown in Table VIII, where the experimental
data are consistent with models which assume
the CKP model and/or dominance of heavy pri-
mary. But it is worth noticing that no model shows
the apparent increase of (»’) with energy.

2. Azimuthal asymmetry

The azimuthal asymmetry of the family can be
expressed by the formula®®)

b= ZEiYiz/ ZEiX‘Z ’

where the X axis is taken to minimize 3" E,Y .

The average values of p for rejuvenated families
(b’) with f7,=0.04 are plotted for various models
in Fig. 13 as a function of {(»’) in the total energy
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TABLE VIII, Average multiplicity of rejuvenated
families with f,,=0.04. The number of events is given
in parentheses. '

TABLE IX. Multiplicity and azimuthal asymmetry
coefficient for rejuvenated families in total energy in-

(n")
Model \ 2JE, (TeV) 50-100  100-200 200500
Ps 9.840.3 9.240.6 9.541.1
(507) (121) (36)
PRS 10.240.3 10.2+0.7 11.141.7
(397) (102) (20)
PC 11.0 40.4 10.7+0.6 10.0 3.0
(214) (69) ™
PRC 10.8+0.6 11.4+1.2
(140) (32)
Ms 10.0£0.3 10.1+0.6 9.8+1.2
(405) (120) (31)
MRS 111404 103:1.0 9.4:2.1
(261) (64) (11)
Mc 110404 11.3+0.8
(214) (49)
a 103405 10.7+1.0 10.8+2.1
(166) 7 (12)
CNO 10.7+0.6 10.8+1.3 10.3+2.3
(132) (38) (14)
Fe 11.840.6 122 +1.0
(99) (33)
exp 10.80.6 10.9+0.9 12.74+2.1
(136) (58) (18)

terval.
Model Multiplicity Asymmetry coefficient
PS 9.7+0.3 0.19 +0.02
PRS 10.4+0.4 0.22 +0.03
PC 11.0+0.3 0.28 +0.03
PRC 11.3+0.8 0.25 +0.04
MS 10.1+0.5 . 0.23 +0.03
MRS 10.8+0.6 0.24 +0.04
MC 10.8 + 0.5 0.24 +0.04
MRC . 11.9+1.7 0.35+0.12
@ 10.4+0.4 0.23 £0.03
CNO 10.6 £ 0.7 0.25 +0.04
Fe 11.9+0.8 0.31 +£0.05
PS and P;
=660 MeV/c 9.5+0.7 0.16 +0.05
exp 10.9+0.5 0.21 +.0.03

region. Though the statistics are still poor, some
of the models survived by the comparison of other

characteristics are out of the statistical error
of the experimental data, for example the MC.

model.

Generally, symmetry is too high in the CKP
model; on the other hand, the value of (n’) is too

03} MC FE
~A PC
'e MS L — PRC
2+ T
0 He :
Large Py
(Py=660 Mevic)
01}
9 10 MM<en's> 12

FIG. 13. Azimuthal-asymmetry coefficient as a func-
tion of (n’). Results are from whole energy region

fh=0.04.

small in the scaling model. Here, the effect of
large P, was also tested with a mean P, of 660
MeV/¢ (other parameters are standard). It is
seen that large P, can reduce the value of 3’; it
is understood as the effect of the limited size of
the observation area (see Sec. IIJ). The numeri-
cal values of (b’) are listed in Table IX together
with (n’) of the total energy interval.

The small values of (»’) in scaling models are

- connected with the sharp peak in the small-3’

region in its distribution as shown in Fig. 14. The
CKP model [Fig. 14(b)] does not show such a sharp
peak, and heavy primary decreases the peak rap-
idly with increasing mass number as shown in

Fig. 14(d). The distribution form of the experi-
mental data is an interesting one as shown in Fig.
14(g); it has a sharp peak in the ‘small-3’ region
but the behavior in other regions is not similar to
any model calculations.

If we introduce any asymmetric characteristic
in the production mechanism, say jet production,
the above-mentioned discussion will be changed
and the CKP model and/or dominance of heavy
primaries would be able to give (b’) values which
are consistent with the experimental data.

IV. INFORMATIONS ON ORIGIN OF FAMILIES

A. Primary particles of observed families

Further investigation was made of the origin of
the families. In the MS model, the type of the
primary particle was investigated for observed
families of given energy intervals. The contribu-
tion of each chemical component is shown in Table
X. In spite of the low abundance of protons in the
mixed primary model, about 75% of the families
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are generated by protons.

The distributions of the primary energies which
created the y-ray families of }7E, >100 TeV are
shown in Fig. 15 for PS, PC, and o models, and

TABLE X, Parent particle of observed families in the
MS model (385 events),

2IE, (TeV) » ¢ L M LH MH VH

30-50 132 13 0 13 4 1 5

50-100 96 7 0 14 7 1 3
100-200 39 5 0 5 4 0 2
200-500 23 4 0o 1 1 0 0
500-1000 3 1

1000-2000 1
Total 294 29 0 33 17 2 10
Percent 764 75 0 86 4.4 05 2.6 ,

.51
SE,>100TeV
~—Ps
i [ PC

N

dP/d(logyEq)
P

o
n
T

0

100 1000 10000 Eo (TeV)

FIG. 15. Distribution of primary energy contributing
to families of EE'y> 100 TeV.

their average values are shown in Table XI with
some other models. These values are apparently
dependent on the mass number of primaries;
therefore if there were information on primary
energy of the observed families we could also
investigate the primary composition. This sug-
gests the desirability of cooperation of an air-
shower array with an emulsion-chamber experi-
ment.

B. Purity and main interaction height

Each particle in a family was traced back to its
origin and classified to the individual interaction
above the observation level. Finally, the most
responsible interaction for detected family energy
was found and called the main interaction,

Purity is defined as the fraction of the energy
coming from the main interaction to the total ob-
served energy. Figure 16(a) shows the mean value
of purity of the y-ray family for some typical mod-
els at 650 g/cm? as a function of Y E,. The purity
decreases with increasing energy; in other words,
the contamination of old generations in nuclear
cascades becomes higher in the high-energy re-
gion. - Therefore the electromagnetic cascade be-
comes a dominant process which masks any non-

TABLE XI. Average primary energy contributing to
families of 2 E, >100 TeV.

Model (E,) (TeV)
PS 1530 + 180
PRS 2550 + 520
PC 2210 + 430
PRC 5200 + 3300
o 4500 + 780
CNO 7800 + 1700

Fe 15400 + 2900
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FIG. 17. (a) Average purity for PS model as a func-

tion of ZE}{., closed circle for 250 g/cm?, open circle
scaling characteristic of the elementary interac- for 650 g/cm?. (b) Altitude variation of average purity
tion. In Fig. 16(a), the PC model gives the high- for PS model, closed circle for rejuvenated families,
est purity among calculated results; the assump- f)pen circle for nonrejuvenated families in total energy
tions of rising cross section and dominance of interval.
heavy primary decrease the purity. Figure 16(b)
shows primary mass-number dependence of purity
(at 650 g/cm?).

It is expected that the purity is much higher at
the observation level with small atmospheric
depth. Figure 17(a) shows the comparison of the
average purity at 250 g/cm?® with that of 650 g/cm?
for the standard model (PS). The difference is
seen but it is not very large. Figure 17(b) also
shows the altitude variation of the purity by the
PS model, where the average value in whole en-
ergy intervals is used; it becomes almost con-
stant at the mountain altitude (equilibrium state).
The effect of rejuvenation is also shown by closed
circles in the same figure, describing the degree Hmain
of improvement of the purity by the rejuvenation
procedure. '

The main interaction height is distributed over
a wide range of atmospheric depths as shown in
Fig. 18(a) for the PS model in the whole energy
interval (at 650 g/cm?) with a mean value of
140 +3 g/cm?® (1.9 km), where the horizontal axis
represents the main interaction height from the
observation level in the unit of g/cm?. About one-
half of the observed families have the main inter-
action height less than 2 km, but another half ‘ 0 o 00200 300 400 500
ranges up to 10 km. The same is shown in Fig. Hmain (9/cm?)
18(b) for the PC model whose mean value is 125 +4 FIG. 18. Main-interaction-height distribution at Mt.
g/cm?® (1.6 km). The mean values of the main Fuji level; (a) PS model, (b) PC model in total energy
interaction height at various altitudes are plotted interval.

FIG. 16. Average purity as a function of EE'Y at Mt.
Fuji level.
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in Fig. 19 for some models.

Figures 18 and 19 tell us that the interaction
height of the family is also dependent on the as-
sumed model parameters and its fluctuation is
fairly large.

V. COMPARISON WITH OTHER CALCULATIONS

Though the details of calculation are different
in other existing works, the comparison of basic
results is made with the present work. The fre-
quency of the generation of y-ray families is com-
pared and shown in Table XII in terms of the frac-
tion I(ZEY >100 TeV)/I(E,>100 TeV), where the
PS model by Wrotniak®® assumes slightly dif-
ferent primary intensity from ours and observation
is made at 600 g/cm?® and the MS model by Kasa-
hara, Torii, and Yuda® assumes different chemi-
cal composition. Taking into account these dif-
ferences, the calculations are all in good agree-
ment,

Another basic quantity is the multiplicity of the
v rays in a given energy interval, which is very
weakly dependent on model parameters. They are
shown in Table XIII, where we can also see good
agreement.

Lateral characteristics are so deeply related to
the details of the calculation as described in Sec. III D
that it should be compared with a result from al-

TABLE XII. Comparison of the efficiency of family
generﬁation with other works. The efficiency is expressed
by I(L,, >100 TeV)/I(E,>100 TeV).

Model Present work Kasahara et al.5 Wrotniak®®

PS 3.95x107° 3.32 x107°
P’S 5.42x10°% 5 x107
pP'C 1.50 x10%  1.2x107®
MS 6.7T7Tx10% 9 x10™
Fe 1.0 x10™* 1.1x10™

most exactly the same assumptions, which is not
available at present. But their sensitivity to the
assumed model parameters is quite consistent
among all works cited above.

VI. CONCLUSION

It is already clear that the standard model (PS)
cannot reproduce the experimental data because
of the contradicted behaviors in the ZjE7 intensity,
the lateral spread, and the attenuation length of
energy flow in the atmosphere compared with the
experimental data.

To explain these contradictions, several pos-
sibilities such as rising cross section, dominance
of heavy primary, violation of scaling law, large
P,, and charge-exchange probability are examined
related to various aspects of the characteristics
of y-ray families.

Some of these additional assumptions bring
similar effects into calculated results; for exam-
ple, most of the resultant effects of scaling viola-
tion are similar to those of heavy primary as is
seen in Z}E7 intensity, f’ spectrum, and lateral
structures.

The same holds for other model parameters.

It is possible to reproduce experimental data by
the MRS model, where intense dominance of heavy
primaries in the high-energy region and the very
strong increase of interaction cross section

(0 <E, %) are assumed on the basis of the validity
of the scaling law. On the other hand, PRC and
MC models also show a high possibility of ex-
plaining most of the characteristics of families

if we additionally include an assumption of large

TABLE XIII, Comparison of the multiplicity of constituent ¥ rays in a family. Rejuvenated

multiplicities (#') are given in parentheses.

ZE., (TeV) Present work Wrotniak®? Dunaevskii et al.5®’
30-50 7.8+0.2 7.6 +0.2 74+0.1
50-100 12.1 +0.5 (9.8 £ 0.3) 12.3+0.3 (9.6 +0.2) 12.1 +0.3 (9.4 +0.3)
100-200 20.7+1.4 (9.2 +0.6) 22.6 +0.8 (9.9+0.3) 20.6 +1.0 (9.4 +0.3)
200-500 42,5 +50 (9.5 +1.1) 39.3+2.1 (9.2 +0.5) 40 +3 (9.4+0.4)
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P, or an azimuthally asymmetric mechanism in
the elementary process. But there are some re-
sults which are free from such an ambiguity as
described above.

The magnitude of lateral fluctuation (Fig. 9)
shows that the mixed-composition model used in
the present calculation is the upper boundary of
the abundance of heavy nuclei among primaries.

The attenuation length of 2 E, intensity in the
atmosphere also shows clearly the effect of rising
cross section; Fig. 5 implies that there should be
an increase of the interaction cross section with
increasing E,. Though the formula ¢ <E,® (5
=0.06) is used in the present calculation, a mild
extrapolation of the accelerator data may be ex-
pressed by a smaller value of §, say 0.02~0.03.
If we come to the assumptions of such a smaller
value of 6 and less abundance of heavy primaries
than the previously discussed one, then the viola-
tion of scaling in the fragmentation region becomes
an important factor in reproducing experimental
data. Also the existence of azimuthally asym-
metric phenomena is strongly suggested.
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APPENDIX: SAMPLING METHOD IN
PARTICLE PRODUCTION

In the procedure of sampling particle production,
itis necessafy to take into account energy con-
servation. Suppose that we assume an inclusive
energy spectrum of particle production and mul-
tiplicity distribution; then we repeat the sampling
until the sum of the sampled energies conserves
energy to within some predetermined accuracy.

unit

log,o(dN/dx) in arbitrary

FIG. 20. Sampled distribution of x from uniform
sampling function with a condition (Al). Solid curve
represents’'1/x.

Then, there must be a distortion in the sampled
energy spectrum because some cases-of sampl-
ing are rejected by wrong conservation of energy.
Such a problem always exists when we use an in-
clusive spectrum (not exclusive).

In the present paper, the sampling was made as
follows:

A distribution function y,(x)dx is assumed as a
sampling function and the kth value of x is sam-
pled with a condition expressed as

k=1
Ky<1= x;. (A1)
i=1

Such a condition of course distorts the assumed
distribution y,(x), but we can know how the spec-
trum is distorted. For example, it was tested
that we get the sampled distribution close to
¥(x)dx =~ dx/x when we assume uniform distribu-
tion y,(x)dx = dx as shown in Fig. 20.

Using an analogy to this case, sampling was
made assuming the sampling function g, (x)dx
=x(x)dx, where p(x)dx is the distribution func-
tion which we want to obtain as a result of the
sampling. Sampling was repeated until the right-
hand side of (A1) becomes less than x,,;,(=Ei./Eo)-
Therefore the multiplicity is defined only for par-
ticles above minimum energy. The results of
sampling are in good agreement with physically
assumed distribution in the present paper, as
shown in Figs. 2 and 3.
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