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The Peierls-Yoccoz method is used to treat the center-of-mass (c.m.) motion of hadrons in the MIT bag. The results
are found to agree with those obtained in the intuitive procedure of Liu and Wong. The method of Donoghue and
Johnson for making c.m. corrections is found to be incorrect. The pion decay constant F,, is calculated from the now
known c.m. motion of the pion in the bag. It turns out to depend strongly on the three-momentum of the pion.

A possible prescription for correcting the ef-
fects of center-of-mass (c.m.) motion of a hadron
in a bag in the Massachusetts Institute of Techno-
logy (MIT) bag model has been described else-
where.! It is based on certain intuitive argu-
ments which are difficult to justify in precise
terms. It gives the correct nonrelativistic limit,
and is most questionable in the most relativistic
systems, for example, a massless hadron con-
structed from » massless quarks. In this case,
it gives a c.m. momentum of 2.043vVn/R, where R
is the bag radius. Unfortunately, the correct re-
sult is not known, so that the prescription cannot
be tested.

However, there are standard methods in nuclear
physics? for handling such ¢.m. problems. In this
paper, one such method, the Peierls-Yoccoz pro-
jection® of the generator-coordinate method,>*
applied to this problem. The use of an approxi-
mate quark wave function® in a bag leads to simple
expressions for various quantities describing c¢.m.
effects. In the special case of a massless hadron
containing » massless quarks, this procedure
yields a result of 2.10Vn/R, , where R, is an in-
dependently defined equivalent bag radius. This

result shows that the prescription of Ref. 1 appears

to be quite accurate.

In addition, I point out that the procedure of de-
riving the ¢c.m. motion of a pion in a bag from a
matrix element of the axial-vector current, which
has been proposed recently by Donoghue and John-
son,® is incorrect. The pion decay constant F_ can
still be estimated from this matrix element of the
axial-vector current and the krown c.m. motion
of the pion in the bag. The result is found to be
~220 MeV. The limitations of this result are also
discussed.

In order to permit a comparison later, the nota-
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tion of Ref. 6 is used where possible. As in Ref.
6, we are interested in the decomposition of a
static hadron bag state |Hz(%X)) with bag center at
X into components ¢(B) of plane-wave momentum
eigenstates | H(p))
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The inverse relation is
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where Wy(p) is the normalization of the plane
wave:

HP) [HE))= @nF 6 - D) Wa(p)- 3)

W, may be chosen to be

(4)

H(p)={2w, for a meson

E(p)/my for a baryon.

The physical results do not depend on the ch01ce
of Wy.

Given |Hy(X)), the momentum eigenstate |H®))
can be projected from it, as shown in Eq. (2). Its
substitution into Eq. (3) leads immediately to the
final result

o) =[Wy(P)I®)/ @711, ®)
where
o) Etr?f Ere T EHL0) [H®) - (6)

is the Fourier transform of the Hill-Wheeler
overlap function.* This result can be used with
Eq. (1) to calculate expectation values:
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For the kinetic energy of c.m. motion, the func-
tion to be used is (my2+p?)' % - m,, where my is
the hadron mass.

This method is called a Peierls-Yoccoz (PY)
projection® in nuclear physics. It projects out
exact eigenstates of the center-of-mass momen-
tum P by taking appropriate linear integrals of
bag states at rest at different locations. However,
the internal state of the hadron in ]H (D)) may vary
with . One result is that the total mass of the
hadron may not come out to be the expected Gali-
lean invariant.” In a similar way, certain expecta-
tion values calculated this way may contain spur-
ious P dependences when none is expected. If this
should occur, it is a reflection of the imperfec-
tions contained in the given static state ,H X)),
which causes the internal state of the hadron in
IH(ﬁ)) to vary with §. Such spurious P dependences
can only be removed by /improving the given
IHB('x’)) itself.

One procedure for doing this in nuclear physics
is called the Peierls-Thouless’ method, which re-
quires the construction of suitably boosted states
|H 5(%,%)), where ¥ is the velocity. This is not
easy to do, especially in the present relativistic
context where the Lorentz invariance of the inter-
nal structure is required. (For example, the
boosted state must also be time dependent.) In the
present paper, I shall simply follow Ref. 6 by re-
stricting myself to the original static MIT bag
state. This means that a PY projection is the best
that can be done. :

It is obvious that the PY projection is very dif-
ferent from the Donoghue-Johnson® (DJ) treatment
of the c.m. motion of the pion in the bag which
starts with the pion decay matrix element

0@®)y°y.d®) | 7(5))= V2 F, poe!®-X. (8)

Transforming to the bag state, one finds
_ . 5.20[ ©0:®)
(0 Z(X)y y,dX) |7 5(0))= szF,f d®p et fpo[wl:’(p) ]
(9)
That is,
w -

¢DJ(§)=“;§_Q 'FEfA(B) ’ (10)

where

Fi® =G [ x5 e ol ay a0

(11)
The energy p° will be specified later.

In this approach, the pion decay constant F, turns
out to be a normalization constant determined by
the condition that (7 4(0) |7 40)) =1. Equation (10)
can now be used in Eq. (1) to give the expectation
value

<7’B(0), F(P) I 75(0))

=(21T)3 d31> [\/TWH(P) f;(-l—))]zF(-b) ,

W) F,p°
(12)

when the plane-wave normalization (3) is assumed
to be valid. This is the DJ result.

Unfortunately the plane-wave normalization is
not correctly given by Eq. (3). Given ¢p;(p), it
can be calculated directly from Eq. (2), and is
found to be

(n(®) | 1(5"))ps = (2185 — BIW ()

WIL(P) szo \ z"‘-—
"{ @y [vs*w,,(m@] "p’}'
(13)

The additional factor in Eq. (13) when inserted
into Eq. (12) gives just the Peierls-Yoccoz result
shown in Eq. (7). This development shows quite
clearly that the c.m. motion of the pion in the bag
has nothing to do with the axial-vector current.
In particular, if F, is a constant (i.e., a Lorentz

scalar), this additional factor cannot be unity for
. all values of p. Thus the plane-wave normaliza-

tion, Eq. (3), used in Ref. 6 is inconsistent with
the assumption made there that F, is a constant.
We shall come back to the question of the pion
decay later.

Given Eq. (7), it is a simple matter to evaluate
various c.m. corrections, once the Hill-Wheeler
function f({)) is calculated, perhaps by numerical
means. At the moment, a qualitative understand-
ing of the general features of these corrections as
applied to hadrons is perhaps more important than
precise numerical results. To this end, we ap-
proximate the 1s quark wave function in the bag by
the simple Gaussian expression

’1)(}1)=[R03‘”3/2(1+%32)]-”29-"12/2%2 - (14)

used by Duck.® The size parameter R, can be re-
lated to the bag radius R by requiring that the wave
function in Eq. (14) reproduces the correct mean-
square radius

(72)=%R02<1+%32)=f i (15)

1+38° 2(m,x) °

Here f(m,x) is a function of the quark mass m and
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bag eigenvalue x which relates (»*) and R? in the
bag model.®? For m =0, x=2.043, 7(0,2.043)
=1.372 is obtained.

The parameter 8 determines the probability p,
=28%/(1+£p?%) that the quark is in the lower, or
relativistic, or small component of the wave func-
tion. For the case m =0, it has been estimated®
to be 0.36, in another problem of the bag model.

For the wave function of Eq. (14), the Hill-
Wheeler overlap for » 1s quarks is just

I,(F) =(H ,0) | HT)

=[e-r2/4R02<1 _ C;;is)] y (16)
(o]
where
c=p%/(4+6p%).
Hence

3
Lp)= _RQ§_7_2_e—p2R02/2
(2m) (1)
x[1=6c+15c2+ (1 —5¢)2cp?R 2 +c*R,Y,

while I,(p) is proportional to exp(-%p°R,%).

These overlap functions permit ready estimates
of c.m. effects viaEq. (7). As illustrations, we give
below the results for {p,) and (%, for ahadron of n
quarks after the parameter R, has been eliminated
in favor of the bag radius R (now called an equiva-
lent bag radius R,,) with the help of Eq. (15):

<p>n=«/;{[(s }.'L_'Z'_@f_)\l/zf(m,x)(l+26)] (1+a,),

R, |\7 1+38°
(18)
a _n [9 _ﬁziff_) 2
=g 5 (o) room 0] @0,
(19)
where
c2 4 c2
Ay == s 35T (1—%40),
1+2¢ 31+2¢ (20)
320 ¢3
b2=0, ba="or Ti4c -

For massless quarks, 8=0.36, ¢=0.027, so that
all a,, b, terms may be ignored. Hence

2.1 5.19

(D)a= R, R, n. (21)

i, (=
q

These results are independent of the hadron mass.
In comparison, the method of Ref. 1 gives for
massless hadrons the result (p*), = (2.043Vn /R)*,
where the #*/ 2 dependence comes from the intui-
tive argument that (R, %)=R%*n. In the present
method, the same dependence on#n appears simply
because the Hill-Wheeler overlap in Eq. (16) is

just the nth power of the single-quark overlap.
This shows that the intuitive argument holds also
for a quantal system, even in the extreme rela-
tivistic limit. Even the numerical proportionality
constants are in good agreement, although there
is no mathematical reason why this should be true.
I conclude from this that the method of Ref. 1 ap-
pears to be physically reasonable and quantitative-
ly useful.

Let me now return briefly to the interesting
question of F,. Since ¢ (p) is now completely de-
termined by Eq. (5), it can be used in Eq. (7) to
calculate F, in the MIT bag model. The result is

F222(p2) = [3W,(p) @) /1, (D)) 2 (D)/p°.  (22)

For the approximate quark wave function shown in
Eq. (14), and the matrix element in Eq. (11), but
with a momentum-dependent F,, I obtain

1/2
Fb%(p?) = F2%(0) [’%’%’%ﬁﬁ] g(p?), (23)

where

6 Y2(9 _3p2
F2&(0) = [m,ROS(Z'ﬂ)s”(I—GC+15CZ)] <2+332>
(24)

and

(p?) = 1+cp®Ry%/ (1 - 38%)
&P =TT1p R 2@c — 10c2+cp?R D/ (1 — 6¢ + 15¢D) [/ 2

~1.0. (25)

Thus F?*(0) in this theory is infinite when either
the pion mass or its bag radius vanishes. This
differs from the DJ result which is finite even for
a massless pion.

It is interesting to obtain F2*¢(0) for the observed
pion mass and a finite bag radius deduced from the
experimental pion charge radius®® of (#2),,!/2=0.56
fm. The resultis

Fhe(0) ~220 MeV (26)

for the equivalent bag radius of R, =3.9V2 GeV™,
where the factor V2 allows for the pion motion in
the bag. (This is equivalent to R,=3.1 GeV™.)
This decay constant of a pion at rest is about
twice the experimental value'! of 94 MeV, but it
should be considered only a rough estimate be-
cause of the crudeness of the wave function used.
At finite p?, it is necessary to specify the ener-
gy p° in order to extract F?*(p?). If the projected
pion in |7(p)) of Eq. (2) is on the energy shell,
p°=w, must hold. It then follows from Eq. (23)
that F®*8(p?) depends on p2. This shows that given
the DJ ansatz of Eq. (1), it is mathematically in-
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consistent to assume next, as is done in Ref. 6,
that F, in Eq. (23) is a constant when the relation
p°=w, is also used.

From the present very limited perspective, it
would be more natural to allow F, to depend on the
squared three-momentum p%. Equation (23) then
shows that this momentum dependence comes pri-
marily from a “kinematical” factor, which for an
on-shell pion is just

e e

Since the pion mass is small, this factor decreases
rapidly with p2. For example, F?*¢((p?)) calculated
at the average value (p?) in the bag turns out to be
only 100 MeV, in rough agreement with the ex-
perimental value. The significance of this agree-
ment is not clear, however, since F¥(p?) is valid
only for the projected state of good momentum §,
while (5}: 0 holds for the unprojected bag state.

It is likely that the usual pion decay matrix ele-

ment containing a Lorentz-invariant decay con-
stant F, cannot be recovered completely unless
the theoretical projected pion states also have a
Lorentz-invariant internal structure. This is a
very interesting problem, but the problem solved
here is much more modest. It is concerned mere-
ly with center-of-mass corrections involving only

the quarks in the usual, i.e., static, MIT bag state
| Hg(%)).

Note added in proof. I have found recently that
I. Duck has done the same calculation for F(0)
in Phys. Lett. 64B, 163 (1976) without approximat-
ing the quark wave function in the bag by the modi-
fied Gaussian of Eq. (14). My result agrees with
his when allowance is made of the different bag
radii used.
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