
PH Y S ICAL RE VIE% D VOLUME 24, NUMBER 5 1 SEPTEMBER 1981

Exact formula for ( gs:"yj-type processes in the standard model

Ernest Ma and A. Prarnudita
Department ofPhysics and Astronomy, Uniuersity ofHawaii at Manoa, Honolulu, Hawaii 96822

(Received 12 December 1980j

We compute exactly all the one-loop contributions to the amplitude A —+By, where A and B are fermions of the

same charge, but different flavor, in the standard electroweak gauge model. The result is of importance if all mass

effects are to be correctly taken into account.

In the standard electroweak gauge model' with
one Higgs doublet, the decay A-Py, where A and
B are fermions of the same charge but different
flavor, is of considerable importance, since it is
sensitive to the masses and mixing angles of all
fermions, known or unknown, to which A and B
are coupled via the charged-current mixing ma-
trix. Early calculations of such a process, e.g. ,
p. -ey, ' have always been done with the following
two approximations. (1) Ail external masses are
much smaller than the W-boson mass. (2) All in-
ternal masses are much smaller than the W-boson
mass. More recently, a calculation where only
the first approximation is taken was done by
Inami and Lim. ' Now we have obtained the exact
formula for such a decay, discarding even the
first approximation. Our result is of importance,

especially if there are heavy fermions, such as
heavy neutral. leptons, whose decay into other
channels are somehow suppressed.

As in the calculation of the effective Zds coup-
ling, there are two classes of diagrams to be
considered, as shown in Figs. 1 and 2. In the
limit of vanishing external mom-enta, the total
contribution of these diagrams to A-By is ex-
actly zero, a result easily obtained by looking
at only those terms of the effective Zds coupling
which are proportional to sin'e~. In fact, gauge
invariance of the A. -. By amplitude requires it to
be of the form

M =q "a"B(p,)o,„(c,R+c,l)A(p, ),
where q =p, —P, is the momentum of the photon,
and c„c,are quantities to be computed for a
given model. In the standard model, ' the basic
charged- current interaction is left-handed, so
that c, will be proportional to nz„and c, to m~.
In the limit m„, ms «M ~, c,/m„will also be equal
to c,/m, .

Let A, B be fermions of charge Q and weak iso-
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FIG. 1. One-loop diagrams contributing to A —By
involving W and f.

FIG. 2. One-loop diagrams contributing to A,

involving only P.
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spin —2, so that they are coupled via the 9' boson
to fermions i of charge @+1 and weak isospin + —,'.
Owing to the unitarity of the charged-current
mixing matrix, each of the divergent diagrams in
Fig. 1 becomes finite after summing over all in-
ternal fermions, whereas the divergences of the
diagrams in Fig. 2 cancel among themselves for
each internal fermion. Let a=m~'/M~', b =ms'/

M ~', and x, =m, '/M~', then the total relative con-
tribution of each internal fermion to A —By is giv-
en by'

E) 1 'd '
3 2

e''t l„4(~-b) ~ l y&
' 1-y& f,(b)

(2)
and
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where

f,.(a) =1 —(1—x,.)y —oy(l —y) . (4)

(5)

Let X;& denote the charged-current mixing matrix
which connects the fermions of weak isospin ——,

' to
those of weak isospin+-,', then

(Qy+1)y(1 -y)E —y —b dy t1 (1 )

(2+x)y(1-y)
3f1 —(1 —x)y] ' (8)

which is of course negligible compared to F,.
If we also take the approximation x«1, then we
obtain the well-known result
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X (9)
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(7)

Whereas E, ' is symmetric with respect to the
exchange of A and B, E, ' is antisymmetric.
Hence in the limit a, b «1, the former can be pro-
portional to unity, but the latter can only be pro-
portional to a —b and therefore negligible. In that
case, c,/m„=c, /ms as was noted earlier. Fur-
thermore, if a = b but otherwise not restricted in

magnitude, then E, ' is identically zero, and c,
=c, exactly. This means that there is no one-loop
weak-interaction contribution to the CP-noncon-
serving electric dipole moment of any fermion,
e.g. , the neutron, in the standard model, regard-
less of whether or not there is a CP-nonconserving
phase in the charged-current mixing matrix. For
A-By, since ac b, there are in general both a
transition magnetic dipole moment which is pro-
portional to E, and a transition electric dipole mo.-
ment which is proportional to E,.

To recover the result of Ref. 3, we take the
approximation a, 5«1, and for convenience, drop
the index i. Then

3Q w' 1 5 g'F=—+——— F=———
4

(10)

whereas according to the approximate formulas,

5Q 1F =—+- F=0.
24

The numerical difference is obviously oignificant.
Finally, for completeness, we have also com-

puted the exact A-By decay rate:

2 5 ( y 3 '2

+ —gg „y* y ti& ~tn) )
5

(12)

where we have eliminated the constant terms since
they will add up to zero after summing over all
internal fermions. If &,B have weak isospin
+-', instead, then all the above expressions
are changed by changing q into -Q and then
changing the overall sign. Thus for p, ey, F,
= -x/8, whereas for v, - v,y, Jl, = 3x/8.

Consider as an example the case 1-a«1,
5 «1, g«1. According to the exact formulas,

and

1 3 —9g 3m 21'
8 8(1-x)' 4(1-x)'

This work was supported in part by the U. S.
Department of Energy under Contract No. DE-
ACO 3-76ER00511.



1412 BRIEF REPORTS 24

. S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967); A. Salam,
in Elementary Particle Theory: Relativistic Groups
and Analytioity (hlobet Symposium No 8)., edited by
N. Svartholm (Almqvist and Wiksell, Stockholm, 1968),
p. 367; S. L. Glashow, Nucl. Phys. B22, 579 (1961);
A. Salam and J. C. Ward, Phys. Lett. 13, 1684 (1964);
S. L. Glashow, J. Illiopoulos, and L. Maiani, Phys.
Rev. D 2, 1285 -(1970).

B. W. Lee, S. Pakvasa, B. Shrock, and H. Sugawara,
Phys. Rev. Lett. 38, 937 (1977); H. Fritzsch, Phys.
Lett. 678, 451 (1977); see also T. P. Cheng and L. F.
Li, Phys. Rev. Lett. 38, 381 (1977); W. Marciano and
A. Sanda, Phys. Lett. 67B, 303 (1977); S. T. Petcov,

Yad. Fiz. 25, 641 (1977) [Sov. J. Nucl. Phys. 25, 340
(1977)]; Yad. Fiz. 25, 698 (E) (1977); F. Wilczek and
A. Zee, Phys. Rev. Lett. 38, 531 (1977).

3T. Inami and C. S. Lim, Prog. Theor. Phys. 65, 297
(1981); see also G. Altarelli et al. , Nucl. Phys. B125,
285 (1977); T. P. Cheng and L. F. Li, Phys. Bev.
Lett. 45, 1908 (1980).

E. Ma and A. Pramudita, Phys. Bev. D 22, 214 (1980)
and references therein.

We drop the constant term 8 Q+ ~ in F~, in anticipation
that it does not contribute after summing over all
internal fermions.


