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Minimal subtraction and momentum subtraction in quantum chromodynamics at two-loop order
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The momentum-subtraction coupling constant a«M yields consistently smaller one-loop corrections to many
quantum-chromodynamics (QCDj processes than the minimal-subtraction couplings a» and a M, . By shifting the
renormalization scale p of aM, fp), we obtain a minimal-subtraction coupling with the same small one-loop
corrections. It is shown, by studying the effective charges of QCD, that at two-loop order this coupling constant will
continue to yield corrections to physical quantities that are comparable to those obtained by momentum subtraction.
We also.introduce a momentum-subtraction scheme which treats the triple-gluon, quark, and ghost vertices equally
at one-loop order and is more convenient for higher-order calculations than the MOM scheme.

I. INTRODUCTION

In a renormalizable quantum field theory,
physical quantities are guaranteed to be indepen-
dent of the choice of renormalization scheme.
However, since such quantities are usually cal-
culated using a perturbation expansion in the
coupling constant, a parameter which depends on
the renormalization scheme, the coefficients in
the expansion are also scheme-dependent. The
resulting ambiguity is phenomenologically un-
important in low-energy quantum electrodynamics
(QED) because of the very small coupling constant,
and because the historically chosen "mass-shell"
renormalization scheme is a natural prescrip-
tion for low-energy processes. However, scheme
dependence becomes very important in extracting
quantitative predictions from quantum chrom-
dynamics (QCD), due to the much larger coupling
constant and the lack of any natural renormaliza-
tion prescription.

For massless field theories such as QCD with
massless quarks, the most commonly used re-
normalization schemes are minimal subtraction
and momentum subtraction. Minimal schemes
are used in conjunction with dimensional regu-
l.arization where four-dimensional divergent in-
tegrals are analytically continued to 4- 2~ di-
mensions. ' In the conventional minimal-subtrac-
tion scheme (MS), only the poles in e are sub-
tracted from primitively divergent Green' s
functions. ' In the modified minimal-subtraction
scheme (MS), certain constants that arise from
the analytic continuation of angular integrals are
subtracted along with the poles. ' The coupling
constants in these two schemes are actually re-
lated to all orders by a simple shift in the renor-
malization scale: aMs(p, ) =- aMe(ge ') where
f = 0.977. (This is proved in Sec. II.) Minimal-
subtraction schemes have many attractive fea-

tures. 4 In gauge theories, the.renormalized
coupling constant and associated P function are
gauge-invariant. In massive theories, the P
function and the anomalous dimensions are inde-
pendent of any mass parameters. Minimal
schemes are very convenient for higher-order
calculations involving renormalization, because
the subtractions have extremely simple forms.
F inally, these sche.mes have the additional ad-
vantage in gauge theories of automatically satisfy-
ing the constraints imposed by the Ward identities.

In momentum-subtraction schemes, the radia-
tive corrections to a particular set of propagators
and vertices are subtracted at some specified
point in momentum space, commonly chosen to
be the symmetric point (SP) where all external
legs have the same momentum squared. Momen-
tum schemes have the advantage of making a11.
renormalized quantities, including the coupling
constant, independent of the regularization method.
However, they have many drawbacks. There
is no unique choice for the set of propagator and
vertex corrections which are subtracted at the
SP. In gauge theories, care must be taken to
make this set compatible with the Ward identities.
The simple properties enjoyed in minimal schemes
by the coupling constant and the renormalization-
group functions are lost. Finally, the determina-
tion of the renormalized coupling constant re-
quires the calculation of vertex corrections at the
SP, which is extremely difficult beyond one-
loop order.

QCD in a covariant gauge with massless quarks
has three fundamental propagators (for the gluon,
ghost, and quark fields) and four fundamental
vertices (the triple-gluon, ghost, quark, and
four-gluon vertices). An example of a momentum-
subtraction scheme for this theory is the MOM
scheme of Celmaster and Gonsalves. ' In this
scheme the gluon, ghost, and quark propagator
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corrections, together with a particular component
of the triple-gluon vertex correction, are sub-
tracted at the symmetric point. The other vertex
subtractions are then fixed by the Ward identities.
The coupling constant ngp„(p $) defined by this
scheme depends weakly on the gauge parameter
$ for ($

~

~ 1. It was suggested in Ref. 5 that this
coupling constant evaluated in the Landau gauge
be used as an expansion parameter for physical
quantities.

Interest in the renormalization-scheme depen-
dence of the predictions of QCD was aroused by
the discovery that several physical quantities have
large one-loop corrections when calculated in the
MS scheme, i.e. , they have relative corrections
1+ Ca/g with coefficients C» 1. It was found
empirically that the size of the coefficients is
decreased if the MS coupling constant is used
a.s an expansion parameter. ' Celmaster and
Sivers' have recently considered the renormal-
ization-scheme dependence of QCD corrections
to several quantities, including the cross section
for e'e annihilation, the decay rate for pseudo-
scalar quarkonium, and the moments of structure
functions for deep- inelastic scattering. All these
quantities have large one-loop corrections in the
MS scheme as well. However, when expanded
in powers of the coupling constant ohio]g(p) n.uog
(p, )=0), defined by momentum subtraction in

the Landau gauge, they all have corrections with
coefficients C of order 1.

In view of the success of n«& in producing
acceptable one-loop corrections for these physical
quantities, it is reasonable to conjecture that this
momentum-subtraction coupling constant will
continue to give well-behaved perturbation expan-
sions in higher orders. However, minimal
schemes have many theoretical advantages over
momentum subtraction, and it would be useful
to have a minimal-subtraction, coupling constant
which gives similarly well-behaved expansions.
Such a coupling constant is easily obtained at
one-loop order by shifting the renormalization
scale p of )he conventional MS coupling constant,
i.e., adjusting f to make n„s(pe ') equal to n„o„(p,)
to order n'. In this paper we show thai this scale-
shifted MS coupling constant will be as good an
expansion for @CD as typical momentum-subtrac-
ti,on couplings, at least to two-loop order.

The determination of the appropriate momentum
scale p for a given physical quantity is an impor-
tant aspect of the problem of renormalization-
scheme dependence which has been traditionally
left to the intuition of the phenomenologist.
Momentum-subtraction coupling constants such
as n„o„(p) are defined to make certain radiative
corrections vanish, and this enables one to make

an educated guess as to the appropriate value of
p. for a given process. In minimal-subtraction
schemes, poles in z and certain associated con-
stants are subtracted from the radiative correc-
tions, which gives no clue as to the proper choice
for the momentum scale. It will be shown that
o'us(p, ) is in fact an appropriate coupling constant
for a momentum scale of about 7p, , and that this
is responsible for the large radiative corrections en-
countered when it is used as an expansion parameter
for physical quantities with scale p, . An alternative
approach to renormalization-scheme dependence
which completely eliminates the ambiguity in the mo-
mentum scale has been proposed by Stevenson. '

In Sec. II, we examine the ways in which the
conventional minimal-subtraction scheme can be
modified without sacrificing its desirable proper-
ties. A change in the analytic continuation of
dimensionally regulated integrals is shown to be
completely equivalent to a shift in the renormali-
zation scale. This provides theoretical motiva-
tion for considering scale-shifted MS coupling
constants. In Sec. III, the effective charges of
@CD are used to study the momentum-subtraction
coupling constants of the theory. It is shown that
n~o~ can be distinguished from the poor expansion
parameters a~a and Q.„—8 in that it yields small
one-loop corrections to the effective charges in
gauges with

~
$

~

s 1, as well as to physical quan-
tities. In Sec. IV, we demonstrate that these
effective charges can be reliably calculated by
approximating the symmetric-point vertex correc-
tions by their values with one leg at zero momen-
tum. We also introduce a momentum-subtraction
scheme MOM for @CD, which treats the triple-
gluon, ghost, and quark vertices equally at one-
loop order and is more convenient for higher-
order calculations than the MOM scheme. In Sec.
V, the zero-momentum approximation is used to
study the two-loop corrections to the effective
charges of @CD. The scale-shifted MS coupling
constant which coincides with n~o& to order n
is shown to yield small corrections to the effective
charges in the Feynman gauge at two loops as well
as at one loop. We conclude that to iwo-loop or-
der this minimal-subtraction coupling constant
will yield expansions for physical quantities which
are similar to those obtained in typical momen-
tum-subiraction schemes. A summary is given
in Sec. VI. The complete one- and two-loop
corrections to vertices with one leg at zero mo-
mentum are given in the Appendices.

II. MINIMAL-SUBTRACTION RENORMALIZATION
SCHEMES

The simplest technique for regularizing the di-
vergent integrals encountered in field-theoretic
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perturbation expansions is dimensional regular-
ization, in which four-dimensional integrals are
analytically continued to D = 4 —2a dimensions.
The conventional analytic continuation is

D/2

(kwl 'f d'k-(kw) f k 'dkdao, f da =
1" D2

arises from the & expansion of angular integrals,
from renormalized quantities to all orders.

One can argue for the choice P(c) = 1/z on the
grounds of simplicity. For example, it leads to
the following simple expression for the P func-
tion:

p((2) =- tl —c( = 2n —zl((2),
9 9

8 P ~p BQ/
(4)

where d~D is the angular integration element in
D dimensions. To define a dimensionless re-
normalized coupling constant (2 =g/4v-, we must
introduce a scale parameter p. . The coupling con-
stant nMs(p, } in the conventional minimal-subtrac-
traction scheme (MS) is defined by

'(2p P. '+Ms(/ )Z(k {Q Ms( u} )&) w (2}

where np is the bare charge and Z the charge
renormalization constant. The renormalization
constants of the MS scheme are chosen to subtract
only the poles in E from primitively divergent
Green's functions. We emphasize that there is
nothing in this definition to suggest that nMs(p, )
should be a good expansion parameter for physical
processes at characteristic momentum scale p. .
Indeed explicit calculations have shown that it is
a poor expansion parameter for one-loop correc-
tions in @CD.

In this section we examine modifications of the
MS scheme which preserve the desirable features
of minimal subtraction. The two independent steps
of the MS renormalization scheme are (i) the
regularization of divergent integrals and (ii) the
definition of the renormalization constants. The
regularization of the integrals as given in Eq. (1)
can be modified by the insertion of a "norrnaliza-
tion factor" N(e):

(kw)' fd'k - (kw) 'f d'k,

It thereby eliminates the constant ln4w —y, which

where N(a) is analytic at s. =0 and N(0) =1. The
definition of the renormalization constants can be
altered to subtract positive powers of P(&) from
primitively divergent Green's functions, where
P(c) is any function with a simple pole at & =0.
Neither of these modifications spoils the attractive
features of the MS scheme. They are equivalent
at one-loop order. For example, the MS scheme
can be defined at one loop either by N(e) = (4l/)'/
I'(1 —a), P(c) =1/e, or by N(e) =1, P(&) =1/e
+ ln4n —y. The former is the correct definition
in higher orders, since it is equivalent to normal-
izing the solid angle to

(22/) d &D= 1 1

where sl(n) is the coefficient of 1/e in the expan-
sion of the charge renormalization constant in
inverse powers of e:

( ) 1~ el((2) + &2((2) +

D
ap d h=c(pN(E)

( )
d h .

Hence the coupling constant nN()(() is defined by
substituting (2pN(e) for np in Eq. (2):

o'p P, 'N(&} = nN(tl}Z'"(c(N(P, ), &}.

(8)

(7)

It is known that a change in the normalization fac-
tor N(e) only modifies the renormalization con-
stants by finite amounts. ' Since Z and Z~ are
both defined by minimal subtraction, they have
no finite parts. Consequently they must be the
same functions of their respective arguments:
ZN((2, e) = Z ((2, e). We rewrite Eq. (7) absorb-
ing N(e) into the renormalization scale:

(yp(t(e " ') '= nN(t()Z ((2'N((2-'), z) . (8)

Shifting the scale p, in Eq. (2) by e ""/' gives

( ltie/2akN) 2 ~ (ue-laN/2d)ZMS(& (+e-laN/2k) &)

(9)
Comparing Eqs. (8) and (9), we deduce immed-

For any other choice of P(e), Eq. (4) is replaced
by a complicated expression involving all the func-
tions e,((2). There is, however, noa prioriarg-
ument for any particular normalization factor
N(&) =(4v)'/1(1 —e) removes the constant 1n42/ —y
from renormalized quantities, but the same is true
«N(~) = (4)T)'/1 (2 —z). Consequently, we shall
fix P(a) = 1/a, and consider the effect of varying
N(e) on the renormalization scheme.

Variations of the function N(q) generate only a
one-Parameter change in the xenoxmalization
scheme and this change is equivalent to a shift in
the scale parameter p.. This assertion is easily
proved. The analytic continuation of Eq. (3) de-
fines a minimal-subtraction scheme whose coup-
ling constant will be denoted by nN()((). Since each
loop integration is associated with a factor of the
bare coupling constant np, the theory remains un-
changed if we scale the bare coupling and divide
the integrals by the same factor N(a):
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iately

&~(A = &Ms(&~

Since this equation relates only finite quantities,
we are free to take the limit ~ -0. Expanding
the normalization factor in the form N(e) = 1
+2te+ ~ ~ ~, we obtain

n„(P)= n. Ms(ge ') .

This proves our assertion that a change in the
normalization factor N(a) is completely etiuivalent
to a shift in the renormalization scale p.

As a consequence of this fact, the MS and MS
coupling constants are related t0 all orders by a
simple scale shift:

o.SS(p) = o.M,(pe- Ms) t„, (1n4n y)/2 (12)

This implies that they have the same P functions,
despite the fact that the P function is known to be
renormalization-scheme dependent beyond two-
loop order. In particular, the three-loop P func-
tion for QCD, which was recently calculated in
the MS scheme, is the same in the MS scheme
and any other scheme which differs from it only
by the normalization of divergent integrals.

As pointed out earlier, there is nothing in the
definition of the coupling constant nMs (p) to sug-
gest that it ought to be a good expansion para-
meter for processes at the momentum scale p, .
On the basis of the preceding analysis, we sug-
gest that a shift in the renormalization scale be
used to make nM, a better expansion parameter.
For example, it yields acceptable one-loop correc-
tions for physical quantities in @CD if the para-
meter t is adjusted so that o.M, (pe ') equals the
momentum-subtraction coupling constant nM«(p)
to one-loop order'.

For each of these processes we define a "physical
charge" &f""(p) by absorbing all the radiative
corrections into the lowest-order expression for
that process. Grunberg' has suggested that these
physical charges can be used to obtain renormali-
zation-group-improved predictions for the corres-
ponding quantities. The physical charge corres-
ponding to process B is defined by

r( ' ""')- ~:h (~) (14)
1(photons) 9Q' nQsn )

where Q is the charge and p =M is the mass of the
heavy quark. In defining the other physical char-
ges, we use the renormalization scales tI, = Ws (the
center-of-mass energy) for e'e- annihilation and
p, =(Q ) ~ (the momentum transfer) for the struc-
ture functions. These physical charges can be
expanded in powers of the scale-shifted MS coup-
ling constant:

o-', '(9) =.o'Ms(Ps ') +A, (t)(yMs(. pe ') + ~ ~ ~ . (15)

The I, dependence of the expansion coefficients
A, (t) is shown in Fig. 1 assuming four flavors of
massless quarks. As demonstrated in Ref. 6, the
coupling constant nM«(corresponding to t = tM«)
yields consistently smaller coefficients than ex-
pansions in oMs or o.Ms (corresponding to t =0
and t = t„s, respectiv—ely). By the definition of tM«,
the minimal-subtraction expansion parameter
oMs(pe ™oM)yields the same small one-loop cor-
rections to these physical charges.

PHYSICAL CHARGES
I f I

f I

QCD (4 flavors)

&M«(P) = &Ms(&~ MoM) + 0(o' ) ~

69 —32' I
MQM Ms 33 —2 24Plf

(13)
ca

cX&

C2

where n& is the number of flavors of quarks and
I= 2.344.

To illustrate the effect of the scale shift on one-
loop corrections, we use some of the @CD pro-
cesses whose prescription dependence was re-
viewed in Ref. 6:

(A) QCD corrections to the hadronic cross sec-
tion for 8'e- annihilation ';

(8) the ratio of hadronic to electromagnetic de-
cay rates for pseudoscalar quarkonium", and

(Cl), (C2), (C3) the second, fourth, and eighth
moments of the nonsinglet structure functions for
deep-inelastic lepton-hadron scattering.

t—
MS)

0

tMOM tMoM X&
l 1 i

Scale parameter t
FIG. 1. Order~2 coefficients A;(t) for the physical

charges nf "' as a function of the scale-shift parameter
t for @CD with four flavors of massless quarks.
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It is possible that coupling constants defined by
minimal subtraction are inherently poor expansion
parameters. Shifting the renormalization scale
to obtain small one-loop corrections to physical
quantities could conceivably produce large higher-
order corrections. We present evidence in this
paper that this does not happen at two-loop order.
Thi's cannot be shown directly, since no calcula-
tion of corrections to @CD processes has been
carried beyond one loop. We argue in the next
section that higher-order corrections to such
quantities can be studied indirectly by examining
the effective charges of the theory.

III. EFFECTIVE CHARGES IN QCD

We begin our study of the effective charges of
QCD by motivating the definition of the "effective
charge". Consider a three-leg vertex inside a
Feynman diagram. Assuming a massless theory
for simplicity and ignoring any Lorentz tensor
structure, the vertex contributes to the diagram a
factor of the coupling constant g and a leg with mo-
mentum p, contributes the propagator factor 1/p, '.
The effect of higher-order radiative corrections
is to replace the vertex by the one-particle-irre-
ducible (1PI) three-point function and the propa-
gators by the connected two-point functions:

r- r(p„p.,p.),
(18)

where II is the self-energy. Every propagator con-
nects two vertices and we can associate equal parts
of the propagator corrections with each vertex.
All radiative corrections associated with this par-
ticular vertex can then be lumped into an "effec-
tive vertex":

r"'(p„p„p,)
r(p„p„p,)

[1 11(p 2)]1/ 2[1 11 (p 2)]1/ 2[1+ Il (p 2)]1/ 2 '

Which momentum configurations p„p„p, will dom-
inate the loop integrals of the Feynman diagram
in which this vertex occurs'P The answer depends
on the physical process which is being calculated.

Suppose the vertex is part of a Feynman dia-
gram for an infrared-finite physical quantity which
depends on the single momentum scale p. The in-
ternal loop momenta can be Wick-rotated so that
all integrations are over Euclidean space. Since
the physical quantity is infrared finite, the contri-
butions to these integrals from configurations in-
volving loop momenta with p,.'«p, ' must be sup-
pressed either by small phase space or by cancel-
lations. Any sensitivity of the physical quantity to

momentum configurations with p, '» p' is removed
by renormalization. Therefore, the dominant con-
tributions to the loop integrals must come from
configurations with p, '-p, '-p, '- p. '. This leads
us to define the "effective charge" to be the value
of the effective vertex at the symmetric point (SP),2' 2 2 2.
Pg -P2 -P3 —-&

~"'(~) = r(p. ,p.,p.) I-[1+11(-~')]"' (18)

The change in sign of p, ' comes from having ro-
tated back to Minkowski space. Many of the high-
er-order corrections are absorbed into the defini-
tion of the effective charge, and therefore g"f(p)
is a logical candidate for an expansion parameter
for physical quantities with momentum scale p, .
This effective charge is in fact the renormalized
coupling constant of the momentum-subtraction
scheme in which the vertex and propagator cor-
rections in Eg. (18) vanish at the SP.

The effective charges of a theory are natural
candidates for momentum-subtraction coupling
constants. We restrict our attention now to the
effective charges of QCD in a covariant gauge with
massless quarks. For convenience we refer to
o'"'(p. ) —=g'"(p, )'/42 as the effective charge. In
QCD there are four fundamental vertices with the
same coupling g. For each vertex, the radiative
corrections involve several independent Lorentz
tensors, and they have no unique decomposition
into scalar components that can be used to define
effective charges. The effective charges also have
the complication of gauge dependence. Further-
more, longitudinal gluons have no propagator cor-
rections in accordance with the Ward identities,
and therefore only effective charges without longi-
tudinal 0luon legs can be used as momentum-sub-
traction coupling constants.

To define effective charges, we must decompose
the Lorentz tensor structure of a vertex into sca-
lar components. Each free Lorentz index at a
vertex corresponds to an external gluon leg. We
can t:herefore eliminate the tensor structure by
contracting the vertex with polarization vectors
for the external gluons. There is a natural choice
for the basis vectors of a gluon leg at a three-point
vertex since there is a preferred line, the mo-
mentum of the gluon, and a preferred plane, the
plane of the momenta of the three legs. We define
the "longitudinal" (I ) polarization vector for a
gluon of momentum p to be parallel to its momen-
tum. The polarization vector which lies in the
momentum plane but is orthogonal to p will be
called "planar transverse" (P). The two remain-
ing basis vectors can be chosen orthogonal to the
momentum plane; we refer to them generically as
"normal-transverse" (N) polarization vectors.
These basis vectors lead to a natural decomposi-
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n', "(u, 5)= &«(V e ')+A,-((, t)o'«'(qe ')-
+&,(h, t)&«'(pe ')+ ~ ~ ~ . (19)

The functions A,. (g, t) measure the order-&2 devia-
tions of the effective charges from the coupling
constant o.'«(tje ') and are determined by one-loop
calculations of propagator and vertex corrections
at the symmetric point. These calculations have
been carried out by Celmaster and Gonsalves' for
the propagators, for the complete triple-gluon and
ghost vertices, and for the component of the quark
vertex corresponding to &,",„'. We note in passing
that the coupling constant in their MOM scheme is
simply one of these effective charges: &Mou(p, )

We now examine the gauge dependence of the
one-loop effective charges in the MS scheme. The
same analysis was essentially carried out in Ref.
5 for the effective charges without longitudinal glu-
on legs. The gauge dependence of the expansion
coefficients A, ($, 0) in the MS scheme for four
flavors of quarks is shown in Fig. 2 for i =NNP,
PPP, ZI-P, ggP, ggJ, and qqN. Since the effec-
tive charges are necessarily polynomials in the
gauge parameter, the functions A, ($,0) diverge as
powers of g for large )g ). However, for g near

tion of the triple-gluon and ghost vertices of QCD.
The quark vertex has the extra complication of
Dirac matrix structure. The lowest-order vertex,
after contraction with a polarization vector a for
the gluon leg, is given by (-ig)tt'. The vertex cor-
rection can be decomposed into a component pro-
por'tional to g and a component orthogonal to )t with
respect to the IXrac trace. We choose to define
effective charges using only the former component.
These decompositions of the triple-gluon, ghost,
and quark vertices are defined in more detail in
Appendix C. Ne do not consider the effective
charges corresponding to the four-gluon vertex.

We label the effective charges for the triple-glu-
on vertex by the polarizations of the external glu-
ons, i.e., &„"„'~(y., $) is the effective charge corre-
sponding to two normal-transverse (N) and one
planar-transverse (P) gluons. The only nonvan-
ishing three-gluon effective charges in lowest ord-
er are &',-", i =NNP, PPP, ~I-P. The lowest-order
ghost vertex is nonzero for gluons with polariza-
tions P and L and the corresponding effective
charges are denoted by o'"„' and &~~~. . Finally,
the lowest-order quark vertex is nonvanishing for
all three gluon polarizations, yielding three more
effective charges, &',. ~, i =qqN, qqP, qqL.

The eight effective charges defined above can be
expanded in powers of the minimal-subtraction
coupling constant n«(pe '), where we have allowed
for a shift in the scale p by a factor e '.

EFEECTIVE CHARGES
1 I l ) I I

2
O
II

e

0—

-2
-5

r

LLPy

/

-4 -5 -2
I

0

QCD (4 flavors)
expanded in azs
I I I

2 5 4 5

Gauge parameter f
FIG. 2. Order-~ coefficients A;((,t =0) in the MS

scheme for the effective charges 0.
&

as a function of
the gauge parameter for @CD with four flavors of mass-
less quarts. The solid, dash-dot, and dashed lines
represent charges with zero, one, and two longitudinal
gluon legs, respectively.

zero, the curves NNP, PPP, ggP, and qqN are
close together and are equally separated from the
curve ggL and the curve ILP. The pattern seems
to be that for small gauge parameters the effective
charges fall into discrete bands depending upon the
number of longitudinal gluon legs. This is simply
due to the absence of propagator corrections for
longitudinal gluons as dictated by one of the Ward
identities. The bands can be made to coincide by
choosing a renormalization scheme in which the
gluon propagator correction is small.

The simplest change that can be made in the re-
normalization scheme is to shift the scale p of the
coupling constant as in Eq. (19). The expansion
coefficients A, (g, t) vary with the scale-shift pa-
rameter t in accordance with the renormalization-
group equations for the effective charges. These
equations depend on the number of longitudinal glu-
on legs l:

Using the expansions (19) and (21) in the renormal-

(2o)

The P function P(n) and the gluon anomalous dimen-
sion y(a, g) have expansions of the form
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ization-group Eg. (20), we find that the coefficients
A, (g, t) must satisfy

8
A, (g, t)+b, +2lyo($) =0, (22)

EFFECTIVE CHARGES

whic h yields immediately

A, (],t) =A, (g, 0) —[b,+2ty, (g)] t, (23)

Hence the A, ($, t) are linear in t and their slopes
depend on the number of longitudinal gluon legs.

The functions A,.($ =0, t), which measure the de-
viations of the effective charges in the Landau
gauge from on(sp, e '), are plotted versus t in Fig.
3 for QCD with four flavors. We have included the
charges with longitudinal gluon legs in this graph
even though longitudinal gluons do not propagate
in the Landau gauge. The deviations of the effec-
tive charges from +us(p, ) (shown at t=0) and +Ms(p)
(shown at t = tMS) are all positive and some are
fairly large. However, as in the corresponding
graph (Fig. 1) for the physical charges, the devia-
tions are all close to zero for t =t«M defined in
Eq. (13). The same pattern occurs for gauges
near the Landau gauge such as the Feynman gage
(( =1), since the charges depend weakly on the
gauge parameter for ) $ ~

S 1 as shown in Fig. 2.
Therefore, o.„o„(p,) and o'. ~(ye '«M) are char
acterized not only by the fact that they give con-
sistently smaller one loop QC-D corrections to
physical processes than ~ and O'Ms, but also by

their yielding small one-loop corrections to all the
effectioe charges in gauges with [ $ [ z 1.

The distribution of one-loop corrections to the
effective charges without longitudinal gluon legs in
Fig. 3 is seen to coincide with that of the physical
charges in Fig. 1. Therefore, each of these effec-
tive charges, one of which is o'«M, defines a mo-
mentum-subtraction coupling constant for which
the physical charges have small one-loop correc-
tions. It is reasonable to expect such momentum-
subtraction couplings to continue to give small
corrections for physical quantities in higher ord-
ers. By extending our analysis of the effective
charges to two-loop order, we will show that the
sc ale-shifted minimal-subtraction coupling con-
stant is an equally good expansion parameter to
this order.

IV. APPROXIMATE EFFECTIVE CHARGES

The effective charges were defined using vertex
corrections at the symmetric point (SP), which are
very tedious to calculate beyond one loop. In this
section it is shown that corrections to a three-
point vertex can be reliably approximated by their
values with one external leg at zero momentum,
which reduces the calculation to the same degree
of difficulty as propagator corrections. Hence we
can approximate the effective charges by replacing
the SP vertex corrections by their values at the
zero-momentum point (ZP): p, '=p, '= -p, ', p, =0.
In the notation of Eq. (19), we define an "approxi-
mate effective charge" g"'(p, ) by

0
II

4@I'

p

Scale parameter t
FIG. 3. Order-n2 coefficients A~($ =O,t) for the ef-

fective charges o.,'~ in the Landau gauge as a function
of the scale-shift parameter t for QCD with four flavors
of massless quarts.

This charge is the coupling constant for a renorm-
alization scheme in which the vertex correction is
subtracted at the ZP, while the propagator correc-
tions are subtracted at the SP as usual.

The motivation for introducing this approxima-
tion is that 1PI three-point vertices are guaranteed
to be free of infrared singularities as the momen-
tum p of one leg vanishes. " The coefficient of a
particular Lorentz tensor in the decomposition of
the vertex may diverge like lnP as P-O, but only
if the tensor itself vanishes at the ZP. If it sur-
vives in this limit, the corresponding vertex cor-
rection is guaranteed to remain finite. Explicit
calculations show further that these infrared-finite
corrections are usually insensitive to P over the
entire region of momentum space between the SP
and the ZI'. It is therefore reasonable to approxi-
mate the SP vertex corrections by the correspond-
ing infrared-finite ZP corrections.

%e illustrate this approximation using the calcu-
lations of Ball and Chiu" and Baker and Kim" for
the complete one-loop corrections in the Feynman
gauge to the triple-gluon and ghost vertices for
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QCD without quarks. To display the effect of vary-
ing the point at which the vertex correction is
evaluated, we must select an interpolating path be-
tween the SP and ZP. We choose to hold the mo-
mentum squared of two external legs fixed, p, '
=p,'=-p, , letting the momentumP, of the third
leg vanish with a parameter g such that p, '=-gp, '.
We refer to this momentum configuration as the
"q point"; q = 1 is just the symmetric point and p
= 0 is the zero-momentum point.

The triple-gluon and ghost vertices at the g point
can be decomposed into scalar components by con-
tracting them with the longitudinal (I ), planar-
transverse (P), and normal-transverse (N) polar-
ization. vectors defined in Sec. III. The combina-
tions of polarizations for which the lowest-order
triple-gluon vertex does not vanish identically at
the rI point are NN(P), PN(N), PP(P), LN(N),
LP(P), LL(P), and PL, (I ), where the letter in
parentheses indicates the polarization of the gluon
with the asymmetric momentum p, . The 1owest-
order ghost vertex vanishes for a zero-momentum
outgoing ghost, and hence we consider only the
cases where the asymmetric momentum is that of
the gluon or incoming ghost. Furthermore, only
gluons with polarizations I' and L couple to the
ghost in lowest order. The corresponding vertex
corrections are denoted by Pg(g), Ig(g), gg(P),
and gg(I, ). All these vertex corrections are de-
fined in more detail in Appendix C. Six of them,
NN(P), PP(P), LN(N), PL(L), gg(P), and Ig(g),
correspond to tensors which survive in the q- 0
limit. They are therefore guaranteed to remain
finite at the ZP and can be used to define approxi-
mate effective charges.

The effective charges, with SP vertex correc-
tions approximated by their values at the g point,
can be expanded in powers of &

(Mpa. ), as in Eq.
(20). The dependence of the expansion coefficients
A, in the Feynman gauge (( = 1) on the approxima-
tion parameter g is shown in Fig. 4. The solid
curves correspond to the six effective charges
whose vertex corrections are guaranteed to be
finite at the ZP. The other five charges are rep-
resented by dotted lines. As g- 0, four of the
dotted lines diverge logarithmically, while all of
the solid lines remain relatively flat over the en-
tire range of 7I. This shores that the effective
charges can indeed be calculated reliably at one
loop by approximating the SP vertex corrections
by their values at the zero momentum point.

We proceed to study the approximate effective
charges of QCD obtained in the rI-0 limit. The
triple-gluon- .and ghost-vertex corrections yieM
five distinct approximate effective charges, since
the vertex corrections NN(P) and PP(P) coincide
at g= 0. They are denoted by &f", i =NN(P),

(APPROX. ) EFFECTIVE CHARGES
I I I I I I I I I

-5
PP(P)

Pg(g) . ...-"-' 4
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
~ ~ 0 ~ 0 ~ ~ ~ ~ 0 ~

NN(P)

+ ~ ~ ~ ~ y +tt ~ ~ ~ ~

PN(N f""
gg(p)
gg(L)~

~ ~ ~ ~ ~ ~ ~ ~ '

~ ~ ~ ~ ~ ~ oo ~ \ ~ ~ ~ ~ ~ ~ ~

Lg(g)

0
II

LN(N)

ll

ll
4%

~ ~ ~ ~ ~ ~ ~ d'ye ~ ~ ~ ~ a ~
~ e ~ ~ y~ ..LP(P)

~ ~ PL(L)
~ ~ ~ ~ + ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

~ ~
~ ~

~ ~ ~

LL(p)
"""...

~ ~ ~
0 ~

~o
~ ~ ~

~ ~Co (0 flavors)
-2 — Feynrnon goose

expanded in eMS
I

).0 0.8 0.6
(sr )

I I I

OA 0.2 0

Approx. parameter q
FIG. 4. Order-n coefficients in the MS scheme for

the effective charges in the Feynman gauge, with sym-
metric-point vertex corrections approximated by their
values at the g point, as a function of q for QCD with
no quads. Solid {dotted) lines represent charges whose
vertex corrections are (are not) guaranteed to be finite
at q=o.

I,N(N), PL(L), gg(P), and Ig(g) The qua. rk-ver-
tex corrections determine five more: i =Nq(q),
Lq(q), qq(N), qq(P), and qq(L). The vertex cor-
rections used to define these charges are given ex-
plicitly in Appendix C. The approximate effective
charges 5t"(p, , g) can be expanded in powers of the
minimal-subtraction coupling &Ma(pe ) as in Eq.
(20):

&;"(V,5) = o'Ma(V& ')+A, ($, &)&Ms(4 & ')'

+&((5,&)~M, (ps ')'+ ~ (25)

The gauge dependence of the expansion coefficients
A, (), t=0) in the MS scheme is shown in Fig. 5 for
four flavors of quarks. Figure 5 displays the same
qualitative features for

~
$ P

& 1 as the analogous
graph for the effective charges, Fig. 2. The ap-
proximate charges fall roughly into the same
three bands, according to the number of longitudi-
nal gluons.

We next study the behavior of the expansion co-
efficients A, (g, t) in Eq. (23) as the scale-shift pa-
rameter t is varied. The approximate effective
charges obey the same renormalization-group Eq.
(20) as the effective charges, and hence the f de-
pendence of the A, ((, t) is given by Eq. (23). In
Fig. 6, these coefficients in the Feynman gauge
($ =1) are plotted versus t. This figure is similar
to the corresponding graph Fig. 3 for the effective
charges in the Landau gauge. The deviations of the
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APPROX. EFFECTIVE CHARGES

O
II

ter qq(L~)0—
LN(N), Lg(g), Lq(q)

(L)/
/

/
/

/-2, I u I I

-5 -4 -3 -2 —
1

QCD (4 flavors)
expanded in ass

I I I I I

0 1 2 5 4

Gauge parameter
FIG. 5. Order-m2 coefficients A&((,t =0) in the MS

scheme for the approximate effective charges e' as
a function of the gauge parameter ( for QCD with four
flavors of massless quarks. The solid, dash-dot, and
dashed lines represent charges with zero, one, and
two longitudinal gluon legs, respectively.

APPROX. EFFECTIVE CHARGES

0

Scale parameter t
FIG. 6. Order-n2 coefficients A;($ =L,t) for the ap-

proximate effective charges 6» in the Feynman gauge
as a function of the scale-shift parameter t for QCD
with four flavors of massless quarks.

approximate effective charges from &«M(p),
which correspon. ds to t=t«M, are all close to
zero. As with the effective charges, the distribu-
tion of the approximate charges without longitudi-

nal gluon legs (shown by solid lines) coincides with

that of the physical charges in Fig. 1. Therefore,
the corresponding physical processes with all have
small one-loop corrections in the momentum-sub-
traction schemes for which these charges are the
coupling constants. These approximate effective
charges will be used in Sec. V to study momentum-
subtraction coupling constants at two-loop order,
and to show that to this order the scaLe-shifted
Ms coupling n„~(pe~«M) is an equally good ex-
pansion parameter.

It is an interesting coincidence that the approxi-
mate effective charges &', ", i =L&(&), Lg(g), and
Iq(q), are exactly degenerate at one loop, as is
seen in Figs. 5 and 6. The three corresponding
vertex corrections are exactly those that appear
in the Nard identities at the ZP for the triple-glu-
on, ghost, and quark vertices, respectively (see
Appendix A). We therefore define a momentum-
subtraction scheme MOM in which these three ZP
vertex corrections and the three propagator cor-
rections are all subtracted at the same momentum
scale p, . The degeneracy of the effective charges
at one loop guarantees that this renormalization
scheme will be consistent with the Nard identities
to this order. Its extension to higher orders is
considered in Sec. V. An attractive feature of the
MOM scheme is that it treats the triple-gluon,
ghost, and quark vertices equally at one-loop ord-
er. It is also more convenient for higher-order
calculations than the MOM scheme. For example,
the determination of the MOM coupling constant
requires the calculation of a vertex correction at
the ZP instead of the SP, which reduces it to the
same degree of difficulty as propagator correc-
tions. In the g gauge, the coupling constant for the
MOM scheme is given to one-loop order by

P'

ass 9 s 2 s ~MS(&)n«„(p, () = n —
Ms, (p) I+(—„+4)+—,~ ——,nt)

(26)

where n& is the number of flavors of quarks. If it
is to be used as an expansion parameter for physi-
cal quantities, it must be defined in a particular
gauge. We suggest that the Feynman gauge be
used, since this is the simplest gauge for the high-
er-order calculations. %e therefore define
~MOM(&) —= ~«M(&i & = I).

A minimal-subtraction. coupling which equals
+MQM to order ' can be obtained by shifting the
renormalization scale of ». .

~«M(&) = ~MS(&e 'Mo")+0(~ ) ~

1 12
MQM = tMS+ 1—

where t= is given in Eq. (12). The scale-shift pa-
rameter tMQM is nearly equal to tMQM defined in Eq.
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(13) for n&-—3 flavors of quarks, but has a weaker
dependence on the number of flavors. The flavor
dependence of the one-loop corrections in the MS
scheme to the physical charges defined in Sec. II
is shown in Fig. 7, with the corrections to the
coupling constants &«„and M«superimposed.
The figure indicates that &MoM reflects the flavor
dependence of the radiative corrections to physical
quantities more accurately than &«M.

V. TWO-LOOP EFFECTIVE CHARGES

Using the zero-momentum-point (ZP) approxi-
mation for the vertex corrections, the analysis of
the effective charges of QCD is extended to two-
loop order. We have calculated all two-loop cor-
rections to the propagators and three-point ver-
tices at the ZP for QCD in the Feynman gauge.
The calculations mere checked using the relevant

Ward identities. The results are tabulated in Ap-
pendix B. We use them to obtain the tmo-. loop cor-
rections to the ten approximate effective charges
introduced in Sec. IV.

These approximate effective charges o',"(p, $}
are expanded in powers of the scale-shifted MS
coupling constant a„s(pe ') in Eq. (25), We wish
to study the o." coefficient B,(g, f) as a function of
the scale-shift parameter l. Inserting the expan-
sions Eqs. (21) and (25) into the renormalization-
group equation Eq. (20), we find that B,($, f) must
satisfy

t'—B,. + 2 b, +y, ~
l + $—A,.+ b, + 2ly, = 0. (28)

Using the expression for A,.(g, t} given in Eq. (22),
me obtain the solution

P

B,($, f) =. B,.(g, 0) — b, +2ly, +2(bo+lyo)A&($, 0)+2yog —A,.((, 0) f

+ (b, + ly, )(b, + 2ly, ) + 2ly, g —y, f'.

The functions 8,(f, f) ar.e all parabolas in the vari-
able t, and the coefficient of t' depends on the num-
ber / of longitudinal gluon legs.

The dependence of the expansion coefficients
B,($ = 1, t) on the scale-shift parameter f is shown

in Fig. 8 for n& =4 flavors of quarks. The para-
bolas separate according to the number of longitu-
dinal gluons for t&0. Just as in order &', the or-
der- u' deviations of the approximate effective
charges from aMs and &Ms (corresponding to t= 0

I

QCD
expanded in g—

MS

I l

PHYSICAL CHARGES

l5

APPROX. EFFECTIVE CHARGES
I

(4 flavors)

man gauge

lo

II

03 , Lq(q)

0
0

~~a ~ ~L~
C)

~o~
I I

2

0 t—
MS) MOM MOM

Number of flavors nf
Xlo. 7. Order-n2 coefficients in the MS scheme for

the momentum-subtraction coupling constants +MOM and
O.MoM and the physical charges e&""'as a function of the
number n& of Qavors of massless quarks.

Scale parameter t
~\I

FIG. 8. Order-n coefficients B~(/=1,t) for the ap-
proximate effective charges n& in the Feynman gauge
as a function of the scale-shift parameter t for QCD
with four flavors of massless quarks.
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and t =t„—3, respectively) are all positive and some
of the deviations are large. The most striking fea-
ture of the graph, however, is that all the para-
bolas attain their minimum, which is close to zero,
near t = t~M =t„«. Hence the minimal-subtraction
coupling constant o'Ms(pe 'Mou), for which the one-
loop corrections to all the approximate effective
charges in the Feynman gauge are small, yields
small two-loop corrections as well. Since the ap-
proximate effective charges without longitudinal
gluon legs should be fairly representative of mo-
mentum-subtraction coupling constants in general,
this indicates that to two-loop order the scale shift--
ed MS coupling constant +Ms(i1e 'MOM) should be just
as good an expansion parameter for physical quan
tities as typical momentum-subtraction couplings.

In Sec. IV, it was observed that the approximate
effective charges a(", i = LN(N), Lg(g), Lq(q),

are degenerate at one loop. This enabled us to de-
fine a momentum-subtraction scheme MOM at one
loop in which the three corresponding ZP vertex
corrections and the three propagator corrections
are al) subtracted at the same momentum scale.
The degeneracy of these three charges is broken
at two loops, although the three corresponding
curves cannot be distinguished in Fig. 8. There-
fore, the suggested momentum-subtraction scheme
is inconsistent with the Ward identities beyond one
loop. The MOM scheme can be extended to higher
orders, however, by subtracting the three propa-
gator corrections and only one of the three vertex
corrections. We choose the ghost-vertex correc-
tion since its calculation can be greatly simplified
by using one of the Ward identities (see Appendix
B). The MOM coupling constant in the Feynman
gauge is given to two-loop order by

a o 0e) =a e(e)I(+(. --.oe) —++us (+)
2m

where )=8„,1/n'=1. 202. We compare
(i1e 'MoM) that agrees with it to order a2:

a„o„(p)=aa((ae ' oe)I(+ ~ -'—', ( —e

[24301 117.
$ (~5+1 $)n +22n 2]~

MS(a ( ) 2

(30)

33 1 (108 —13n,)12 —n, ) aus(l1e MoM)
(31)

this coupling constant with the minimal-subtraction coupling &Ms

The coefficient of n' in the brackets is approximat-
ely 0.86 —0.12 n& for n&

~ 6. Therefore, provided
that 0.'«1, this scale-shifted MS coupling con-
stant and the momentum-subtraction coupl. ing o.'„«
will yield similar radiative corrections to physical
quantities through two-l. oop order.

VI. SUMMARY

This work was motivated by the empirical ob-
servatiori that the momentum-subtraction coupling
constant o.„o-„- yields smaller one-loop corrections
for many QCD processes than the MS and MS

coupling constants. The theoretical advantages of
minimal subtraction make it desirable to find a
minimal-subtraction coupling constant which is
also a good expansion parameter for physical
processes.

The MS and MS coupling constants are related
to all orders by a simple shift in the renormaliza-
tion scale: aM s(t1) =—c(Ms(t1e ') for t = 0.977. By ad-
justing the parameter t so that aMoM(t1) = a«(t(e ')
+0(a3), we obtained a, minimal-subtraction coup-
ling constant which yields the same small one-loop
corrections to physical quantities in QCD as &«M.
We then asked whether this scale-shifted MS coup-
ling would continue to be a good expansion param-
eter for physical quantities in higher orders.

This question could not be answered directly,
as calculations of corrections to QCD processes
are not available beyond one loop. Instead, we
decided to compare this coupling constant with the
momentum-subtraction couplings of the theory,
as typified by the effective charges of QCD for
small values of the gauge parameter. Calculating
these effective charges, however, requires the
calculation of vertex corrections at the symmetric
point, an arduous task beyond one loop. We
avoided this difficulty by using a simple approx-
imation to the effective charges in which we re-
placed the symmetric-point vertex corrections
by their values with one leg at zero momentum.
One-loop calculations were used to demonstrate
the reliability of the approximation. The scale-
shifted MS coupling constant defined above was
then shown to yield small corrections to these ap-
proximate effective charges at both one-loop and
two-loop order. We concluded that this minimal-
subtraction coupling constant will yield expansions
for physical quantities that are similar to those
obtained in typical momentum- subtraction
schemes, at least to two-loop order.

We also introduce a momentum-subtraction
scheme MOM which proves more convenient for
higher-order calculations than the MOM scheme.
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It has the attractive feature of treating the triple-
gluon, ghost, and quark vertices equally at one-
loop order.

In conclusion, we have shown that to two-loop
order the conventional minimal-subtraction coup-
ling constant nMS(]],) is, for phenomenological pur-
poses, equivalent to momentum-subtraction coup-
lings such as n«M, provided that the renormaliza-
tion scale p, is suitably shifted.
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for a zero-momentum incoming ghost and a zero-
momentum gluon, respectively. The quark vertex
has the form

r'„"(-q,q, 0) = igr;iI[1—+ r, (q*)]y„

APPENDIX A: ONE-LOOP CORRECTIONS
AT THE ZERO-MOMENTUM POINT

We tabulate the one-loop corrections to one-
particle-irreducible (1PI) three-point functions at
the zero-momentum point (ZP) for a non-Abelian
gauge theory in a general covariant gauge. For
completeness, we also list the propagator cor-
rections and check the relevant Ward identities.

We first establish some notation for the propa-
gators and vertices. 'The gluon, ghost, and quark
propagators have the respective forms

(
QpQ'v r( QpPv

Ilk q q2 1 + ll(q2) Rllv q2 i] ~ 2

r'„"(0,s, -s ) = - (gr],.I[(+r,

(s'llew.

for a zero-momentum quark and a zero-momen-
tum gluon, respectively.

'The dependence of radiative corrections on the
gauge group is contained in the group invariants
C~, C, and T defined by

f ((()dfbCd ~ ~a b

~kj~fA CF~Q ~

r' r' =re"
(]+b 1Adb ) q' 1+8(q') ' (A1)

where II, 8, A are the 1PI two-point functions
(self-energies) defined in Fig. 9, and $ is the

gauge parameter.
The 1PI three-point vertices are defined in Fig.

10. The triple-gluon vertex at the ZP has the
form

C I

I

T „&(P,q, r)

= G~ (Pq, r)

)', ( qq 0)=sf"-' [1+~,(q')l~~. .q. + g.,q. —2g..q. )
la

The ghost vertex is

+r.(q')e. (r..— "."l (»)Qu6'v I

OJ I

1+ (p, q, g)

G:"(-q,q, o) = -If'"[1+G, (q') jq. ,

G:"(o q -q)= -gf"'[1+G.(q')]q.
(A3)'

FIG. 10. Definitions of the 1PI Green's functions for
the triple-gluon, ghost, and quark vertices. All mo-
menta are outgoing.
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For an SU(N) gauge group with z& flavors of quarks
in the fundamental representation, these constants
are C ~= N, Cz = (N' - I)/2N, and T =-,' ri&.

It is sufficient to give the propagator and ZP
vertex corrections at the point q'= —p, ', since
their values for other momenta can then be deter-
mined using the renormalization-group equations
for 1PI Green's functions:

I', (-0,')=& [(-,'+-', g)C +-,'gc ],

I'.(-V')=~ [(f -k5 8-5')C~ C-z]

r, (-l ') =—[(-.'+ —,
'

g)c„--,' gc, ),
(A12)

8 9 - 8+—P —+ ly + Iy+ l„y~ —2y &
—I' = 0, (A8)

Bp, Bo. E F Bg

—p(u) = -I -"c„--'r]l-
2m ' '

I 2' (A7)

The lowest-order anomalous dimensions of the
gluon, ghost, and quark fields are, respectively,

y(&, 5) = [(- 2+ -'5—)c~+ '3T']
2

where l, l, l~ are the number of gluon, ghost,
and quark 1.egs, respectively. In a minimal-sub-
traction renormalization scheme, the P function
is gauge invariant and is given to lowest order by

T'.(-v') =
2, [(-' --'5)C&+ Ã&].

Ward identities relate the longitudinal gluon
polarization components of 1PI vertices to other
Green's functions which have legs that are sources
for the Becchi-Rouet-Stora" variations of the
fields (BRS sources for short). The 1PI triple-
gluon, ghost, and quark vertices are related by
the Ward identities to the 1PI three-point functions
having a gluon, ghost, and quark BRS source,
respectively, at one leg. 'The Feynman rules for
the three-point vertices involving BRS sources
are shown in Fig. 11, and the corresponding 1PI
Green's functions are defined in Fig. 12. The 1PI
vertex with a gluon BRS source, a ghost, and a
zero-momentum gluon has the form

r(n, 5)= [(--', +-,'5)c„]2 (A8) c:!'(-e,0,e)=sf'" g..+G.(e') g., — "."
l

C~CI t

y, (o', g)=(-', gC„) 2 G (
2)4'~A

2
Q

2 (A13)

We give the one-loop propagator and vertex cor-
rections in the modified minimal-subtraction
(MS) scheme, with coupling constant n =- nifB(g).
The self-energies at momentum squared q'= —p,

'
are

'The function 6, is the same function that appears
in Eq, (A3), by a trivial Ward identity. 'The 1PI
vertex with a ghost BRS source and two ghost
legs, one with zero momentum, is

G"'(-e 0.e) = -gf'"[I+G4(e')]. (A14)
11(-u') =

2, [(-g -45 '8 5')c-~+ ~ 1"], The 1PI vertex with a quark BRS source, a ghost,

8(-P')= —(-2 C„),e
2m

(A9)

&(-u') =
2, (-'Ã&) . BRS source diagram Feynrnan rule

~,(-~') =—[(-—,'2 - 8 h') C~+ —".T],

r.(-q') =
~

[(- -'. + g) c~+ -.' T') .
(A10)

The ghost-vertex corrections are

The triple-gluon-vertex corrections at the ZP are
given by gluon

ghost

C

a

~Cr
a

abc
gf g„

f abc

G,(-u')= 2, (-'Ã~),

G.(-~') =—2„[(-'+-'&)C~].

(A11) quark —IgT. .4JI

The quark-vertex corrections are given by
FIG. 11. Feynman rules for the three-point vertices

containing gluon, ghost, and quark BRS sources.
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abc6 „(pq,r)

/

la

c 6 (p qr)

/

/0,
P

~ ~

H (p, q, r)

FIG. 12. Definitions of the 1PI Green's 5xnctions cor-
responding to the vertices in Fig. 11. All momenta are
outgoing.

The extension of the MOM scheme to higher or-
ders is considered in Appendix B.

APPENDIX 8: TWO-LOOP CORRECTIONS
AT THE ZERO-MOMENTUM POINT

We tabulate the two-loop corrections to self-en-
ergies and one-particle-irreducible (1PI) three-
point functions at the zero-momentum point (ZP)
for a non-Abelian gauge theory in the Feynman
gauge (g = 1). For completeness, we also check the
rel.evant Ward identities.

The notation is the same as in Appendix A.
Again, it is sufficient to give the corrections for
momentum squared q'= —p, ', since the renormal-
ization-group equations can then be used to deter-
mine the corrections for other values of q'.
These renormalization-group equations require
the two-loop P function

2

2w
k&p(u) = —(-"Cg —y 2')(—

and a zero-momentum quark has the form

H "I(-q, O, q) = igT ~,[1+-H(q')] . (A15)

3
—(~3'C ~' - —",C ~T - 2C~T)l — (&I)

'The Ward identities for the gluon, ghost, and

quark vertices at the ZP are, respectively,

[I+&(q')] [1+~,(q')]= [1+11(q')][1+G.(q')],

and the two-loop anomalous dimensions in the
Feynman gauge

{X
1'(u (=1)=(-6C~+r&)~

~,(q') = G.(q'),

[1+a(q')][1+r, (q')]= [I+a(q')][1+H(q')].

(A16)

+ (- —,
*',C„*+1C„1+C~1')( )'—

The functions G„G„and H which appear in
the Ward identities are all equal at one loop;
their values at q'= —p' are therefore the same as
G, (-p ) which is given in E(I. (A11). The equality
of these functions enabled us to define a momen-
tum-subtraction scheme MOM at one loop in which
the corrections II, B, A, T» G„and I', are all
subtract'ed at q'= —p, . This is easily seen to be
consistent with the Ward identities E(I. (A16).
The coupling constant uMoM(p, $) is given to one-
loop order by

uMpM(p)k)

() )I)+[(7+:(—+ 'V)C~ '1')-1„-I. - —

(A1V)

y(u, )=1)=(--,'C„)—+(--"C„'+-'C„r)l—
l2))' (2'F j

(B2)
'Yz (u $ = 1)= (a C z)

, /el'
+ ( 8 C ACE —BC'~ —() Cy' )I

—
I

~

%,2m)

They also require the one-loop anomalous dimen-
sions in the general gauge which are given in
Appendix A.

We give the two-loop propagator and vertex cor-
rections in the modified minimal-subtraction
(MS ) scheme, with coupling constant u =—u~(p).
The self-energies in the Feynman gauge () = 1) for
momentum squared q'= —p, ' are

II(—P')= —(- —'„'C~+ '9'T)+
l 2 l

[(-",;,'+ ,'f)C„'+ (~14'—+2f)C„T+ (—",, —4$)C T],
2

8(-P')= —(--',c„)+(1 l ((——,",', + —,', C)c„'+pc„1'],

A(-P )=2 (gCz)+I
2 [( 32' 2$)C~Cg-—8 CzT AC@ ]

where f=+„., I/n'= 1.202. The triple-gluon-vertex corrections at the ZP are
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T,(-l ')=—(- —,",C„+—()'T)+
~ 2 [(— „",—~ f)C„'+ (2'8('+ 2K)C „T+()2 —44)C~T],

T,(-p') =—(-vC~+ 3 T)+
~

—[(-+4,' ~f)C~ ++'C~T+ 2C~T] .
(a4)

The ghost-vertex corrections are given by

2

G,(-u') =—(-'C~)+12 [(s.—~'~ &(C~']
(as)

The quark-vertex corrections at the ZP are

T,(—v*)=2„(-'Ci+ ', Cg)+(2„-) [(",.". --,'C)C~' —sC„T+(-'g —-', C)C„C~ — C~T-',——,',C~'],

2
1".(-u')=& (-'C -C )+~, & )

[(~—~f)C ' +(-]—] L)C„T —-'gC„C +~C T+-', C '],

T,(-g')= —(-'Cg--'Cg)+( —
) [(—",,', --', C)C„'—,",C„T+(I—--',C) „C+C'~ C+T~C~'-],

(a6)

The relevant Ward identities at the ZP are given in Eq. (A16) and involve 1PI three-point functions with
a BRS source at one leg. The two-loop corrections to these functions in the Feynman gauge are

2

H(-4') =—(-,' C„)+ (
—[(—,", —,', ()C„'].

(av)

The Ward identities Eq. (A16) are seen to be satisfied.
The momentum-subtraction scheme MOM was defined at one loop in Appendix A by subtracting the pro-

pagator corrections II, B, and A and the ZP vertex corrections T„~„and I', at the momentum scale q'
= -p, '. This is consistent with the Ward identities Eq. (A16), because the functions G„G„and H are
equal at one loop. However, they are no longer equal at two loops as seen in Eq. (a6), so this subtraction
scheme must be modified. We chose to extend the MOM scheme to higher orders by subtracting only the
functions II, B, A. , and t, . The vertex correction ~, is a calculationally convenient choice, because it is
equal by a Ward identity to the function G~, which is simpler to calculate. The MOM coupling constant in
the Feynman gauge is then given to third order in c( —= c'~(p. ) by

n&2
1+—(~() C~ - 9 T)+~ —

l [('x~a9() -I&) ~'+ (-'s'x' -2t) ~T+ (-ca +4&) ~]TT+—",'T']

(as)

APPENDIX C: SCALAR DECOMPOSITION
OF THREP-POINT FUNCTIONS

We decompose the three-point vertices of QCD
into scalar components corresponding to definite
gluon polarizations. Since each Lorentz index cor-
responds to an external gluon leg, the Lorentz
structure can be eliminated by contracting the ver-
tex with a polarization vector for each external
gluon. There is a natural choice of basis vectors
for an external gluon leg of a three-point vertex,
since there is a preferred line, the momentum of

the gluon, and a preferred plane, the one deter-
mined by the momenta of the three legs. The
"longitudinal" (L) polarization vector &~ is de-
fined to be parallel to the gluon momentum. The
orthogonal basis vector in the momentum plane is
the "planar-transverse" (P) polarization vector

The other two independent basis vectors can
be chosen orthogonal to the momentum plane. We
call them "normal-transverse" and denote them
generically by &„.

In Sec. IV, we defined the g point for a vertex
with external momenta py pa P3 to be the mo-
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mentum configuration: p, '=p, '=- p, ', p3 gp
It interpolates between the symmetric point (SP)
at &I= 1, and the zero-momentum point (ZP) at
g=0. For the p, and p, legs, the longitudinal and
planar-transverse polarization vectors, normal. -
ized to have squares +1, are

~,(p, ) =p,/», ~, (p, ) =p,/~nI&,

~~(p, )=[up, (2 ——n)p. ]/[n(4 n)]-"'&,

~~(ps = (Pi P2)/-(4 n)"—'}&

(c1)

The corresponding polarization vectors for the p,
leg.are obtained by using the symmetry between

p, and p, . The normal-transverse polarization
vectors are characterized by p, ' e&((p, ) =p, ' e„(p,)
=P3' &N(P;) =o.

We decompose the triple-gluon vertex T'„'„'„, de-
fined in Fig. 10, into scalar components using
these polarization vectors. The scalar component
T»«) corresponding to polarization vectors
ez, (P,), a„(P~), and a&((P,) is defined, for example,
by

~&;(Pl)~&((pa)~&((P3) ~PA(pl% p2tp3) Cr TL&((g)

(c2)

In lowest order, the triple-gluon vertex is

T:,(P„P.,P.) =gf"[(P, -P.).~„.+ (P.-P.),~,
+ (p, —p,)„z,„] (c3)

The scalar components which do not vanish identi-
cally at the g point in lowest order are

I'1(I) 2( I) & & TIwP& 2 I(4 I) & l TLP(P)

TJJ (I) =-,'(2+&})(4—&})' '», , T„„(J)--(4 —r&)' '&&c&((p&)' c»((P2) ~

T,„(„)= -(1 —&I)» a„(P,) ~~(p,), T,s(~) = [&}(4—&})]"'» ~z(P,) ' ~u(p. ) .
(c4)

The components that survive at the ZP (t}=0) are
~pr ~1 ~ ~L g(g) and ~pp~p) —~gg~p~ Using the
decomposition Eq. (A2) for the ZP triple-gluon
vertex, they have the general expressions

T „„=-u[1+T,(- V')],

T = —)[1&T+( »))~ (p, ) ~-e (p ), (C5)

T»(» = —»[I+ T&(- I ') —l T.(- ) ')] e~(p, ) ~ e~(p. ) .
The vertex corrections in brackets were used in
Sec. IV to define approximate effective charges
for the triple-gtuon vertex.

The ghost vertex G'~' defined in Fig. 10 is, in
lowest order, proportional to the momentum of
the outgoing ghost:

G:"(P„p.,p.) = ~f "'(P-,). . (C6)

~,"(P,)G'„"(P.,P., P, ) = gf"'G„(, , -
eL, (p,)G'„"(p„p„p,) = g f"'G„(1). —

(C7)

In .lowest order, the scalar components which are
nonzero at the g point are

Gzg(g) = g (2 —'g)P, Gpg(g& = —2 [7j(4 —'g)]

Ggg(&;) 2 ~QPyGgg(j&): 2 (4'7)a i », (C8)

The components G~ & &
and G &» survive at the

ZP. Their general expressions, in terms of the
decomI&ositions in Eq. (A3) for the ghost vertex at

Since this vanishes for a zero-momentum outgoing
ghost, we only consider the cases when the mo-
mentum P, is that of the incoming ghost or the
gluon. The corresponding scat.ar components, de-
noted by G~

& &
and G

& &, respectively, in the
case of a longitudinal gluon, are defined by

the ZP, are

G„(,&(»&) = i&[1+G,(- &((')],

G„(»(u) = p[1+G,(- } ')] .

The vertex corrections in brackets were used in
Sec. IV to define approximate effective charges
for the ghost vertex.

The quark vertex 1 "~ defined in Fig. 10 has the
additional complication of Dirac matrix structure.
In lowest order, when contracted with the polari-
zation vector e(P, ), it has the form

(c9)

e'(P, )r;"(P„p„p,) = vT('I K(p&) . (C10)

In higher orders, it can still be resolved into a
component proportional to ((' and another orthogonal
to (f with respect to the Dirac trace. We choose to
use only the former component in defining effec-
tive charges. For a zero-momentum quark and a

.gluon of polarization L, the scalar component
1 ~,&,, is defined by

—,
' sr[((, (p, )~;(p,)r:(&(p„p„p,)] =fg T;,r„„,.

(C11)
In terms of the decompositions of the ZP quark
vertices given in Eq. (A4), the general expres-
sions for the scalar components at the ZP are

,&
=1+r&(- i '),

r g&) =1+r&(—p )

These vertex corrections were used in Sec. IV to
define approximate effective charges for the quark
vertex.
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