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The ¢ and T spectroscopies are analyzed in the framework of a recently proposed potential model which
incorporates linear confinement and asymptotic freedom. Given the Regge slope @’ (@' taken to be 1 GeV~?) and the
quantum-chromodynamics (QCD) scale parameter A (A g taken to be 0.5 GeV, where MS refers to the modified
minimal-subtraction scheme) the potential is completely determined. Excellent agreement with experiment is found,
including in particular leptonic widths and hyperfine splittings. This supports a short-distance behavior of the
quark-antiquark potential as predicted by QCD. We also demonstrate in a model-independent way that the \Wand T
spectra provide a lower bound on the QCD scale parameter A ; we find A gz>0.1 GeV. The properties of (b¢) and
possible (t), (¢¢), and (tb) spectroscopies are studied, including weak-interaction effects. The implications of the \I/,
T, and possible heavier quarkonium families for quantitative tests of QCD are discussed. It is shown that a (¢f)
system with m (¢£) > 40 GeV would provide an accurate determination of A W

I. INTRODUCTION

Around the time of the discovery of the J /3
resonance! in 1974, Appelquist and Politzer? were
led by the idea of asymptotic freedom to suggest
that heavy quarks would form nonrelativistic
positroniumlike bound states, which should be
observed as narrow resonances. Since then the
charmonium model? has been extensively de-
veloped, motivated by the hope to gain insight
into the fundamental theory of strong interactions
by studying their “hydrogen atom,””

Over the past six years, a successful descrip-
tion of the y and T families*™ has been achieved,
and many predictions®'8'? of the charmonium
model have been confirmed experimentally.
Theoretical efforts have been concentrated on the
exploration of specific potential models as well
as the application of rigorous methods derived
from nonrelativistic quantum mechanics.®!1
The result of these efforts (with respect to the
static quark-antiquark potential) is summarized
in Fig. 1, where various phenomenologically
successful potentials are shown. In the region
0.1 fm <7 <1.0 fm, which is probed by present
quarkonium families, a flavor-independent!® po-
tential has emerged, which appears to be deter-
mined by experimental data. At large and short
distances, however, a variety of asymptotic
behaviors have been suggested, all of which seem
to be compatible with present experimental data.

Theoretically, based on strong- and weak-
coupling expansions in quantum chromodynamics
(QCD), one expects the static (Q@) potential to
be Coulombic at short distances and to grow
linearly at large distances. The potential, ob-

tained by a simple superposition of both asymp-
totic limits, has been studied extensively by
the Cornell group,'® resulting in a successful
description of the y and T families, More re-
cently various authors have investigated poten-
tials which incorporate logarithmic modifica-
tions'” of the Coulombic part at short distances
due to vacuum-polarization effects in QCD.
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FIG. 1. Various successful potentials are shown., The
numbers refer to the following references: (a) Martin,
Ref. 12; (2) Buchmuller, Grunberg, and Tye, Ref. 13;
(3) Bhanot and Rudaz, Ref. 14; (4) Cornell group, Ref.
15. The potentials (1), (3), and (4) have been shifted to
coincide with (2) at » =0.5 fm; the “error bars” indicate
the uncertainty in absolute, »-independent normaliza-
tion. States of the y and T families are displayed at
their mean-square radii.
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Richardson,!” in particular, has put forward:a
simple and elegant ansatz which provides an
excellent description of the (c¢) and (bd ) spectra
and incorporates asymptotic freedom quali-
tatively.

Recently, we!® have examined the relationships
between the Regge slope a’, the QCD scale pa-
rameter A, and the quarkonium potential, which
we studied in terms of its dimensionless B func-
tion. These investigations led to further insight
into the nature of Richardson’s potential and to a
new B function which possesses the asymptotic
behavior at small coupling constants as required
by perturbative QCD to two loops. The two-loop
contribution to the B function and the one-loop
correction to the potential have to be incorporated
consistently, in order to relate the short-distance
behavior of the quark-antiquark potential to a well-
defined QCD scale parameter, say A j;.'® These
considerations led us to a new quarkonium po-
tential’® which agrees numerically with Richard-
son’s potential (as well as other potentials shown
in Figs. 1 and 2) for distances probed by the @
and T families. At shorter distances, however,
differences among the various potentials become
substantial. These lead to predictions for heavier
quarkonium systems which differ significantly
among the various potential models. The present
work is a detailed study of the y, T, and possible
heavier quarkonium systems in the framework
of QCD-like potential models, especially the one
proposed in Ref, 13.

In principle, given the Regge slope o' (e.g.,

o’ taken from light-hadron spectroscopy) and the
QCD scale parameter A (e.g., Aﬁs obtained from
deep-inelastic scattering experiments), our po-
tential is completely determined. This is in con-
trast to other models where free parameters of
the potential are determined using quarkonium
data. In practice it turns out that quarkonium
spectra give us a more accurate determination

of o’ and Ay in our potential model. The re-
sulting values of @’ and Az are 1 GeV~2 and 0.5
GeV, respectively (due to the different number of
effective flavors for quarkonia and light hadrons
as well as other uncertainties, we expect that
different determinations of &’ should agree to
only within 20%).

However, even if one accepts the success of
QCD-like models, the question remains whether
these achievements really provide evidence in
favor of theoretical expectations based on QCD
or whether they just demonstrate their consis-
tency with experimental data. These doubts are
enhanced by the success of a class of essentially
logarithmic potentials,'®!? investigated in great
detail by Quigg and Rosner, and Martin,'? which
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FIG. 2, The short-distance behavior of various poten-
tials is shown. The numbers refer to the following ref-
erences: (1) Martin, Ref. 12; (2) Buchmuller, Grun-
berg, and Tye, Ref. 13; (3) Richardson, Ref. 17; (4)
Bhanot and Rudaz, Ref. 14; (5) Cornell group, Ref, 15.

have no resemblance with the theoretically ex-
pected asymptotic behaviors at either small or
large distances.

In this paper we address ourselves to the ques-
tion of what we can learn from quarkonia about
asymptotic freedom and QCD in general. Our
analysis shows that a heavy quarkonium system
of mass m =240 GeV would clearly distinguish
between the various potential models. It would
probe the (@@) potential at sufficiently short
distances to test the prediction of perturbative
QCD, and it would also provide a clean deter-
mination of the scale parameter A, In view of the
various theoretical and experimental uncertain-
ties in the application of perturbative QCD to
deep-inelastic scattering and other processes,
an independent determination of the A parameter
in QCD by means of heavy quarkonia would be of
great importance. The quantities which are most
sensitive to the short-distance part of the (QQ)
potential are leptonic widths?? and hyperfine
splittings. Our analysis of the ¥ and T families
leads to the theoretical predictions (cf. Sec. III)

I, (1)=1.07+0.24 keV
and
AEw-nc =99 MeV.

The agreement of these results with experimental
data supports a short-distance behavior of the
quark-antiquark potential as predicted by QCD.
Furthermore, the numerical values for the Regge
slope and the QCD scale parameter, o' =1

GeV~? and A =~ 0.5 GeV, are in quantitative
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agreement with results obtained from light-
hadron spectroscopy and deep-inelastic scatter-
ing experiments.

The paper is organized as follows. In Sec. II
we review the basic theoretical expectations con-
cerning heavy-quark—antiquark bound states.
Section III deals with the (cc), (bd), and (bC)
families in the framework of a specific potential
model which incorporates asymptotic freedom
and linear confinement, In Sec. IV we discuss in
a model-independent way the implications of
present and (hopefully) future quarkonium systems
for quantitative tests of QCD. Section V is de-
voted to a study of (t£ ), (£¢), and (tb) spectro-
scopies, and in Sec. VI weak-interaction (i.e.,
Z-boson) effects are briefly discussed. In Sec.
VII we summarize our results and comment on
remaining problems. Appendix A deals with de-
tails of the potential used, and in Appendix B we
give a brief discussion of QCD corrections to
leptonic widths and the origin of the various un-
certainties involved.

II. THE STATIC (QQ) POTENTIAL AND
ASYMPTOTIC FREEDOM

At present a theory of bound states in QCD
does not exist, and even its nonrelativistic limit,
which should be applicable for heavy-quark—-anti-
quark systems, cannot be derived from first
principles. One therefore has to start from a set
of reasonable theoretical expectations, which
will (hopefully) be put on a firm theoretical basis
in the future. Our theoretical expectations are
the following.

(1) The mass spectrum of heavy-quark-anti-
quark bound states has the form

MH(QG_))=2mQ+En(mQ, V), 2.1)

where my, is the quark mass and E,(mg, V) is the
energy eigenvalue of the nonrelativistic Schro-
dinger equation with a flavor-independent poten-
tial V(7).

(2) The asymptotic limits of the static (QQ)
potential read

V() ~ kr, (2.2a)
1 1
VO) ~ /A [l +O(1n(1 /A%y 2) )] ,
(2.2b)

where k is the string tension and A the QCD
scale parameter.

(3) In order to relate these asymptotic be-
haviors to experimental data, one has to specify
at what distances corrections to Eqs. (2.2) are
expected to be negligible. For the lack of a more
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definite criterion we choose, at short distances,

1

c 2A__2
/VC AMS

r<v =100, (2.3)
in accord with analyses of deep-inelastic scatter-
ing processes where, for momentum transfers @
with [QI2>Q 2, @ 2/A? =100, perturbative cal-
culations are considered to be reliable.?

The static (Q@) potential V(¥ ) is a quantity that
has the dimensions of mass. It depends on di-
mensionless parameters (e.g., group factors)
characterizing the QCD Lagrangian and (if the
masses of light quarks can be neglected) a single
scale which we may choose to be A or the string
tension k. In order to disentangle these two in-
gredients which determine the (¢®Q) interaction
it is useful to look at the dimensionless B func-
tion of the running coupling constant related to
the potential. This is the approach of Ref. 13,
which we shall now review.

Let us consider the Fourier transform of V(¥)
and define a physical running coupling constant
p(Q?), p=g2/167%=q,/4m, (for momentum trans-

fer Q, Q%= Q?) as

2 2
V(@) =— LfilEQL(;‘M ’ 2.4)
where the group factor C,(R) equals 4 in QCD.22
We emphasize that p(Q2) is a physical quantity
and therefore independent of the choice of gauge
and the subtraction scheme. For large values of
Q2, perturbative QCD implies

@) ~ 1 b Inln(@/A?
P . B,In(@/A%) T b In*(Q2/A%)
1
+ O(Ina(Qz/Az)) ’ (2.5a)
where??

b, = lé"cz(G)‘ %Nf:

(2.5b)
bl = .‘iaﬂ.[cz(G)]z - ?Cz(GWf - 2C2(RW,: .
For small @* one obtains from Eq. (2.2a)
K
2y A~ .
p(Q?) e [1+0(D)] (2.5¢)

The B function related to the running coupling
constant p(Q?) is given by

B(p) =@ 3255 (@) 2.6)

@2=q2(p)

and from Eqgs. (2.5) we read off its asymptotic
behaviors,

,B(p) ~ “bopz—blpS"'O(p‘l), (2.73)
pP—0
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- p[l+o(1)]. (2.7b)

©

B(p) ~
o

Using the boundary conditions Eqs. (2.5) for both

large and small values of %, the running coupling

constant can be expressed in terms of the 8 func-
tion:

and

ng—z- =1np+f dx[1 B(x)} (2.8b)

p

Equations (2.8) are uniquely determined by
specifying the asymptotic limits of p(Q?), as
given by Egs. (2.5), and by the requirement that
the occurring integrals are finite. In particular,
the integral over the inverse B function in Eq.
(2.8a) is well defined only after the one- and two-
loop contributions have been subtracted. The
sum of Eqs. (2.8a) and (2.8b) reads

K

b
In 5 = 31— In(by )

55 *
S elnm it )

+1npfp [ B(x)] (2.8¢)

—J

In(e'Agg®) = - In|47%C,(R)] -

1 b 1 “ 1
-/;dx(b xz—b—ot+ﬁ(—x)>—f dx|

( + th)) (2.11)

1

Obviously, the B function determines the relation
between o’ and A\S . Setting the scale of the
theory by fixing &’ or Ay, one obtains the

(Q®) potential via Eqs. (2.8) and (2.4).

In principle, the B function can be evaluated
directly from QCD, At present, however, this
has not been achieved and only the asymptotic
limits, corresponding to the leading contributions
in weak- and strong-coupling expansions, are
known theoretically. However, any interpolation
between these two asymptotic regimes is re-
stricted empirically at intermediate coupling
strengths by the requirement that the resulting
potential has to provide a description of the ¢
and T spectroscopies. An example!® which satis-
fies this condition is given by

where the explicit dependence on Q2 has dropped
out. Since the running coupling p is a function of
Q?, self-consistency requires the right-hand side
of Eq. (2.8c) to be independent of p. A simple
examination shows that this is indeed the case.
For convenience, we shall put p=1 in Eq. (2.8¢c)
for later use.

In order to relate the scale parameter A in
Eqs. (2.5) and (2.8) to the A parameter in a
specific regularization scheme, one has to calcu-
late the complete one-loop contribution to the
static (Q@) potential. For the MS scheme one
obtaing 13:2425

= gi (B Ca@)- ¥ N)). (2.9)

The relation between the constant K in Eq. (2.8b),
the string tension % and the asymptotic Regge
slope a’ is given by

o1
5 (2.10)

= 9mk T an?C,R)K

The combination of Eqgs. (2.8), (2.9), and (2.10)
leads’ to an expression of the dimensionless quan-
tity a’Ag?® in terms of the 8 function'®

b

1 1
3;('%02((;)' PNg) - a - 75 Ind,

b2

I
1 b 1 _
B9 = By e * 55 ¢ @D

where B(p) approaches
B(p) ~ —byp?-bp*
pP—0

J0Bi= 1) e o0

bO
and

1 1
B(p) ~ -,-p+——-—-+0<—>.
( p—>eo 2b, Io]

We note that [ is related to the three-loop con-
tribution to B(0). So far this coefficient has not
been calculated, and therefore we treat las a



136 W. BUCHMULLER AND S.-H. H. TYE 24

free parameter. From the ¥ and T spectra we
infer {=24. An immediate consequence of this
choice of the B function is the relation between
the Regge slope a’ and the scale parameter A,
Carrying out the integrations in Eq. (2.11) yields

Ina’A % =~ 1n[472C,R)] +1nd, + f;‘; (yE +1n 3%)

- 5o [ Ce)- 8N, (2.13)
where y;=0.5772... is Euler’s constant. For
QCD with three flavors one obtains a’A_.2=0.27,
i.e., a Regge slope of a’ ~1 GeV~2 corresponds
to a scale parameter A ~500 MeV.

The B function characterizing Richardson’s
potential can be recovered in two ways. One
possibility is to neglect the two-loop contribution
at small coupling strengths, i.e., b, =0. The
intriguing feature of the resulting 8 function,

BEN(p) =~ bop? (1 — e7V0),

is the essential singularity at p=0. Precisely
this structure is expected if classical field con-
figurations?® are important for the transition®’
between weak- and strong-coupling regimes.

The other way to recover Richardson’s potential
is to take the limit /=« in Eq. (2.12). It is ob-
vious from Eq. (2.13) that Ay becomes infinite
‘in this limit if the Regge slope &’ is kept fixed.

It is therefore not possible to infer a well-defined
QCD scale parameter A from Richardson’s po-
tential. It may rather be considered as the limit-
ing case obtained as Ay approaches infinity

(cf. Sec. V).

The term proportional to b, in Eq. (2.12) is
relevant only for small values of p due to the
large negative coefficient in the exponential func-
tion. The potential which results from Eq. (2.12)
differs therefore from Richardson’s potential
only at small values of the running coupling con-
stant, i.e., at short distances (cf. Fig. 2). These
differences, however, lead to substantially dif-
ferent predictions for heavier quarkonium spec-
troscopies which we will investigate in Sec. V.

A comment on the B function defined in Egs.
(2.4) and (2.6) is in order. The Callan-Symanzik
B function in the Gell-Mann—-Low renormalization-
group approach is defined within the perturbative
formalism (order by order to all orders). To two
loops the B function is universal, i.e., renorma-
lization-scheme-independent, and gauge-invari-
ant. Its three-loop and higher-order contributions
are in general gauge-dependent and scheme-
dependent. In contrast, we have defined the 8
function in terms of a physical coupling constant,
which is directly measurable in experiments,
Consistency implies that our definition of the 8

function must be gauge- and scheme-independent,
Also this definition does not require the 8 function
to have a small coupling perturbative expansion
lin fact, the B function in Eq. (2.12) has an essen-
tial singularity at p =0, so that its expansion
around p =0 is only an asymptotic series|. As is
clear from Eq. (2.8a) the scale parameter A is
defined after two subtractions which involve the
coefficients b, and b,. In order for A to have a
well defined meaning the coefficients b,and b,
have to be universal. Our B-function is, of course,
“process-dependent”; it is defined in terms of a
particular physical quantity, the quark-antiquark
potential. Clearly the corresponding definition

is also useful for other scattering processes.

To conclude this section let us emphasize that
the choice of the B8 function in Eq. (2.12) is by no.
means unique. Its appealing features are the
asymptotic limits for small and large values of p
(as expected on the basis of QCD), its interesting
analytic structure at p =0 (inherent in Richard-
son’s potential), and its simplicity. The reader
is invited to find other examples which meet these
criteria and provide an adequate description of
the ¥ and T spectroscopies.

IIL. (c¢) AND (bb) SPECTROSCOPIES

In Sec. II we have reviewed the theoretical
framework for the description of heavy-quark
bound states, and we have discussed how to in-
corporate asymptotic freedom in the (QQ) inter-
action, Given the 8 function of Eq. (2.12) and
the Regge slope o’ ~1 GeV 2, the (@Q) potential
is determined via Eqs. (2.4) and (2.8). Equation
(2.11) implies a’A_-%=0.27, from which one ob-

MS
tains for the scale parameter A&i& ~0.5 GeV.

A. Mass spectra -

Tables I and II summarize, for spin-triplet
states of the 3 and T families, mass spectra,
ratios of leptonic widths, velocities, and mean-

TABLE I. (cC) spectrum: masses, ratios of leptonic
widths, velocities, and mean-square radii. The mass of
the ground state is input; it determines the c-quark
mass m,=1.48 GeV.

State Mass (GeV) fee/Fee(ls) @w¥el  @HV? (fm)

18 3.10 1 0.23 0.42
1P 3.52 0.25 0.67
28 3.70 0.46 0.29 0.85
1D 3.81 0.29 0.87
2p 3.97 0.32 1.05
3S 4.12 0.32 0.36 1.20
2D 4.19 0.36 1.22
48 4.48 0.25 0.44 1.48
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TABLE II. (bb) spectrum: masses, ratios of lep-
tonic widths, velocities, and mean-square radii. The
mass of the ground state is input; it determines the b-
quark mass m,=4.88 GeV. With respect to the CESR
normalization, M (T)=9.433 (Ref. 7), the b-quark mass
is given by m;=4.87 GeV, and the masses of excited
states are smaller by 27 (MeV).

1/2
State Mass (GeV) TI,/T,(r) ®%c%» 3  (fm)

1s 9.46 1 0.077 0.23
1p 9.89 0.069 0.39
28 10.02 0.44 0.075 0.50
1D 10.14 0.072 0.53
2p 10.25 0.078 0.65
3S 10.35 0.32 0.085 0.75
2D 10.43 0.083 0.77
3P 10.53 0.090 0.87
4S 10.62 0.26 0.098 0.95
3D 10.68 0.098 0.97
58 10.86 0.25 0.13 11

square radii of the bound constituents which follow
from the given potential and the relation Eq. (2.1)
between masses and energy eigenvalues of the
Schrodinger equation. The agreement with experi-
ment is satisfactory. The computed masses co-
incide with the experimentally measured® ones
within 10 MeV, except for the 4S state in the T
family, where the disagreement is 40 MeV. This
state, however, lies above the threshold for BB
production, its width is about 20 MeV, and cor-
rections due to coupled-channel effects are ex-
pected to be important. The only free parameters
adjusted to obtain these results are the masses

of the ¢ and b quarks. They are determined by
identifying the 1S states with the ¥ and T re-
sonances,

B. Leptonic widths

In the framework of the potential model, the
leptonic widths of the S states are given by?®

16mela? _
TelnS)= Sy 19402 =T mS).  (3.1)
In QCD, Eq. (3.1) is modified by radiative? and
relativistic corrections,

r,, =r‘eg>(1 - -13—% as(2mg)+ A). (3.2)
The leading radiative correction can be calcu-
lated reliably in perturbation theory, whereas
higher-order radiative and relativistic correc-
tions lead to an uncertainty A [a discussion of Eq.
(3.2) is given in Appendix B|. Guided by our
experience with nonrelativistic bound states in
quantum electrodynamics, the order of magnitude
of A can be estimated as follows.

(i) There will be higher-order radiative cor-
rections, and we assume their coefficient to be of
the same order of magnitude as the lowest-order
coefficient, i.e., A" =(16/3m)a,?.

(ii) For Coulombic bound states relativistic
corrections, which are of order v?/c?, are also
proportional to a? and usually not distinguished
from radiative corrections. However, the 3
and T families are not Coulombic bound states,
and we therefore include an additional uncertainty
A =92 /c?, Using the running coupling constant
for Ay =0.5 GeV (cf. Fig. 3) and the values of
v2/c? from Tables I and II we obtain A(y)=0.39
and A(T)=0.15, where A=A +A™  From Eq,
(3.2) we thus obtain the theoretical leptonic widths

I, (¥)=3.70+3.05 keV
and
I, (r)=1.07+£0.24 keV,

where we have used (3.1 GeV)=0.31 and
a5(9.5 GeV)=0.20 (cf. Fig. 3). The measured
leptonic widths for the T read’

CLEO": 1.02£0.22 keV
CUSB": 1.07%0.23 keV ,
DORIS®: 1.29+0.22 keV.

The uncertainties quoted for the theoretical
leptonic widths of ¥ and T involve estimates of
relativistic and radiative corrections. For
ratios of leptonic widths of states in the same

TTrTrTrTT T T T T TTTTIT T T T TTTTT7
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FIG. 3. The running coupling constant oy @) in QCD
with four flavors for different values of Ayg . The two-
loop contribution of the B function is included, i.e.,

_lor 1 éﬁ%l‘ﬂ%’fﬂ?ﬁ
% @ =25 QYA (1 625 In@Y/Ays") )
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family the radiative corrections cancel. The
relativistic corrections, however, will in general
depend on the principal quantum number, i.e.,
they will not completely cancel. In the ¢ family
we therefore expect uncertainties of about 30%
for ratios of leptonic widths, whereas in the T
family relativistic corrections should be less
than 10%.

C. Hyperfine splittings

So far no completely satisfying theoretical de-
scription of the fine and hyperfine structure in
charmonium®3° has been achieved. Due to the
Thomas precession the fine structure will neces-
sarily involve long-distance effects and may
therefore be difficult to understand in the frame-
work of the potential model. It is conceivable,
however, that the hyperfine splitting is entirely
a short-distance effect which can be calculated
in perturbation theory. To first order in a,
the Hamiltonian®® reads

8m s =z .-
Hyg = ) C,R) msz S, S;8%(r). (3.3)

Q

As our model accounts correctly for the leptonic
widths without any “normalization factor,” we
have no reason to invoke a similar factor in Eq.
(3.3) and the hyperfine splittings are uniquely
determined. For the y-n, splitting we obtain

[as (3.1 GeV)=0.31, cf. Fig. 3]

AEy_, =99 MeV,
which compares well with the measured® value

o, =119£9 MeV,

It is interesting to compare the theoretical pre-
dictions for the hyperfine splittings and the lep-
tonic widths, both of which are proportional to
the square of the wave function at the origin.
Compared to the experimental value, the lowest-
order leptonic width for the ¢ is too large by 62%
and is reduced via first-order QCD corrections
by 85%. On the contrary, the lowest-order hyper-
fine splitting is too small by only 16%. First-
order QCD corrections are therefore expected

to be small. Their calculation is in progress,*
and the result will provide a further test for
QCD-like potential models.

In Table III we have listed predictions, based
on Eq. (3.3), for the hyperfine splittings in the ¥
and T families. In the derivation of the Hamil-
tonian Eq. (3.3), binding effects are neglected,
i.e., the quarks are considered to be on-shell.
The size of binding corrections can be estimated
by replacing mq by M (QQ) in Eq. (3.3). They
turn out to be negligible except for the ' where
they decrease the splitting by 43% as indicated in

TABLE III. Lowest-order hyperfine splittings AE
EE(351)--E(3SO) in ¥ and T families. For ¢’ the num-
ber in parentheses is obtained by replacing mg by
FM@) in Eq. (3.3).

State AE (MeV)
¥ 99
g 65 (42)
T 46
T/ 23
T 18

Table II. At present there seems to be no way
to resolve this theoretical ambiguity.

D. E1 transitions

The rates for E1 transitions?:1%:3%:3% gre given
by

Tip=%e’aw’S;D;2(2j, +1), (3.4)

where ¢q is the electric charge of the quark, «
the fine-structure constant, and w the energy
of the emitted photon; the dipole moment D,
represents the overlap integral with respect to
the radial wave functions,

Dif:'/; dvR;(r)YR.(v),

where (3.5)
f ArR;R; =0,
0

and the statistical factor S;; for a transition
(di5 L)~ (4s, I;) (j and I denote total spin and
orbital angular momentum) can be expressed in
terms of Wigner’s 6-j symbol,33+3

» . 2
si,={]i 1 Jf} max{l,, L}, (3.6)

I s

where s denotes the spin of initial and final state.
For singlet states one obtains S, =1/(2j; +1);

for triplet states the relevant values of the 6-j
symbols are listed in Table IV,

Tables V and VI contain photon momenta, dipole
moments, and widths for various E1 transitions
in the ¢ and T family. For the T family, the
splittings of the P and D states are not included,
The fine-structure splittings in the T family are
expected to be smaller than those in the y family.
Yet their effect on the transition rates will be
very important and may easily amount to a factor
of 2. For the transitions ¢ =yx,, theory and
experiment disagree by a factor of 2 to 4, and
one has to expect a similar discrepancy in the T
spectrum, We do not fully understand the origin
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TABLE IV. The statistical factors

— 1 o =iilis 2

max{l,,1} ¥ 1,11,
for E1 transitions (j;,1;)«— (js,15) [cf. Eq. (3.6)]. Note the symmetry of S;; with respect to in-
terchange of initial and final quantum numbers.

(Ggsly) (1,1+1) ¢+1,1+1) (I1+2,1+1)
(ji:li)

1-1,1 L

=10 @

@ 1 (1+2)

’ (l+1)2(2l+1)2 (l+1)2(21 +1)(21 +3)

(I1+1,1) 1 -—-7—————21 ———-—71

i 1 +1)%@+1)%@21 + 3)? (1+1)%21 +3) 2L+3)

of this disagreement, which is common to all po-
tential models, One may, however, expect QCD
corrections to the lowest-order contribution
which are considerably larger than in the case of
the leptonic widths because of the different mag-
nitude of the photon energies involved in both
cases. Clearly, the computation of relativistic
and radiative corrections to the lowest-order
formula for E1 transitions®® is at present one of
the major theoretical problems in quarkonium
physics.

E. (b¢) mesons

Given the c- and b-quark masses as well as the
(QQ) potential from the analysis of the y and T
families, the spectrum of (b¢) mesons, which
have a reduced mass my satisfying 3 m . <mp
<3 m,, is uniquely determined. The properties
of the lowest spin-triplet state and its first radial
excitation are displayed in Table VII. Equation
(3.3) implies a lowest-order hyperfine splitting
of 50 MeV for the ground state. We therefore
obtain for the mass of the pseudoscalar (bc)
ground state

TABLE V. Lowest-order rates for E1 transitions in @
family. Photon momenta are computed from the meas-
ured masses of the x states: M(xo)=3.415 GeV, M (xy)
=3.510 GeV, M (xy)=3.550 GeV. Experimental data are
taken from Ref. 35.

Tg (keV)

Transition %, (MeV) D;; (fm) Theory Experiment

W —YXo 259 —0.517 58 15+7
—YXi 170 -0.517 49 157
—~YXs 132 —0.517 38 15£7

Xo—~7v?¥ 305 0.416 182

Xi—~7v? 390 0.416 381

Xo— V¥ 426 0.416 496

M,=(11S,)=6.29 GeV .

The (bC) system probes the quarkonium potential
at distances where it is already determined from
the analysis of the ¥ and T families. Any model
which describes the ¥ and T spectroscopies
should therefore yield the same predictions for
the (b¢) system. This is indeed the case, and the
results presented in this section can be regarded
as firm. Similar values for (b¢) masses have
been obtained by others.™

1IV. ASYMPTOTIC FREEDOM AND QUARKONIA

The results, which we have presented in the last
section, demonstrate that a potential model, which
incorporates asymptotic freedom and linear con-
finement, is able to provide an accurate descrip-
tion of the properties of the ¥ and T spectro-
scopies. However, the questions remain: Is this
success evidence for the theoretical expectations
based on QCD or is the QCD-like potential model
just one out of many different models all of which
are consistent with experimental data? In par-

TABLE VI. Dipole momenta and E1 transitions in
T family. The statistical factors can be obtained from
Eq. (3.6) and Table IV.

Transition &, (MeV) D (fm) Tg1/3S;(2j;+1) (keV)

2D — 2P 178 0.532 14.8
2D —~1P 526 0.049 3.25
35S 2P 100 —0.524 2.55
3S—1P 450 0.002 3.10"3
2P 1D 109 —0.365 1.60
2P - 2§ 227 0.382 15.9
2P 18 760 0.047 9.00
1D —~1P 247 0.388 21.1
2S—-1pP 129  -0.322 2.05

1P —~1S 421 0.223 34.5
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TABLE VII. (¢) bound states: masses, wave
functions at the origin, velocities, and mean-square
radii.

State Mass (GeV) |9(0)|2 m™%) @¥c® @2 (Em)

1S 6.34 16.5 0.15 0.34
28 6.91 9.86 0.18 0.71

ticular, what are the uncertainties in the relation-
ship between the Regge slope and the QCD scale
parameter a'A % =0.27, determined from the ¥
and T spectroscopies (as discussed in Sec. II)?
Recently, Martin'? has given an excellent fit
of the ¥ and T mass spectra based on the poten-
tial A +Br®, a=0.104 (cf. Figs. 1 and 2, and
Table VIII) whose asymptotic behaviors at small
and large distances strongly disagree with
theoretical prejudices. The results for the ratios
of the leptonic widths are not as excellent as those
for the energy levels; furthermore, in order to

obtain the correct absolute values of the leptonic
widths on the basis of a power potential one has
to choose either a small value for the c-quark
mass yielding results for the E1 transitions which
are even worse than those obtained in Sec, III D,
or a quark-mass dependent “correction factor”
in the Van Royen—-Weisskopf formula. However,
due to experimental uncertainties and the lack

in our theoretical understanding of relativistic
corrections, both the small-power potentials

as well as QCD-like models appear to be consis-
tent with present experimental data, and the evi-
dence for asymptotic freedom from quarkonia
remains unconfirmed. As we shall discuss later,
only the existence of another heavy quarkonium
system would settle this issue.

It is interesting, however, that if the short-
distance part of the potential is indeed deter-
mined by perturbative QCD, the ¥ and T spectra
put a lower bound on the scale parameter A,

As we have pointed out in the introduction, the
(QQ) potential appears to be determined experi-

TABLE VIII. Predictions of various potential models for the T family compared with ex-
periment. Model 1: Martin (Ref. 12); model 2: Buchmiiller, Grunberg, and Tye (Ref. 13),
Azs=0.5 GeV; model 3: Richardson (Ref. 17); model 4: Bhanot and Rudaz (Ref. 14) (the range
of predictions, which are dependent on the b-quark mass, is given); model 5: Cornell group
(Ref. 15); model 2a: model 2 with Agg =0.4 GeV; model 2b: potential 2 for distances » >0.2
fm, asymptotic-freedom Coulomb-type potential for »<0.2 fm with Agg=0.1 GeV. The first
column contains the leptonic widths in keV, the second and third columns the excitation ener-
gies in MeV, and, in parentheses, the ratios of the leptonic widths with respect to the 1.

fr T' Tll
Experiment
(a) Ref. 5 1.29+0.22 55310

(0.45 £0.08)
(b) Refs. 6 and 7 1.02+0.22 5603 889+4
1.07+0.23 (0.45+0.07) (0.32 £ 0.06)
Model 1 560 890
(Martin) (0.43) (0.28)
Model 2 1.07 555 890
(Buchmiiller, (0.46) (0.32)
Grunberg, and Tye)
Model 3 555 886
(Richardson) (0.42) (0.30)
Model 4 1.07-1.77 561—-566 881-879
(Bhanot and (0.47-0.76) (0.34-0.51)
Rudaz)
Model 5 560 898
(Cornell group) (0.48) (0.34)
Model 2a 1.03 528 857
(0.47) (0.34)

Model 2b 0.50 486 805

(0.64) (0.51)
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mentally for distances 0.1 fm <# <1.0 fm (cf. Fig.
1). At short distances the Coulomb-type poten-
tial,® as predicted by perturbative QCD, reads

QCD B cg(R)as(r)
Viry ~ - " ,

=0
) - 4m [1 _ b, Inln(1/r?Ass?)
= Bem(1/7PA ) U T b TIn(1/rPA %)
c

+ —
In(1/72A %)

*"(WA}?T)] ‘
(4.1)

C= 5o [BC,(0)- N ] +27s,

where vy is Euler’s constant. In Fig. 4 we have
displayed this asymptotic freedom potential for
various values of A, assuming four flavors,
i.e., N;=4 (for distances under consideration
which satisfy v <7,, 1/7,2>4m 2, the effective
number of flavors is N, =4; for distances v>7r,,
the effect of changing N, =4 to N, =3 is numerical-
ly negligible for our conclusions). According to
Eq. (2.3) the potentials are plotted for distances
r<7,, where »,2=1/100A-%. For A =0.1 GeV,
the “experimental” and the Coulombic potential

7
7
or ..//}
P

A 757100 MeV ~_—~"77Z

V(r) [GeV]

o0l Ol 10

r[fm]

FIG, 4. Two-loop asymptotic-freedom potentials for
four flavors and different values of Ay at distances
SV, 7, 2=1/(100A ﬁéz). For comparison the potentials
(1) and (2) of Fig. 2 are also displayed. The “error
bars” indicate the uncertainty with respect to absolute
normalization.

overlap for distances 0.1 fm <7 <0.2 fm, and they
are clearly different in this region, as is obvious
from Fig. 4. A quantitative measure of this dis-
crepancy, which is independent of the absolute
normalization of the potential, is the slope, in-
tegrated over the region under consideration,

i.e., AV=V(r=0.2 fm)- V(r =0.1 fm). The poten-
tials shown in Fig, 1 satisfy the inquality

AV  <AVSAV
min

max ?

AV =458 MeV, AV,, =566 MeV .

The lower bound is given by the “softest” poten-
tial which is due to Martin'? whereas the upper
bound is inferred from the “Coulomb +linear”
potential employed by the Cornell group.!> The
Coulombic QCD potential yields, for A :=0.1
GeV,

AvQCD(AM_g =0.1 GeV)=222 MeV,
i.e., we have ‘
AVQCD(A]TA"S =0.1 GeV)<%AVmin .

We therefore consider values of Ay less than or ‘
equal to 100 MeV to be highly unlikely. This
lower bound is further supported by the fact that
a potential, given by VQCD(A!VTS =0.1 GeV) for
7 <0.2 fm and by the “experimental” one for
7>0.2 fm, leads to unacceptable results for the T
spectroscopy which are shown in Table VIII,

For values of A > 0.2 GeV, perturbation
theory becomes unreliable before the potential
overlaps with the experimentally known region

0 T - T T
_I -
Ais=200 MeV ~
— -2 F
3
< ™A s =500Mev
> -3 -
(160) ©0)  LGo)
ol g ¢ Leo |
-5 Laoo)  Ga0) 7]
- L ! 1
001 0.05 0l

r[fm]

FIG. 5. Two Q@) potentials which approach asymp-
totic-freedom potentials with Ay =200 MeV and Ay
=500 MeV at short distances (see text), Mean-square
radii of (¢7) ground states [denoted as ¢(2m, )] are shown
for Ayg =500 MeV and different quark masses m;.
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7v20.1 fm. Therefore present quarkonia cannot
distinguish between different values of A 5 as
long as they are larger than or equal to 200

MeV. In order to illustrate the sensitivity of
heavier quarkonium spectroscopies on the scale
parameter we have considered two potentials
corresponding to A . =200 MeV and ATs =500
MeV, which characterize a range of values com-
patlble with the analysis of deep-inelastic scatter-
ing experiments.’® The first potential (cf. Fig. 5)
is obtained by extrapolating the “experimental”
potential logarithmically below 0,1 fm until it
intersects with the short-distance QCD potential;
in the case Aﬁs =500 MeV we use the potential of
Sec. III. The results for the 15-2S mass dif-
ferences and the ground-state leptonic widths of
a possible (¢t ) system are displayed in Figs. 6
and 7 (for details, see Sec. V). They are com-
pared with predictions obtained from the poten-
tial'? A +Br”, v=0.104. It appears obvious that a
toponium of mass m(tt) =40 GeV will be able to
distinguish between power potentials and asymp-
totic freedom potentials as well as between dif-
ferent values of A]\E- We expect differences in
the 15-2S mass splittings between different po-
tentials to be more than 70 MeV, and the lep-
tonic widths will differ by more than 50%.

We therefore conclude that given the c¢- or b-
quark mass, i.e., the absolute normalization of
the potential, the (/f) spectrum is very sensitive
to A, The reason is simple: the (ff) spectrum
will determine the “experimental” potential down
to distances of about 0.04 fm. Here the slopes
of various asymptotic freedom potentials are
quite similar; however, they differ substantially
in their absolute normalization due to the dif-
ferent strength of the running coupling constant

100 -

500l Aws = 500 Mev

A =200 Mev

E,-E, [MeV]

700
soof- T ——— .
300 -
L . Lol
20 40 60 100 160
2my [GeV]

FIG. 6. 1S-2S mass differences as functions of ¢ -
quark mass m,; . The solid lines represent the poten-
tials of Fig. 5, the dashed line Martin’s potential (Ref.
12).

A fgs=500 MeV

[kev]

v
3 < Agrg= 200 MeV
=oal ~ _
\\\
L ~ .
—
1 F T ——
1 n 1 1 | S S T | I T 'S
20 40 60 100 160
2my [GeV]

FIG. 7. Ground-state leptonic widths as a function of
t -quark mass m,. The solid lines correspond to the
potentials of Fig. 5 and are based on Eq. (15) with a
running coupling constant o (2m, ) inferred from Fig, 3.
The dashed line shows the results of Martin’s potential
(Ref. 12), Here we have ignored weak-interaction
effects, which would only enhance the differences (cf.
Figs. 13, 14, and Sec, VI).

for different values of A (cf. Fig. 4). For in-
stance, a change of A by 100 MeV changes the
potent1a1 at 0.04 fm by about 300 MeV. Given the
experimental potential down to 0.04 fm it can
therefore distinguish different values of A, Un-
fortunately, the absolute normalization of the ex-
perimental potential is known only with an un-
certainty of about +400 MeV which will lead to
an uncertainty of £+150 MeV in the determination
of A.

A more precise determination of A may be
possible by measuring hyperfine splittings3® and
electromagnetic and hadronic decay widths,
where QCD corrections have recently been calcu-
lated by Barbieri, Curci, d’Emilio, and Remiddi*®
and Barbieri, Caffo, Gatto, and Remiddi.*' At
m(tt) =60 GeV, for instance, a change of A by
100 MeV will change the running coupling constant
by ~7% (cf. Fig. 3) and consequently the total
hadronic width by ~20%. A measurement of
I'n2a(¢t) with an accuracy of 20% would therefore
determine the A parameter with an uncertainty
of £+100 MeV. This, in turn, would fix the norma-
lization of the potential up to + 300 MeV and there-
by restrict the uncertainty of the quark masses
to +150 MeV. Of course, these quantitative esti-
mates must be used with caution, but we con-
sider it an exciting possibility that the next
quarkonium system might indeed provide the con-
nection between the nonperturbative and the truly
perturbative regimes and in this way determine
the entire (QQ) potential as well as the A pa-
rameter in QCD.
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TABLE IX. Properties of (t?) spectra: S states (potential with Ayg =200 MeV, for compari-

son).
m, —Ep E,—E, E;—E; Es—E,

(GeV) (MeV) (MeV) (MeV) (MeV) (Es—Ey)/ (E;—Ey)
15 693 572 874 1094 0.528
20 807 ! 587 887 1101 0.511
25 898 600 901 1112 0.502
30 974 610 913 1123 0.497
40 1101 629 939 1148 0.493
50 1207 645 964 1175 0.495
60 1330 661 990 1203 0.498
70 1386 679 1017 1234 0.498
80 1466 698 1046 1266 0.499

V. HEAVIER QUARKONIUM SPECTROSCOPIES

In this section some properties of heavier
quarkonium spectra are listed for {-quark masses
in the range 15 GeV <m, <80 GeV. The calcula-
tions have been carried out for the two (Q@) po-
tentials (shown in Fig. 5) which at short distances
approach Coulomb-type QCD potentials charac-
terized by scale parameters Aﬁé =200 MeV and

s =500 MeV, respectively.

We have computed the ground-state binding
energies (Eg, Tables IX and XII), the excitation
energies for the first three S states (E,- E,,
Tables IX and XII), the first two P states
(E,.p— E;s, Tables X and XII) and the first two
D states (E,, — E;5, Tables X and XIII). We also
listed the ratios (E, - E,)/(E, - E,) (Tables IX and
XII) and (E,g — E,p)/(E,s — E,5) (Tables X and
XIII) which are most sensitive to the effective
power!® characterizing the potential at distances
of the corresponding mean-square radii. The
leptonic widths of the ground states have been
evaluated with [I',,(1S), cf. Eq. (3.2)] and without
[Ir{9@S), cf. Eq. (3.1)] radiative corrections
|the value of as(2m,) can be read off from Fig. 3];
in addition the ratios of leptonic widths

T, (»S)/T,.(1S)], the velocities (v2/c?),s) and
the mean-square radii ((1’2)13”2) of the ground
states are listed (Tables XI and XIV).

Figure 8 shows the binding energies of the first
four S states and the two lowest P and D states.
In Fig. 9 we have plotted all S states below con-
tinuum threshold as a function of the {-quark
mass, Following standard methods!®®® we have
estimated the continuum threshold (CT) at

Eop =2m, +0.91 GeV . 6.1)

The number of S states encouniered below con-
tinuum threshold agrees with the semiclassical
estimate of Quigg and Rosner,*?

e 2(715_)1/2

m, (5.2)

The mean-square radii of the ground states are
displayed in Fig. 5, indicating the distances down
to which the (QQ@) potential is probed by toponium
systems of various masses.

The effect of logarithmic corrections to the
Coulomb part of the (@) potential and their im-
portance with respect to (t£) spectra has pre-
viously been investigated by Krasemann and Ono*®

TABLE X. Properties of (tt) spectra: P and D states (potential with Agg =200 MeV, for com-

parison).
my Eip—E;s E;p—Ejs Eip—E;s Eyp—Ess
(GeV) (MeV) (MeV) (MeV) (MeV) (Ess — E1p)/ (Eqs— Eyg)

15 446 784 700 950 0.22
20 459 801 719 964 0.218
25 470 816 734 979 0.217
30 480 831 748 993 0.213
40 500 860 774 1023 0.205
50 521 890 800 1054 0.192
60 545 920 827 1085 0.180
70 572 951 856 1118 0.158
80 600 983 885 1152 0.140
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TABLE XI. Properties of (tf) spectra: leptonic widths, velocities, and mean-square radii. The leptonic widths do
not include weak-interaction effects (potential with Agpg =200 MeV, for comparison).

, 1/2
my T, (1S) ras) @b s

GeV)  (keV) (keV) T,(25)/Ty(1S)  T,p(38)/Tpp(lS)  TouldS)/TopeS)  @¥/chys (fm)
15 3.00 3.77 0.43 0.29 0.24 0.026 0.13
20 2.85 3.58 0.43 0.29 0.23 0.020 0.11
25 2.85 3.50 0.43 0.28 0.22 0.017 0.10
30 2.83 3.48 0.43 0.28 0.21 0.014 0.09
40 2.91 3.58 0.44 0.27 0.20 0.011 0.07
50 3.13 3.77 0.435 0.26 0.19 0.010 0.06
60 3.35 4,04 0.42 0.24 0.17 0.009 0.06
70 3.61 435 0.40 0.23 0.16 0.008 0.05
80 3.90 4,70 0.38 0.21 0.15 0.008 0.05

TABLE XII. Properties of (f) spectra: S states (potential of Ref. 13, Ayg =500 MeV).

m, —Eg E,—E, E;—E, E,—E,

(GeV) (MeV) (MeV) (MeV) (MeV) (B3~ Ep)/ (Ey— Ey)
15 778 629 941 1166 0.496
20 932 674 989 1209 0.467
25 1064 718 1040 1258 0.448
30 1182 762 1090 1309 0.430
40 1390 847 1191 1411 0.406
50 1572 929 1288 1512 0.386
60 1738 1006 1381 1610 0.373
70 1892 1082 1472 1706 0.360
80 2036 1154 1560 1799 0.352

TABLE XIII. Properties of (f) spectra: P and D states (potential of Ref. 13, Agg =500

MeV).
my Eip—E;s Eyp—Eis Eip—Es Eyp—Es
GeV) (MeV) (MeV) (MeV) (MeV) (Eys— E1p)/ (Egg— E1g

15 528 866 786 1035 0.161
20 576 920 843 1089 0.145
25 623 973 900 1144 0.132
30 668 1026 955 1200 0.123
40 754 1129 1060 1308 0.110
50 835 1227 1160 1412 0.101
60 911 1321 1255 1514 0.094
70 984 1411 1347 1612 0.090
80 1054 1500 1435 1706 0.087

TABLE XIV. Properties of ((f ) spectra: leptonic widths, velocities, and mean-square radii. The leptonic widths
do not include weak-interaction effects (potential of Ref. 13, Ajs =500 MeV).

m, T,.(1S) r®as w2
(GeV) (keV) (keV) T,e(25)/ Tpe(1S) T4, (3S)/ T (1S) T,,(4S)/ (T4 (1S) @¥ch s (fm)
15 4.79 6.43 0.35 0.23 0.18 0.034 0.12
20 5.10 6.69 0.33 0.21 0.16 0.028 0.09
25 5.33 6.99° 0.31 0.19 0.14 0.025 0.08
30 5.68 7.29 0.30 0.18 0.13 0.022 0.07
40 6.26 7.86 0.28 0.16 0.11 0.019 0.06
50 6.69 8.41 0.26 0.14 0.10 0.017 0.05
60 7.14 8.93 0.25 0.14 0.09 0.016 0.04
70 7.54 9.43 0.24 0.13 0.09 0.015 0.04
80 7.92 9.90 0.24 0.12 0.08 0.014 0.03
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FIG. 8. Binding energies of lowest-lying S, P, and
D states of a (ff) system as function of the ¢-quark
mass m; (AME =500 MeV).

and Krammer, Krasemann, and Ono.** Reference
43 contains also a discussion of the fine and
hyperfine structure of ({f) spectroscopies, based
on the Breit-Fermi Hamiltonian.

In Table XV some properties of a (t£) system
with m, =20 GeV and m, =30 GeV are compared
for Avas' =0.2 GeV, A =0.5 GeV, and Richard-
son’s potential. As m, increases, the differences
between these models also increase. The pre-
dictions of the three models are clearly dis-
tinguishable experimentally. This illustrates
once more that a (¢7) system will lead to quantita-
tive tests of QCD as well as the determination
of the scale parameter A.

It is a straightforward exercise to evaluate
(£¢) and (tb) mass spectra. Their ground-state
masses are given by

M(tc)=m, +m +E z(tc),
(5.3)

M(th) =m, +m, +E5(t5),

where m,=1.48 GeV and m,=4.88 GeV. The

T T T T T T T T T T T

L N N SN N VN T N TN WO |

L1
20 40 60 100 160

2my
FIG. 9. (ff) S-wave bound states below threshold as
function of the ¢ -quark mass, The binding energies
have been computed for a potential which corresponds to
AnTs =300 MeV; it satisfies V (Ays =200 MeV) =V (A 5
=300 MeV) = V(Ags=500 MeV),

binding energies E z(C) and EB(tI7) as well as the
square of the wave functions at the origin are
plotted in Figs. 10 and 11 as functions of the
corresponding reduced masses mg(¢¢) and mg(th).

Figure 12 displays the S-wave binding energies
E g of various quarkonium systems as a function
of the corresponding mean-square radii (»2)'2,
Obviously, the following relation holds approxi-
mately,

Ep~V(r2)H?), 5.4)

independent of the quark mass and the principal
quantum number of the S-state under considera-
tion. This is not unexpected as power-law po-
tentials of the form V =27 ¢ imply'°

1 av
EB_ E’}’E>+<V>

1+ 5)

and smoothly varying potentials satisfy (V(»))

(5.5)

TABLE XV. Comparison of (f) spectra for different QCD-like potenfial models.

m,=20 GeV Ayg=0.2 GeV Ajs=0.5 GeV Richardson (N;=3)

—Egp (MeV) ) 807 932 975
E;— E; (MeV) 587 674 700
E;—E; (MeV) 887 989 1017
T,.(2S)/T,,(1S) 0.43 0.33 0.31
T,,(35)/T,,(1S) 0.29 0.21 0.19
m ;=30 GeV

—Eg (MeV) 974 1182 1240
E;—E; (MeV) 610 762 801
E;—E; (MeV) . 913 1090 1136
T40(28)/ Ty (1S) 0.43 0.30 0.29
T,,(35)/ T, (1S) 0.28 0.18 0.17
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FIG. 10. Binding energy (solid line) and wave function

squared at the origin (dashed line) of the lowest (t¢)
bound state as functions of mg=m, m, /(m, +m;) (Mg
=500 MeV).

= V((#2)'/?). Equation (5.4) provides a useful
guide to estimate the relation between binding
energy and size of the quarkonium system under
consideration,

V1. Z-BOSON EFFECT

So far, we have neglected weak-interaction ef-
fects. The leptonic widths quoted are actually

4na?
2
myg

T(¢—=v* Z*=ff)= 4602|¢J(0)I?‘Z {ef2+
7

2¢,

24
(1b)
—220
-480
T T
= 2
- —180
w -
-520| 3.
—140
-560 -
1 1 1 L 1 L L 1 I 1 I 1 L

mg [Gev]

FIG. 11. Binding energy (solid line) and wave function
squared at the origin (dashed line) of the lowest (¢5)
bound state as functions of mg=m, m, /(m;, +m;) (Ayg
=500 MeV).

leptonic widths due to the electromagnetic inter-
action: (QQ)—y*—{"I*. For y and T families,
the contribution due to the Z boson is negligible.
However, for the ¢ quark, the Z-boson-mediated
decay is important. This has been discussed in
the literature.® For ¢(QQ)—ff, the lowest-
order electromagnetic and weak decay widths are
given by (in familiar notation)

voUem 2 —mP)m 2

cq M -mR2P +m, T 2|2 520, F

v +al)m ¢

+
e [(m % - mz2P +m 22T 2](2 sin2 Gw)‘*} ’

where the sum is over all fermions (quarks are
to be counted three times due to color); the
standard model implies

- - P in2
V=0, =0, =—1+48in’0y,,

a,=v,=1,

v, =V.=v,=1- & sin?6,, (6.2)
a,=a,=a;=1 ’

Uy =Us =0, =—1 +4% sin%0,,,

a;=as=a,=-1,

To obtain some idea of the magnitude of the width,
let us consider I'(f—~ v*, Z*—all),*® taking

I'; =3 GeV, sin®6y, =0.23,*" and m ; =89 GeV.
Clearly the Z-boson effect becomes dominant as
m¢—~ mz, This is displayed in Fig. 13. For

6.1)

O mgq =20 GeV
a-mq =40GeV 1
& mq =60 GeV
0 mq =80 GeV

It 1

L
00! 0l 10

r [frn]

FIG, 12. Binding energies of the S states versus the
corresponding mean-square radii for various quark
masses, compared to the (QQ) potential (Ayg =500 MeV),
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FIG. 13, Z-boson effect. Electromagnetic, electro-
weak, and hadronic decay widths as functions of the (%)
mass m,. I'(£—+b (5)W) denotes the partial width due to
the weak decay of the ¢ (f) quark; for a detailed dis-
cussion, see Kuhn (Ref. 45).

comparison, we have included I'(¢— ¥ *—all) and
T'(¢— three gluons ~hadrons).

The three-gluon decay mode is estimated from
the T decay using the lowest-order formula, Us-
ing the data available,® we obtain adm(T)) =0.20
and A, =0.240 GeV. (Of course, the relation be-
tween A,, and Ay is determined by the a; cor-
rection to this process.)*®* It is intriguing to
note that for m,>"70 GeV, the weak interaction
dominates in the ¢ decay width followed by the
electromagnetic interaction while the strong in-
teration provides the weakest contribution to &
decay.

This remarkable phenomenon, namely the re-
versal of the strengths of the strong, electro-
magnetic, and weak interactions, persists even
for m>m . The leptonic widths of ¢ and its S-
wave excited states increase as the mass of the
states approach that of the Z mass. In Fig. 14,
we have plotted the ratio

L(E~v*,Z*~1'1l")
L(g=v*=1"17)

Vi+=-=

6.3)

for different values of the Weinberg angle. The
signal of the resonance peak is proportional to
the leptonic width,

8Tt LT,
fo(ee ¢~ff)dE mE T (6.4)

L T~y Zp)

Lol

1

-20 -10 0. 10 20 30
m ¢ m, [GeV]

FIG. 14, Ratio of total and electromagnetic leptonic
widths for different values of the Weinberg angle 6,,.

or
om
fRdENE&—z T.. (6.5)

For a given energy spread 0E, the resonance
signal would have a peak value of

__JRdE
peak T om0

As an illustration, if 6E =100 MeV X(E /100 GeV ),
we have

(6.6)

2
R peat =1.06(%Y—) T(¢~7v* Z*= e, in keV)
S

6.7)

where ¢ can be any of the S-wave bound states.
R, as well as the nonresonant contribution to R,
which is strongly affected by the Z pole, are
displayed in Fig. 15, Both the resonance peak
signal and the background are greatly enhanced
by the presence of the Z pole. This should help
the search for heavy quarkonium states in the
vicinity of the Z pole, where—due to high statis-
tics—even a small signal to background ratio may
be observable.

Around the Z mass, the energy difference be-
tween the ¢ ground state and its highest excited
state below the continuum threshold is of the
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FIG. 15. The value of R as a function of energy,
Rpeak=0e*e™ — —y*, Z*—ff)/ole*e™ —y*—ptu~),
where the beam spread [cf. Eq. (6.7)] has been included.

order of 2 GeV. For m = m,, the leptonic widths
of the higher excited states would have more con-
tributions from the Z boson than that of the lower
excited states. Hence we can even envision the
situation where the resonance peak of a higher
excited state is bigger than that of a lower state.
In fact, if m,~m,, a whole array of new exciting
phenomena can be expected.

VII. SUMMARY AND DISCUSSION

In the preceding sections we have reexamined
the evidence which quarkonium spectroscopies
provide for quantum chromodynamics. So far a
theory of mesons and baryons, which would allow
a systematic computation of their mass spectra,
has not been derived from the fundamental inter-
action of quarks and gluons. Therefore we had to
start from a set of theoretical expectations,
based on QCD, which appear to be generally ac-
cepted: the nonrelativistic nature of heavy-
quark bound states, the flavor independence of
the binding force, and the asymptotic behavior
of the potential at large and small distances as
dictated by linear confinement and asymptotic

freedom.

It was shown that a potential model, based on
this set of assumptions, yields an accurate de-
scription of both the y and T families. Further-
more, the parameters characterizing the large-
and small-distance behavior, i.e., the Regge
slope o' and the QCD scale parameter A, are in
quantitative agreement with values measured
in light-hadron spectroscopy and deep-inelastic
scattering experiments; we obtain o’ =1 GeV 2
and A =500 MeV [given the B function Eq. (2.12),
the sensitivity of the T spectrum with respect to
A can be seen by comparing models 2 and 2a in
Table VIII]. We also find that the absolute values
of the leptonic widths and the y-7, hyperfine
splitting are in agreement with experiment. As
these quantities are particularly sensitive to the
short-distance behavior of the (R ) potential,
this agreement strongly supports the idea of
asymptotic freedom. The only failure of the po-
tential model appears to be the E1 transitions,
where the discrepancies between our predictions
and the measured rates amount to a factor 2 to 4.
However, as the emitted photons carry momenta
of only a few hundred MEV, we expect large QCD
corrections to the lowest-order transition ampli-
tudes. Within our present theoretical under-
standing of the E1 transitions we do not consider
the discrepancy between experiment and zeroth-
order theory to be very worrisome.

Unfortunately, our lack of understanding con-
cerning the E1 transitions as well as the fine
structure of charmonium does not allow us to
determine the ¢- and b-quark masses accurately.
Potential models employ c-quark masses ranging
from 1.1 GeV to 1.9 GeV. In addition, there are
uncertainties in the theoretical predictions for
leptonic widths because of unknown relativistic
and higher-order radiative corrections. These
theoretical ambiguities as well as experimental
uncertainties prohibit a clear distinction between
QCD-like models and the logarithmic or small-
power potentials on the basis of present experi-
mental data. Only a heavier quarkonium system
will settle this issue,

It is interesting, however, that the y and T
families contain already quantitative information
on the A parameter, if we accept that the short-
distance behavior of the (Q®) potential is
governed by asymptotic freedom. For small val-
ues of A, i.e., small values of a;, one expects
a Coulombic potential up to large distances.
Therefore the “experimental” potential, which
has been measured down to 0.1 fm, provides a
lower bound for A. Our investigations lead to
Ay >100 MeV.

The analysis of deep-inelastic scattering ex-
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periments suggests values of Ay between 0.2
and 0.5 GeV.® Our calculations of (tf) spectra
demonstrate that the next quarkonium system
will allow a distinction not only between QCD-like
and small-power potentials, but also between
different A parameters. This would be most
valuable since the determination of A from deep-
inelastic scattering processes is plagued with
ambiguities due to unknown higher-twist effects.
The (/) family will measure the (QQ) potential
down to distances of about 0.04 fm. If the value
of Ay ranges indeed between 200 and 500 MeV,
the (¢t) spectrum will provide the connection be-
tween the perturbative and the nonperturbative
regimes and in this way determine the entire
(Q®) potential.

We have dealt mainly with the evidence for
asymptotic freedom which can be inferred from
quarkonia. The evidence for linear®° confine-
ment appears—at least at this moment—to be
weaker, Thus, at present any determination of
the Regge slope, based on quarkonia, can only
be consistent with experiment. The (¢f) spectrum
will contain many excited states with mean-square
radii between 0.5 and 1.0 fm. An accurate deter-
mination of the (QQ) potential may lead to a clear
identification of the expected linear asymptotic
behavior. At distances larger than 1.0 fm, how-
ever, the simple potential picture breaks down
due to threshold effects, and the existence of light
quarks seems to demand a relativistic, field-
theoretic treatment.

An important question which remains to be in-
vestigated in detail is the influence of nonper-
turbative effects?'27:5! =53 on the short-distance
part of the (QQ) potential. In principle, the po-
tential proposed in Ref. 13 has included both the
perturbative and the nonperturbative effects
(phenomenologically, of course) for all distances.
However, it is still interesting to estimate the
nonperturbative effects from a theoretical point
of view. For example, let us consider gluonic
vacuum fluctuations, characterized by a non-
vanishing expectation value ¢ = (0| (0s/T)G Gyl 0).
A simple dimensional analysis suggests that the
effect of ¢ on the potential is negligible for dis-
tances less than 0.1 fm, which are relevant for
our discussion of the perturbative part of the
potential, With ¢ =0.012 GeV* ! we obtain
8V(r)=¢r3<2 MeV, a correction of about 0.2%
to the perturbative Coulomb-type potential.

We have only briefly discussed weak-interaction
effects.”® These are of great importance if the
(tt) mass is close to the Z-boson mass; in this
case a variety of new phenomena can be expected.

Besides measuring the quark-antiquark force,
heavy quarkonia may also exhibit additional states

not expected on the basis of a potential model.
Such “vibrational states”®* are expected as a re-
sult of coherent gluonic excitations and have been
investigated on the basis of string models. The
existence of these states would provide further
evidence for additional gluonic degrees of free-
dom.

In conclusion, thetheoretical expectations based
on QCD lead to a potential model for quarkonia
which is in excellent agreement with experiment.
The (QQ) potential has emerged as a conceptually
simple, experimentally well-measurable quantity,
which allows a comparison with QCD at all
coupling strengths.?”*%® Further theoretical work
on fine-structure, electromagnetic and hadronic
transitions and decays, and (it is hoped) the dis-
covery of a new quarkonium system will provide
stringent quantitative tests of the fundamental
theory of strong interactions.
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APPENDIX A

The potential, used in Sec. III, is defined in
terms of the B function Eq. (2.12) (with [=24),
the relation Eq. (2.8a), and Eq. (2.4). In order to
obtain V(Q2) one first has to carry out the inte-
gration in Eq. (2.8a), yielding

Q2
ln—/—@- =1n(el/b°p -1)

b b }
+ -b—lz- <ln—l°- - Yg— El(lp)) s (A1)
0

where 5 =0.5772,.. is Euler’s constant and
E,(x) the exponential integral.’® We do not know
how to invert Eq. (Al) analytically; a very good
approximation, however, is given by

1

PO 3 @@ /A (a2)
where
by /0g2 b, 2
n(Q?) =(_b,l(_)_> ! eXp('i)’:é‘ [7E +E1( lPO(Q ))J) (A2b)
and
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1
Po(Q?) = AN AN
boln(l + K‘z-)

It is easy to check that p(€?), as given by Eq.
(A2), has the correct asymptotic behaviors,

(A2¢)

(Qz) ~ _2’
P 0 @ (A3a)
et el o)
and
) 1 b, Inln(Q*/A%?)
P o~ @ /D) " b InE(Q/A%)
o) (asv)

Equation (A3a), together with Egs. (2.9) and
(2.10), leads to the relation Eq. (2.13) between
Regge slope o’ and scale parameter Ag- A
numerical comparison shows that at intermediate
values of @2, p(Q?) approximates p(Q@?) with an
error of less than 1%.

The potential in coordinate space is given by

V(r)=-1672C,R) fé!;% %)_ piF (A4)
and may be conveniently written as®
Vlr)=tkr - __22"2 ® v(;w) , (a52)
o]
where
k= ﬁ (A5b)
and

v(x) = 4—2“‘/0‘ ( (@*)- >s1n(§ ) (A5c¢)

The parameter A can be expressed in terms of
the string constant % or the scale parameter

1

TABLE XVI. Numerical values of the dimensionless
function v (x) characterizing the QCD-type potential of
Ref. 13 [cf. Appendix A, Eqs. (A.5)].

Xy v, Xp v, X, Uy
0 0 0.40 0.766 1.30 0.953
0.01 0.249 0.50 0.811 1.40 0.960
0.02 0.300 0.60 0.845 1.50 0.965
0.03 0.339 0.70 0.872 1.60 0.970
0.04 0.370 0.80 0.893 1.70 0.974
0.05 0.397 0.90 0.911 1.80 0.977
0.10 0.499 1.00 0.925 1.90 "0.980
0.20 0.624 1.10 0.936 2.00 0.982
0.30 0.707 1.20 0.946

Aﬁ's’

bk 1/
= —0" _ (A5d)
21C,R)

and

1
- exp{Zb [2¢,(G)- 12N,

b l
- 2b02<yE +1n Z)} , =24,

v(x) varies slowly with x, and for our numerical

calculations we have used a linear interpolation

between 26 points which are listed in Table XVI.
For o' ~1 GeV™, one obtains A ~400 MeV, i.e.,

the smallest nonzero x value in Table XVI,

%, =0.01, corresponds to a distance 7, ~ 0.005 fm,

At such short distances V() has already ap-

proached the Coulombic potential for A— =0.5

GeV, which we then use to extrapolate

V(r) to even shorter distances, assuming N, =4,

(A5e)

The entire potential is finally given by

81 v(r)

V) =ty - 27 v ?

r=0.01 fm

and

462 Inln(1/Ays?r?)

16m 1
25 272)[1+(2yE+-§§)1 /A

Vi) == %3 ¥In(l/A

2,},2)

with A =0.509 GeV, £=0.153 GeV?, o’ =1,04
GeV~2, 1=0.406 GeV, 7;=0.5772..., and
v(x) as given in Table XVI.

APPENDIX B

Recently the question of relativistic and radia-
tive corrections®® to the leptonic widths of heavy

] ¥<0.01 fm (A6)

7625 In(l/APr?)

r

quarkonia has been investigated and different
conclusions have been drawn concerning their im-
portance. It seems to us that Eq. (3.2) is a
reliable estimate of radiative corrections., We
believe, however, that a consistent evaluation

of all v?/c? corrections is a hopeless task before
a much deeper understanding of bound states in
the framework of QCD has been achieved. In



order to substantiate this opinion and to obtain
a clear picture of where various uncertainties
may arise, we will briefly review how Eq. (3.2)
arises in the framework of the Bethe-Salpeter
(BS) formalism for relativistic bound states.
Let us assume that the (@Q) system can be
described by a Green’s function G(W,p, q) which
has poles at bound-state energies M,(Q®)=2W,,

-~ 1 ~
GW,p,4q) Lﬂ’—Lﬂ’—(v;_ﬁz, (_W; D wew,. (B1)

For simplicity, we consider the quarkonium
system in its c.m. system, i.e., the total four-
momentum is given by P¥ =(2W,,0); p and q
denote the relative four-momenta in initial and
final state and ¥ (W,,p) is the BS wave function.
The Green’s function satisfies the BS equation

G(W,p,q)=21)5*(p - 9)G(W,p)

aq’

+Gp(W,p) (2”)4 KW,p,q'\GW,q',q),

(B2)

where Gp(W,p)=iSW (5P +p)iS® (-4 P +p) is the
free two-particle propagator. At least in per-
turbation theory, Eq. (B2) defines a kernel
K(W,p,q), including self-mass corrections of the
quark propagator, in terms of G(W,p,q). [Equa-
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tion (B2) is a means to sum up contributions from
Feynman diagrams which arise in perturbation
theory. It does not imply, of course, that
G(W,p, q) has poles corresponding to free quark-
antiquark states, as is the case for Gz(W,p).

The mass parameters in Gg(W,p) represent
effective, constituent quark masses.| The BS
equation for the wave function reads

V0,0 =G ,2) | {555 KWy, DY, ).

(B3)

Equations (B1) and (B2) imply the normalization
condition

S G 0,0) 555 (6 (7, )00 - )

- K(me’ q”
xPpWo,q)=1. (B4)

In general it will be necessary to employ per-
turbation theory® to calculate 3 (W,,p). Writing
the kernel as

K=K, +0K, (B5)

one obtains

dtq d* q 9 ,
ZP(W,,,P) =¢0(Wn,P)<1 + (2”)4‘ (2")4 d)o(Wm q) W GK(W,,, q; q )lpo(Wm q’)>
n
d'q d'q’ , , .
W (_2.7-[_)2 Go(me, q)GK(Wn, q’ q )Zpo(Wn, q’) +O(6K ), (Be)
r
where propagator reads
R ) _ 3V, 0) (W, 4) MA@, | A-@)y
COW,2,4)=GoW,,4) W-W,—ic . S(p) po—E,+ie  p, +E,—i€’
B7) where
¥ and G, represent wave function and Green’s = 1 5o+
function corresponding to K, [the superscript 4. () 2E, 2, HE)I, B9)
“0” for the unperturbed energy eigenvalues W ¢
has been dropped in Egs. (B.G) and (B'7)J.’ . VTBE, H(E) =7 B 4m).
The success of the potential model for quarkonia
suggests that a natural choice for K, is an instan- In the nonrelativistic limit one obtains
taneous kernel of the general form () < (1 +y0)/2
vy T po—m —(P?/2m) +ie
KoW,p,0)= 20 V'OV, B- 3P, 5%, @I, 0 1-,)/2
( —Yo (BIO)

(B8)

where Tt (I'{?)) are Dirac matrices acting on the
particle (antiparticle) spinor indices. The quark

T potm +(D%/2m) i€

Correspondingly, the BS equation for the wave
function becomes



152 W. BUCHMULLER AND S.-H. H. TYE 24

YRV, 0) = . 1 .
o YTm [po+W,—m — (p2/2m) +i€][py- W, +m +(D%/2m) - i€] (B11)
(1) (2)
> g »g »o 1 +7, 1-
(2,,)4 Z Vi (W, (p—q)z,p"’,qz)(——z—ﬂ) Fi”zp’é“(W,,,q)F‘f’<—§—7‘L>
(
as in the nonrelativistic limit only the large obeys the Schrddinger equation
(small) components of the particle (antiparticle) -y 7
part of the wave function survive. Equation (B11) <2m + L:-n—- - 2W,,><p,,(§) + f(2_1f))3 V(p-4dl)e.@)=0
implies that the scalar wave function ¢,(p), de- ,
fined by (B13)
dp - if the nonrelativistic limit of the kernel satisfies
£0 ,,NR = B12
S L g 0,002 0,600, B12) 1 the nonrel
J .
14y 14y (1)1 y 1 }/(2) 14y (1)1 y(2)
o g > + + - - O -
IZVI\IJR(W’G_q)Z’pz,qZ)( 5 LT, 5 u> < 5 ar, 5 0) =V(|p-—q|)<————°—2 ) <_LL‘2 ) (B14)

|[Eq. (B14) is obviously fulfilled by the frequently employed linear combination of vector and scalar ex-
change|. V(Ip-ql) is the phenomenological potential used to calculate the quarkonium spectrum [thus
the nonrelativistic limit of the BS kernel K, determines the (QQ) mass spectrum up to relativistic v?/c?
corrections|; for a general combination of singlet and triplet states the spinor part y in Eq. (B12) is con-
veniently written as

x= 73 2o (ay, +b4), a*+bi=1 (B15)
where s* =(0,3) represents the spin polarization in the c.m. system. The BS wave function pYR(W,,p)
reads

. oW, — 2m — (5%/m) .
Ve W, p) = |bo +W,—m — (02/2m) +i€|[p,— W, +m +([2/2m) - i€| Pn B -

(B16)

The normalization condition Eq. (B4) corresponds to

d3 ) > >
In order to obtain the leptonic width one has to calculate the amplitude '
. d‘p .
Th=—teq IW tr vy W, 0)], (B18)
which, in powers of 6K, is given by |Eqs. (B6) and (B7)]
) a‘p d*q d'q"
rnu =_1eQ f (277)4 tr [711 l/)o(W,,,P)j (1 + (2")4 (277-)4 lpo(Wm q) 3W 5K(Wn’ q q )d)o(Wn’q ))

~iea f G5 et g TGV, OB, 4,4 )06, 4] +0(6K?)

E—zeo(l"(°) +F(1) cee ). (B19)

T

eq denotes the electric charge of the quark. In The first-order correction in 6K is given by
the nonrelativistic limit we immediately obtain " i
r{? (cf. Fig. 16), e - d'p - d*q dg

@m?* (@2m)?* @y

omne_ [ @ )
rige- J &% my DRV, p)] X tr (¥, CoWo, b, V5K W, 4, a0 oW, a'))].
=V25,6,0). (B20) (B21)
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NR

FIG. 16. Lowest-order amplitude for leptonic width
[cf. Eq. (B.20)].

Here we have neglected the derivative term in
Eq. (B19). To leading order in a;, to which we
will confine ourselves in the following discus-
sion, this term is only a counterterm®; beyond
the leading order in «; this contribution is in-
cluded in the estimate of the uncertainties in Sec.
111,

The integrations in Egs. (B19) and (B21) in-
volve all momentum transfers (¢ — ¢’ which oc-
cur in the kernel 6K(W,,q,4’). For small mo-
mentum transfers the wave functions occuring
in éo can be treated nonrelativistically. Overlap
integrals, such as

4 " 3 |
—(%-ﬂﬂ)Z %’?—5; d)O(Wn, q)éK(W*u q, ql)wO(W"’ q,) ’

vanish in this kinematical regime as, by defini-
tion, 8K approaches zero in the nonrelativistic
limit, Therefore small momentum transfers do
not contribute to the integrals in Eqgs. (B19) and

)

(B21). For large momentum transfers G, cannot
be treated nonrelativistically. But now one can
neglect binding corrections and calculate the con-
tribution to the corresponding integrals in per-
turbation theory. Replacing G, by G and using
the BS equation for the subtraction term involving
K,, one obtains

dp a*
l"f,h) = (27‘:;4 (_2;q)_4 tr[’)’pGp(WnyP)K(me’ Q)l/)o(Wn, q)]

d%p diq 1
2m)e @7 2m +(©2/m)-2W,

+

XV (1D = a)e.(@) tr [, xa) - (B22)

To leading order in a;, K(W,,p,q)and V(p-ql)
are given by

KW,,p,q)~41a,C,R )y Py P D* (p - q, 22 £),

(B23a)
kuk, -
D“"(k)z(g“”g k2u+ie>k2—(hz2)+ie ’
V(B -gl) ~——TeC,R) (B23b)

TE-ar e

Using Eqs. (B23) the nonrelativistic, zero-binding
limit of Eq. (B22) reads (cf. Fig. 17)

4
T =4"asCZ(R)¢"(0){— f % tr|y, S(= 2P, +£)7,S(5 P +0)Vsxa) D262, A, £)

d 1

The integrals are readily evaluated, yielding

Qs
27

Fﬁnlu) =ﬁsu 4 Y

where L) is the counterterm arising from self-
mass insertions on the quark lines and the de-
rivative term in Eq. (B19),

A A A
‘L(”=lni\-+ 9 +21In — +§<ln——--1n—).
m 4 m m m

(B26)
Equations (B25) and (B26) yield the final result
l.cz(R) = '%'J

= 8a
T, =V2 s”¢,,(0)<1 -yt ) , (B27)
implying immediately the familiar correction
factor Eq. (3.2) for the leptonic widths, first ob-
tained by Barbieri ef al., based on the QED cal-

A 7 m A
C,(R)9,(0) [1n7n- - = 4+27— +21n po

@ ©B2/m)p? +22) tr[’)’p)(n]}~ (B24)

A A m
+§(1n—ﬂ7-—ln—n;)—2ﬂ—x—L(1)] , (B25)

I

culation of Karplus and Klein,?®

Relativistic corrections to Eq. (B27) will have
at least three different origins: (1) v2/c? cor-
rections to I'\9, (2) v2/c? corrections to the per-
turbative part of 1"5,1‘1’ , and (3) nonperturbative ‘
v?/c? contributions due to differences between

W"R%‘L - 4/"“’(D>’j: |

FIG. 17. First-order QCD correction to lowest-order
amplitude for leptonic width [ cf. Eq. (B.24)]. The wiggly
line indicates an exchanged gluon, the dashed line the
Coulombic interaction,
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K and K, for small momentum transfers. Given

a particular Lorentz structure of K, the cor-
rections of type (1) can be calculated in a straight-
forward way. However, the task to evaluate the
corrections of types (2) and (3) appears to be
rather hopeless. In particular, the type (2) cor-
rections are not of relative order «;v?/c?, as one
might naively expect, but rather proportional to
av/c,® and therefore cannot be neglected com-
pared to the corrections to I‘f,?,).

In summary, the first-order QCD corrections
to the Van Royen—Weisskopf formula appear to
be a reliable estimate of radiative corrections.
In particular, they are independent of the Lorentz
structure of the zeroth-order BS kernel, as they
involve only its nonrelativistic limit, i.e., the
(QQ) potential. On the other hand, a complete
treatment of the relativistic corrections appears
to be impossible without a much deeper under-
standing of bound states in QCD.
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