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General theory of weak processes involving neutrinos. I.Leptonic pseudoscalar-meson decays,
with associated tests for, and bounds on, neutrino masses and lepton mixing
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In this paper and the others in the series we present a generalized theory of weak leptonic and semileptonic decays,
which consistently incorporates the possibility of nonzero neutrino masses and associated lepton mixing. In the
present work we give an analysis of the leptonic decays of charged pseudoscalar mesons within the generalized
theory. The charged-lepton spectrum from such a decay is shown to consist not just of a single line, but instead a
discrete set of lines. We state the precise meaning of neutrino-mass limits, The analysis leads to a new and very

. sensitive test for neutrino masses and mixing and to a corresponding proposal for new experiments on m;, and EI2
decays. This test involves a measurement of the charged-lepton momentum or energy spectrum and is capable of
yielding the mass and weak coupling coefricient, individually, for each neutrino that can occur in such a decay. The
test is applied to existing data to derive correlated bounds on these quantities. The use of this test as a low-energy

probe of the number of lepton generations is proposed. We also discuss an extended spectral test involving

measurement of the charged-lepton polarization. Next, we give an analysis of the constraints arising from the ratios
8(M+—+e+v, j / 8(M+~p+v ), where M = m or E, which takes proper account of the experimental cuts that are
used to define e+"v," and p+ "v "events. Finally, the general theory of the leptonic decays of heavy 0 mesons is
presented, together with tests for neutrino masses and mixing which make use of the momentum spectra, integrated

e/p yields, and possible decays of sufficiently heavy neutrinos.

I. INTRODUCTION

In this paper and the others in the series we
shall present a generalized theory of weak lep-
tonic and semileptonic decays which consistently
incorporates the possibility of nonzero neutrino
masses and associated lepton mixing. The ob-
servation underlying this generalized theory, and
the meaning of neutrino-mass limits, were dis-
cussed briefly before. ' In Ref. 1 a new class of
tests for such masses and mixing which follows
from the basic observation was proposed and
applied to existing data.

In the conventional theory of weak interactions,
it was generally assumed that neutrinos were
massless. This assumption was not always used,
but when the more general possibility of nonzero
neutrino masses was considered in the context
of weak decays, it was implicitly assumed that
the weak neutrino eigenstates v„v„, and more
recently v„were also mass eigenstates. Thus,
one reads in textbooks of nuclear and particle
physics, the journal literature, and past editions
of the Review of Particle Properties of the
"masses" of the electron and muon neutrinos,
"m(v, )"and "m(v„)", the effects which they would
have if nonzero, and the upper limits on them.
A similar comment applies for "m(v, )". One
also reads of a given weak leptonic or semilep-
tonic decay being considered as a single decay,
e.g. , &' - p.

'
v„, p - v„ev„or nuclear P decay

(Z, A)-(Z, +I,A)+e +v„not only in the case of
zero neutrino mass, but also in the case where
these masses are allowed to be nonzero. This

is true, for example, of all the original papers
which set upper limits on "m(v, )", "m(v„)",
and "m(v„)". However, in precisely the case
where the above assumption that there existed
well-defined entities m(v„), I, = e, p, 7', was made
and was nontrivial, viz. , the case where these
were allowed to be nonzero, this assumption was
not in general valid. The reason is very basic:
If neutrinos are massive (and nondegenerate'),
then the weak neutrino eigenstates v, „defined
as the states which couple with unit strength to
the corresponding charged leptons l, (where
(l,)= (l, —= e, l, =- p, l, =- r, . . . IJ ) are not themselves
mass eigenstates, but rather linear combinations
of the neutrino mass eigenstates, which will be
denoted v„ i =1,.. . , n. ' This fact is particularly
transparent in the context of the current gauge
theories of weak interactions, where the weak
neutrino eigenstates are gauge-group eigenstates,
but it could have been realized before their ad-
vent.

If the lack of validity of this assumption were
just a minor matter of notation, then, it
would have little interest. But it is not; it has
led to very real consequences in the history of
experiments which sought to observe or set upper
limits on neutrino masses. For example, nu-
clear P-decay experiments attempting to detect
or place an upper bound on "m(v, )"have always
assumed that there was only one such limit to be
obtained in a given experiment, have chosen the
well-measured P decay with the smallest Q value,
'H-'He+e + v„ to study, and have always
searched only for the early falloff in the Kurie
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plot near the maximum electron energy which a
nonzero v, "mass" would allegedly cause. The
most recent experiments on the decay reported
in 1980 still follow this practice. But, in fact,
as was pointed out in Ref. 1, (1}contrary. to what
is stated in textbooks, this early end-point fall-
off in the Kurie plot is not the most general signa-
ture of nonzero masses for one or more of the-
mass eigenstates v,. contained in the weak eigen-
state v„ i.e., even if "m(v, )"were nonzero there
would not necessarily be any early end-point
falloff, but rather one or more kinks at lower E,
in the Kurie plot; (2) the Kurie plot from any well-
measured P decay (obviously also the recoil en-
ergy spectrum in a P decay which proceeds via
electron capture) can serve as a test for neutrino
masses; the Q value does not have to be small;
(3) the relative agreement of corrected Pt values
for a set of superallowed 0'-O' Fermi P decays
yields a very good correlated limit on neutrino
masses and mixing; and (4) in view of'item (1},
it was perfectly possible that decades of nuclear
P-decay experiments which had purported to set
upper limits on "m(v, )"had, because of their
tacit neglect of lepton mixing, missed a positive
signal of nonzero neutrino masses as large as
several MeV. Accordingly, a rough but general
analysis of P-decay data was carried out and the
resulting bound on neutrino masses and mixing
was given in Ref. 1. Similarly, the same tacit
assumption is evident in the experiments which
set upper limits on "m(v„)"; for example, in the
r» experiments it was thought that the p spec-
trum would consist of a single line [possibly
shifted downward slightly because of a nonzero
value of "m(v„)"], and so they never searched
for a multitude of additional lines in the p spec-
trum and indeed set cuts which, in many cases,
would have precluded the detection or analysis
of such lines. Consequently, just as in the case
of nuclear P decay, because of their implicit
assumptions that v,, was a mass eigenstate in
the massive as well as the massless case, and
hence neglect of lepton mixing, it is possible
that they missed a positive signal of massive
neutrinos. Thus, the differences between the
generalized theory of weak leptonic and semi-
leptonic decays and the conventional theory do not
just consist of unimportant details, but have had
demonstrable effects in the history of weak-
interaction experimentation. The correct gen-
eralization of the conventional theory of weak
decays leads to fundamental changes in the con-
clusions to be derived from weak-interaction
data. including a reformulation of the meaning
of neutrino-mass limits (which do not prohibit
the occurrence of a neutrino with a mass of -1

MeV in a nuclear P decay, or the occurrence of a
neutrino with a mass of -100 MeV in the decay
K' —e' v, }, and the meaning of the ratio of branch-
ing ratios B(M'-e'v, )/B(M'- V, 'v„}, where
M = w or K (which is seen to depend sensitively
on the cuts that were imposed in various experi-
ments, which would have entirely excluded decays
into sufficiently massive neutrinos}. Similarly,
one must reinterpret past experimental conclusions
concerning radiative decays such as &'- p'v„z,
as well as data on p (and v} decay, including the
meaning of the spectral parameters p, q, E, and
5 in the presence of neutrino masses and mixing.
It is also necessary to reinterpret the meaning
of many fundamental weak-interaction constants.
Perhaps most important, the generalized theory
leads to concrete proposals for new and extremely
sensitive, but not overly difficult, experiments
to detect possible neutrino masses and mixing.
These experiments do not require great energies
or new accelerators and could have been per-
formed many years ago if the effects of lepton
mixing in a general theory of weak decays had
been appreciated. Perhaps the most promising
of these experiments rely upon the leptonic de-
cays of charged pseudoscalar mesons and are
capable of yielding the masses and weak-mixing-
matrix coefficients individually for each neutrino
which is allowed by phase space to occur in these
decays. Indeed, they also provide an unprece-
dented method of gaining information on whether
there are more than three generations of neu-
trinos, and hence, in the standard model, more
than three generations of fermions. Thus, without
the necessity of boosting the energy of PEP or
PETRA or building LEP, one may discover, us-
ing only the leptonic decays of the light mesons
&' and K' (or perhaps &), that n &3.

Since no experiment will ever show that all
neutrino masses or leptonic mixing angles are
precisely zero, and indeed, existing experiments
have not even ruled out the possibility of neu-
trinos with m(v;) & 100 MeV for i ~ 3, a logically
consistent theory of weak leptonic and semilep-
tonic decays (and reactions} must allow for the
possibility of nonzero, and perhaps substantial,
neutrino masses, together with the associated
lepton mixing. The outlines of this generalized
theory and some of its implications were given
in Ref. 1. As was discussed there and will be
treated in greater detail below, a far reaching
consequence is that a weak leptonic or semi-
leptonic decay such as &'- p' v„ is a single,
well-defined process only in the one case where
m(v, ) =0 for all i In general. , it represents the
set of separate, incoherent decay modes
&'- p'v„ i =1, ... , 0, involving the subset of the
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v„= g U„.v, , a=1, . . . , n

where U is the unitary lepton mixing matrix.
This mixing and some of the experimental con-
straints on it were discussed before in a version
of the standard electroweak theory. ' If m(v,.}=0
for all i, then it is possible to define U =1, i.e.,
to define the gauge-group eigenstates to be
simultaneously mass eigenstates. However, this
is no longer possible in general in the case of
massive nondegenerate neutrinos. ' One may use
either of two conventions to define the order of
the neutrino mass eigenbasis and hence the lep-
ton mixing matrix U: (1) such that U is as nearly
diagonal as possible, i.e. (with no sum on a)
IU„I - IU„I if ati, or (2}such that the v,. have
monotonically increasing masses, i.e.,

n v,-'s allomed by phase space. Because neither
the total number of neutrinos, n, nor their masses
m(v, ), i =1, . . . , N, are known (although there are
upper limits on the latter for i & 3), one is thus
forced to reanalyze the entirety of weak leptonic
and semileptonic decays within Uie context of the
generalized theory. In this paper we shall per-
form this task for the leptonic decays of pseudo-
scalar mesons.

We shall work within a version of the Weinberg-
Salam SU(2)L, x U(1) electroweak gauge group4
which is generalized' to allow for neutrino
masses and mixing, and which includes n gen-
erations of fermions. In the minimal version
of this model there are no right-handed com-
ponents for neutrinos, mhich feature precludes
the existence of Dirac neutrino masses, and also
no Higgs triplets, which precludes Majorana
neutrino masses. In our generalized version
of the model we shall allow for both right-handed
singlet neutrino fields and Higgs triplets of the
appropriate weak hypercharge, and thus for
both Dirac and Majorana neutrino masses. It
should be remarked that the generalized theory
of weak decays and resulting tests given in Ref. 1
do not require the framework of the SU(2)~x U(1)
electroweak gauge group. Accordingly, although
this group is well established at the present time
as the basis for the standard theory of electro-
weak interactions in the relevant range of ener-
gies, we shall in various places point out what,
if any, differences there would be in the applica-
tions of our generalized analysis of weak decays
if there existed (at phenomenologically allowed
levels} V+A, S, or P charged weak couplings.

With the neutrino gauge-group eigenstates and
mass eigenstates denoted by v,, and v;, as above,
the relation between them is specified by the
equation

i & j~m(v, ) & m(v, .). As in Ref. 1, we shall use
the first convention. The orders established by
these two conventions are in general different,
For v,. with sufficiently small masses (i H (i~}
according to the classification used before') it
could happen, for example, that the neutrino
mass eigenstates v, and v, which couple domi-
nantly to e and p, respectively, have masses
which satisfy m(v, ) &m(v2), and so forth for v, .
Of course, the situation in which the v,. ordered
by the first convention also satisfy the inequality
of criterion (2) is the more natural one to en-
visage physically. ' The second convention will be
useful in our discussion of neutrino decays. In
order to distinguish the neutrino mass eigenstates
so defined, we shall denote them as v~,-l,
[i] =[1],. . . , [n], and the transformation to weak
eigenstates as

tn]

v, = U, ~,.l v~,. l
[il = h l

(1.2)

We must stress at the outset that there is, to
our knowledge, nothing which precludes neutrino
masses in the range probed by the tests to be
discussed here. As was pointed out before, ' the
mass limits, as conventionally stated, on the
neutrinos relevant for M'- l,'v, , decay, with
M=~, K, I, =e, p, namely "m(v, )"&60 eV (Ref. 7)
and "m(v„)"&0.57 MeV, ' both at the 90/g confidence
level (C.L.) are, strictly speaking, ill defined
(hence the quotation marks)„since v, and v„are
~0t mass eigenstates. When properly reinter-
preted, these limits are seen obviously to apply
only to the dominantly coupled mass eigenstates
in v, , l, =e, p. They do not constrain the masses
m(v;) of those v, in v, „which are subdominantly
coupled, i.e., have IU„I'«I, where a=1, 2.
Moreover, the cosmological bounds noted by
Cowsick and McClelland and extended by other
authors" apply only to effectively stable neu-
trinos, i.e., those with lifetimes 7„,. & TU .„„„-10"sec. In contrast, neutrinos with masses
greater than several MeV wouM decay, with

unless the IU„I, a =1 and 2, are ex-
ceedingly small. It should perhaps be mentioned
that if one chose to try to restrict particle-
physics possibilities by applying somewhat more
model-dependent astrophysical bounds, then a
certainrangeof m(v,.) from-100eVto -a few
MeV would be disfavored. " Although it mill be
discussed later, it is perhaps appropriate to
comment immediately that neutrinos with masses
in the range detectable by the tests dealt with here
would of course give rise to neutrino oscilla-
tions" with wavelengths so short that existing
or planned experiments would measure only an
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average effect. However, the M» test is capable
of observing a massive v,-, especially for larger
values of m(v, ), with lU„I (a=1, 2}considerably
below the level which could be detected or ruled
out by existing or planned neutrino-oscillation
experiments.

One can envision several qualitative possibilities
for neutrino masses and lepton mixing. The simp-
lest is the conventional one where m(v, ) =0 for all
i, and so U—= 1. Another is that, even if n&3, the
largest neutrino mass, m(vi„~) «m, . An alterna-
tive case, which is of greatest interest here, is
one in which the lightest v, 's indeed have masses
m(v, )«m„but the spectrum extends up into the
multi-MeV region. This would not entail any
conflict with particle or astrophysical bounds,
provided that the corresponding couplings to light
leptons IU„I' (a =1,2) were reasonably small.
We do not mean to advocate one of these scenarios
in preference to another. We do wish to empha-
size that the last one is subject to a direct ex-
perimental check by an extremely sensitive, but
not overly difficult, test which has not pre-
viously been applied. This test and the associated
physics issues will be discussed in this paper.
Our viewpoint will be deliberately phenomeno-
logical; we are not concerned here with theoretical
speculations to try to explain various sizes for
neutrino masses, but rather the immediate-task
of carrying out a generalized analysis of the
wealth of well-established data on weak leptonic
and semileptonic decays and reactions, from
which the fundamental properties of weak inter-
actions have been derived, and, as part of this
analysis, proposing and applying new tests for
neutrino masses and mixing.

The organization of the remainder of this paper
is indicated by the following outline.

II. The M» test: Foundation and applications.
A. An observation concerning weak (semi)

leptonic decays.
B. Neutrino-mass limits.
C. The M» test.
D. Application of the M» test to existing data.
E. The complete M» test including measure-

ment of the lepton polarization.
F. The use of the M» spectral test as a probe

of the number of lepton generations.
III. Constraints on neutrino masses and lepton

mixing angles from B(M'- e'" v,"}/
g3(~+ ~ ~+wv gl)

IV. The leptonic decays of heavy charged 0
mesons.

V. Conclusions.
The subsequent articles in the series will deal

with p and r decay, heavy-neutrino decays,
(&', K'}-l,'v, y, K», and hyperon decays, nu-

clear p decay and p capture, neutrino oscilla-
tions (in the general case of heavy neutrinos},
neutrinoless double-P decay, and other effects
such as changes in the determination of quark
mixing angles and changes in the true, as op-
posed to the apparent, values of certain physical
constants such as the p. -decay constant G» the
Fermi P-decay constant Gv, the pseudoscalar
decay constants f„and f», and the W-boson
mass mg ~

II. THENI2 TEST: FOUNDATION
AND APPLICATIONS

A. An observation concerning weak (semi)leptonic decays

In this section we shall discuss the general
foundations for the new class of tests for neu-
trino masses and mixing and, in particular, the
M» test. In order to make our treatment self-,
contained, we shall in part recapitulate the
presentation given earlier in Ref. 1.

The observation underlying this new class of
tests is that in previous direct searches, i.e.,
via decays, for neutrino masses it was implicitly
assumed that in a decay of the form X- F
+l,'+ v, , where L, =e or p, X denotes the parent
particle, and F denotes a possibly null set of
final-state particles, the v, , is a definite particle
with mass m(v, ), which could be nonzero and
on which the experiment would set an upper
limit. Qn practice X and F are both hadronic. )
Examples include leptonic & and K decay (for
which 1'= (Q)}, K» decay, and nuclear P decay.
In the context of the present gauge theory of
electroweak interactions this is equivalent: to
assuming that the possibility of defining the neu-
trino weak-gauge-group eigenstates to be simul-
taneously mass eigenstates obtains in the case
of massive (nondegenerate), as well as massless,
neutrinos. However, this assumption is not in
general valid. Instead, a decay of the form
X- V+I,,' + v, would actually consist of an inco-

&a (-)herent sum of the separate modes X- Y+l,'+ v, ,
where i runs over the subset of the n neutrino
mass eigenstates allowed by phase space. The
branching ratio for the ith mode is modulated by
the mixing-matrix factor IU„.l' as well as a kine-
matic factor depending on m(v;}. A similar com-
ment applies to two other types of weak decays:
a nuclear P decay which proceeds via electron
capture (Z, A)+e -(Z —1,A)+v, (here a=1}, and
the semileptonic decay of a (heavy) lepton,
l, —v, + V, where a-3. An obvious generalization
of this comment applies to the pure leptonic de-
cay of the form /, v, /„v» which in general con-
sists of all of the modes k, - v, l~v~ kinematically
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allowed, each with U dependence IU,*;U»l'. With
appropriate modifications this nomenclature
could also be extended to cover the various de-
cay modes of massive neutrinos.

A convenient qualitative classification of the v,.

was introduced in Ref. 1. One of the uses of the
system pertains to the question of how large the
off-diagonal elements of the matrix U are al)owed
to be. For given decays such as X- Y+I,,' + v„
(Z,A)+e -(Z —1,A)+v„and I,- v, +I', we de-
fine the light dominantly and subdominantly
coupled (LDC and LSC) v,. modes as those for
which i K (i~} and IU„P is of order unity, and
much less than unity, respectively. The heavy
dominantly and subdominantly coupled (HDC and
HSC) v,. modes are similarly defined, but with
i H (i„},as allowed by phase space. For suf-
ficiently light v, the constraints on lepton mixing
from particle-decay data alone would allow the
off-diagonal elements IU„.I, a xi, to be com-
parable with the diagonal elements I U„I, a =i
For this range of m(v, } it is instead the data
bounding or observing neutrino oscillations which
serves to determine the structure of the matrix
U, and in particular how large the off-diagonal
matrix elements are allowed to be. However, for
iH (i„}the constraints from decay data and os-
cillation experiments do imply that, at least for
n =3 and, with natural mixing, also for n&3, the
I U„I, aWi, are small compared with the IU„I,
a =i. That is, while there may be several LDC
modes, depending on the eventual outcome of
experiments on neutrino oscillations, there can
be essentially only one HDC mode for each
generation of leptons, namely i =a.

B. Neutrino-mass limits

Having made these observations, one is pre-
pared to understand the meaning and limitations
of present neutrino-mass limits. Let us recall
these limits. In 1972, from a search for an early
falloff near the end point of the Kurie plot for the
well-measured superallowed g decay 'H - 'He
+e + v, with an extremely small Q value of 18.6
keV, Bergkvist reported the limit' "m(v, )"&60
eV (90%%uo C.L.) (quotation marks ours'). This
bound was adopted, and still is used in 1980, as
the accepted limit by the Particle Data Group. '
In 1979, from a study of the same decay, a
Canadian group obtained the comparable result
"m(v, )"&'70 eV (2o level}." In addition, in 1976,
again from an analysis of tritium P decay, a
Russian experiment claimed that "m(v, )"& 35 eV
(90%%uo C.L.)." This group has recently reported
positive evidence for a massive electron neutrino,
quoting the bounds 26 eV & "m(v, )"-46 eV and
14 eV& "m(v, )"&46 eV, both at the 99/o C.L.,

m((v, },) & 250 MeV, (2.3)

all at -90%%uo C.L. The above sets must include,
but are not necessarily restricted to, the follow-
ing members:

(v,}.& v,. „a=1,2, 3. (2.4)

Thus for SC v, modes, with IU„I'«I, where
a =1,2, 3, the m(v, ) are not constrained to be less
than the respective masses c„where c, =60 eV,
c, =0.57 MeV, and c, =250 MeV. This is a
crucial point for our test.

based on two different methods of analyzing their
data. '7 The best upper bound quoted for "m(v„)"
arises from a precise measurement of the muon
momentum spectrum in &'- p 'v„decay. It should
be noted in passing that this method is self-
consistent in the sense that the current deter-
minations of the masses m, + and m„are per-
formed in such a wayzs that they would not change
if neutrino masses were nonzero. If this appears
to be belaboring the obvious, one should point
out that in the presence of such nonzero neutrino
masses and lepton mixing many of the fundamental
constants such as G„, G», f„f», the quark mix-
ing matrix V, in particular V„„and V„,
("cos8 «»». " and "sine «b»»

" in the old four-
quark theory), and the W-boson mass m~ &could

differ from their conventional values determined
using the assumption that m(v, ) =0 for all i and
hence U=—1. This will be discussed in detail
elsewhere. The most recent" and accurate mea-
surement of Ip~l was carried out by a group at
the Swiss Institute for Nuclear Research (SIN},
which obtained "m(v„)" 0.57 MeV (90% C.L.).
Finally, from measurements of the electron
spectra in leptonic 7 decay, assuming a V —A

Tv, vertex (which assumption fit their data), the
DELCO collaboration reported the bound
"m(v, }"&250 MeV (90'%%uo C.L.}." Mass limits
can also be obtained from a study of the two-body
decay modes ~ - v„& and 7 —v,p . From data
taken by the SLAC-LBL collaboration on the first
mode the limit "m(v, )"&245 MeV (2o level) is
quoted. 2 It would be very valuable to improve
this limit in future experiments on 7 decay.
[See Sec. IV and paper II for further tests for,
and constraints on, m(v, ) from decays involving
& and ~.]

The actual meaning of neutrino-mass limits is
the following: For the sets (v,.},defined to con-
sist of dominantly coupled v,-, i.e., those- for
which I U„I' 41, the following limits hold"":

m((v, },) &60 eV, (2.1)

m((v, },)&0.57 MeV, (2.2)
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m(vi, ,~}&c,, a=1, 2, 3, (2.5)

Clearly, (2.1)-(2.5) do not imply that m(v, .)
&m(v, ) if j& k, although if this inequality did not
hold, then some of the v,.- would have to satisfy
stricter bounds than they would if it did hoM.
For example, consider the illustrative case in
which m(v, }&m(v,)&m(v, ) for all i&2. Then

vh &

——v, and vh~ = v, so that v, would not only have
to satisfy (2.2) but the stronger limit (2.1).

C. TheNI2 test

The first and perhaps most sensitive test based
on the observation in Sec. IIA makes use of the
decays M'- L,'v, „where M=& or K and l,=e or

It may be recalled that in the SIN &» experi-
ment it was tacitly assumed that v„was a particle
of definite mass and consequently the muon mo-
mentum spectrum would consist of -a single
monochromatic'2 line at lp&l = ~'~(m„', m„',
"m(v~)'~)/(2m, ), where

A (x, y, z}—= z'+y'+z ' —2(my+yz +zx}. (2 8)

Thus the precise measurement of Ip„l per-
formed in this experiment was considered to
yield an upper bound on "m(v„)". The same tacit
assumption is evident in other experiments on
&» and K» decay such as the Columbia-Nevis
measurement ' of B(z'- e'v, )/B(w'-p'v„) and
the CERN-Heidelberg K» experiment. '" In
fact, however, if neutrinos are massive (and
nondegenerate) the i, momentum and energy
spectra would consist of k&, monochromatic22
lines at

Parenthetically, it should be mentioned that the
ultimate outcome of neutrino-osciQation experi-
ments will place strong constraints on whether
the sets (v,}, can indeed contain more than just
the single members v, ,

A final comment is thy. t by enumeration of
states it is easy to show that the bounds (2.1)-(2.4)
together imply the corresponding bounds on the
mass-ordered eigenbas is

In Eqs. (2.7)-(2.10) we have used the abbrevia-
tions Ip~'~l for IpI,'~l and similarly for E I,'~
and 5,",. Obviously k&, is equal to the number of
v„ i =1, . .. , n, for which m(v, ) & m„—m, . To
our knowledge, no experiment has specifically
searched for this clear signature of massive
neutrinos and lepton mixing, and accordingly such
a search for additional spectral lines in Ip, l and

E, was proposed in Ref. 1.
An illustrative example of a possible momentum

spectrum in E„decay is shown in Fig. 1. The
lines represent the spectra in the limit of no I,,
energy loss, perfect spectrometer resolution,
and infinite statistical accuracy; the smooth
enveloping curves schematically represent the
spectra mhich would actually be observed experi-
mentally in the presence of imperfect running
conditions and of backgrounds. The values of
( p, ( and E, for the conventional case where
m(v, ) =0 for all i are denoted by lp, lo and (Z,)0.
The LDC a,nd any I SC modes would be observed
to have essentially these values of IpJ and E,.
Further, it is assumed that v, = v~, ~

and the
IU„I, a=1, 2, it aare small even for v, G{v, },
i.e., for a given a there is only one LDC mode.
The dominant line in the spectrum of Fig. 1 is due
to the decay E'- e'v„while at slightly lower
lp, l there is a second line of much smaller
strength due to the decay E'- e' v,. The separa-
tion and height of the I SC line are exaggerated
for clarity. In this illustration there are two HSC
lines due to the decays K'-e'v, , i =3, 4. The
masses m(v, }and m(v4) are sufficiently large so
that these lines are clearly separated from the
dominant v, line. The heights of the HSC lines
relative to that of the DC line are not exactly
to scale; the precise limits on their heights, as
functions of the m(v, ), will be discussed further
for both ~ f2 and E» decays in this and the next
section.

K -e+v+
e

(1 5z 5v) (2.'I )

or equivalently

@(i) N (1 +5bf 5N)a 2
+ a

where

(2.8)

m(v;)'
m 2

N

(2.9)

FIG. 1. Schematic charged-lepton momentum spectra
for X,2 decay. For graphical clarity, parts of the plot
are not drawn to scale. See the text for further explana-
tion.
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Let us describe this test in greater detail.
First, it has the advantage of being purely kine-
matic, independent of whether other exotic ef-
fects, such as very weakly coupled currents with
different Lorentz structure than V-A, or flavor-
changing Higgs bosons are present. Second, the
l, spectrum is discrete, and each HSC v, mode

,
is characterized by a monochromatic" value of
Ip(')I and E~,'i, so that one can search on an
event-by-event basis for HSC v,- lines. This could
never be done in a decay involving three or more
particles in the final state, such as K„, p, or
nuclear I3 decay, since any HSC v, modes present
would not be characterized by unique values of
momenta or energies of any of the other final-
state particles. Third, if an HSC v,. signal is ob-
served, one can immediately determine inde-
pendently and unambiguously for each line the
corresponding value of m(v, ). A very important
merit of the test is that this mass determination
is independent of the lepton mixing angles. This
feature sets the present test apart from other
tests for neutrino masses and lepton mixing. For
example, by comparing the measured values of
the integrated ratios B(M'- e'v, )/&(M'- p'v„)
where M = & or E, with the values predicted by the
conventional V-A theory in which m(v, ) =0 for
all i, one can place certain constraints on possible
neutrino masses and lepton mixing. These con-
straints will be analyzed in Sec. III. However,
these ratios reflect the combined effect of all the
HSC modes which are present in the respective
decays and are incapable of determining m(v, )
or I U„I for any particular HSC v, mode. Simi-
larly, neutrino-oscillation experiments can only
yield strongly correlated information on the quan-
tities [m(v, }'—m(v, .)'] and Uf;U„(no sum on i),
but not the m(v, } in isolation. (On the other hand,
as is well known, neutrino-oscillation experi-
ments have the great advantage of being sensitive
to extremely small neutrino masses, far below
the minimal level detectable in particle decays. )
Fourth, knowing the mass m(v, ) and, at this
point, assuming that the relevant couplings are
V-A, one can use simple kinematics to deter-
mine the relative coupling strength

af IU I2

)g ~g}

(2.11)

for each of the HSC v,. lines. It is an important
feature of our complete test that this assumption
need not be made blindly but can be checked by a
measurement of the polarization of the l,' from
the HSC M'- l,'v, decay (see below). It is ob-

vious that the conventional experimental evidence
that charged-current leptonic weak interactions
are V-A, although derived effectively only from
data on DC neutrino modes, also implies that
l,v,. vertices are V-A for SC v;, given the
standard gauge-theory framework and the nature
of the transformation (1.1). However, one can,
at a purely phenomenological level, conceive of
a situation in which some of the HSC v; lines
arose mainly from V-A interactions while others
arose dominantly from non-left-handed V, A
vertices or S,I' vertices. ~e It is in this general
phenomenological setting that the full value of
the polarization measurement is evident.

The rate for the mode M'-/, 'v, , relative to that
for the conventional decay M'- l,'v, , where
m(v, ) =0 for all i, is given by

I'(M'- l,'v, } I U„-I'p(5"„5",)
I'(M' - i,' v,,} 5,"(1—5,")'

where

(2.12)

p(x, y) =flax, y)&' (1,x, y), (2.13)

Q(», y) =x+y —(x —y)',

and the function & was defined in Eq. (2.6). In
Eq. (2.13) we have displayed the kinematic rate
factor p in terms of a part proportional to the
matrix element squared, fsvca IOR(M'-I,'v, ) i', and
a part, &'~(1, 5,", 5", ), proportional to the two-
body phase-space factor. What would actually
be measured experimentally would be the ratio
of the HSC v, rate to the sum of light neutrino
rat:es,

r(M' i:v~}esca IU„I'p(5,",5,")
r(M'- t.'v,)( Q IU„. I')5."(I—5."}' '

(2.14)

(2.15}

However, since the totality of experimental
constraints require that for j4a

2 IU.,I'-=1 — IU„I'«I,
~~(~g}jAa

(2.16)

—, 15m 5u) foe(5.".5; } +(5.",5')
f (5„0) 5"(1 5") ' (2.17)

the sum of coupling coefficients in the denominator
of the expression on the right-hand side of Eq.
(2.15) is quite close to unity. Consequently, this
expression is essentially equal to the right-hand
side of Eq. (2.12}. Note that in the simple case
where there is only one DC mode for each a, the
sum referred to above would consist of just one
dominant term, IU„.I', j=a. For an analysis of
the kinematics of HSC v,. modes in M» decay, and
in particular a comparison with the m(v, }=0 case,
the following definitions will be useful:
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10 =

(2.18)

(2.19)-15~ 5v) p(~.".~i ) p(5.".~,")
p(5" 0) 5"(I —5")' '

The behavior of fz„&', and p, as functions of
m(v, ), is shown for the decays &'-V, 'v;,
r' - e' v, , K' - p,

' v „and K' - e' v,. in Figs. 2-5,
respectively. As is evident in these figures, the
kinematic helicity effect acts to enhance f~
as m(v, } increases; for fixed 5,", f increases
monotonically from a minimum of 5,"(1—5,")at
m(v,.) =0. If m, ,&m„/4, then f~will rise to a
maximum at 5", =&+5,", i.e.,

IO
4

IO

2
10

10

P

m(v,.)(~ &

—~v (1 +25,")'~ (2.20)

and then decrease for larger m(v, }. The value of
+at this point is

(f ) =25,"+-'. (2.21)

If, on the contrary, m, ,&m„/4, then the point
(2.20) lies outside of the physical region, so that

f~ will increase monotonically throughout the
entire range of allowed values of m(v;}. The
inequality m, ,&m„/4 is satisfied for the decays
M' - e' v„M = & or K, and K' - p 'v&, but not
for the decay &'- p

' v„. The resulting behavior
of f~ is clear from Figs. 2-5. The magnitude of
the increase inf~ is indicated by (f~); for
E- p 'v, decay this quantity is roughly eight,
whereas for the M'- e'v, decays it is approxi-
mately equal to (45,") ' and hence is quite large.
The exact values of m(vf}(f~) and (f~} are
listed for reference in Tab1.e I. In all of the de-
cays considered, the helicity enhancement of f~
offsets the monotonic decrease in the phase-space
factor ~'+, so that the total kinematic rate factor

10
0 20 40 60 SO 100 120 I40

m(~;) (MeV)

FIG. 3. Same as Fig. 2 but for the decay m' e'v&.

p increases to a maximum at a nonzero value of
m(v,.) and then decreases to zero as m(v, ) ap-
proaches its kinematic limit. As can be seen
from Figs. 2 and 3, in &'- p'v, - decay this is a
very slight effect, while in K'-p 'v, decay it
is substantial. In the M'- e'v, decays shown in

10

I

55
0

25105 15 20 50

m(~;) (MeV)
FIG. 2. Plot of the kinematic functions f, P, ~~), and

'p for the decay x' p, 'v&.

I I10
0 IOO 200 '500 400

m(v;) (MeV)

FIG. 4. Same as Fig. 2 but for the decay X' p,'v&.
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to'

IO
5

l04-

P

10
0 IO0 200 300 400 500

m(v, ) (MeV

FIG. 5. Same as Fig. 2 but for the decayK' e v&.

Figs. 4 and 5, the drastic increase in f~ com-
pletely overwhelms the decrease in the phase-
space factor until m(v, ) reaches values quite near
to the respective end points, We shall denote
the value of m(v,.) at which p reaches its maxi-
mum as m(v, .)~, and the corresponding value of
p as p . These quantities are listed in Table I
for the four decays of interest. Note that a sim-
ple expression for m(v, )z applies for the
M'- e'v, decays, where for 6",. » 5," [which in-
equality is satisfied in the vicinity of m(v, ), ],
p=5",. (I —5, )' and hence

(2.22)

m (M, ,) & m(v, )& m, „(M, ,),
then

(2.22a)

Further discussion of the function p(», y) will be
given in Sec. IV. Finally, for later purposes it
is useful to list the values of m(v, ) at which p
crosses through one on its descent from the
maximum to zero. We denote this value by
m(v,.)„ for the decays 7r - p v, and K - p, v, ,
m(v,.), =4.86 and 882 MeV, respectively In. the
decays M'- e'v, , m(v, ), is very close to the
respective end points m& —m, ,

From this analysis of the kinematics of
M'- l, v,. decays the great sensitivity of the ~f2
is evident. A search for HSC spectral lines in
M» decay is not inhibited by kinematic suppres-
sion until m(v, ) reaches almost its phase-space
limit, as a consequence of the helicity enhance-
ment effect together with the slow falloff of the
two-body phase-space factor. Indeed, in
K'-]L('v, decay and, to an extreme degree, in
the M'- e'v,. decays there is strong kinematic
enhancement up to quite large values of m(v, ).
This property stands in sharp contrast to the
situation for three-body decays involving massive
neutrinos. For example, in the decay p - v, ev,.
(HSC i, I DC j) for the value m(v, )/m„=0. 5 the
analogous kinematic rate factor is only -0.16
of its value at m(v, .) =0. (Further details on p
decay are given in paper II.) Because of this
feature and the monochromatic nature of the HSC
v, lines, the test is capable of finding a very
small signal. Alternately, if no HSC signal is
observed in M' L,'v, decay at momentum
Ip~' I or energy Z ~' corresponding to a mass
m(v, ), with a strength, relative to the dominant
light-neutrino peak, greater than «(M,„;m(v,.))
[where the quantity «(M», m(v, .)) is determined
by the statistics and accuracy of a given M»
experiment], then one can set a commensurately
stringent upper bound on the HSC coupling coef-
ficient of the following form: If

TABLE l. Maximal values of f~and the total normalized kinematic rate factor p, together
with corresponding values of m(v;), for the decays M'-l,'v;, where M =m, K, and l, =e, p.
See text for definitions.

Decay m(p]) (~ ) (Me V) m(p;) (MeV) pma

+ +
m ev~

K~@p;
+ . +K~ev)

m~- m~ = 33.9
no critical point; (f~)
reached at end point of m(v~)

98.7

365

1.50

1.87 x104

7.82

2.33 x10'

3.4

80.6

263

1.000 04

1.11x 10

4.13

1.38 X 10
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«(Mg„, m(v, }) (2.23b)

then there exists no m(v;} in the range m (M,~)
& m(v, ) & m (Mi„).

The ultimate sensitivity of this test is limited
by such factors as the e or p energy loss in the
target and by soft bremsstrahlung, the resolu-
tion in ~p, ~

or E, of the detector, and the rele-
vant backgrounds. A background process for
M'- /,'v; (HSC i) is the radiative decay

«(Mi. , m(v,.))
ai ai —

(graf 3v) ~

In the most conservative application of the test,
the quantity m . (M») would represent the mini-
mum value of m(v, ) such that the HSC v, peak at
Ip, l =Ip '~l or equivalently E, =E'",'~ is experi-
mentally resolvable from the dominant light-
neutrino peak at Ip I 0 or (E,}0 in the indicated
decay. However, as was discussed above, one
can, with greater difficulty and caution, search
for HSC v,. peaks lying within the main light-
neutrino peak and, if none is found, infer the
bound (2.23a} for smaller values of m~(M, „)
than the peak resolution value. The constant
m (M») could, in a properly designed experi-
ment, approach the kinematic limit m& —m, ,
However, because previous experiments did not
recognize the possibility of many spectral lines
in M» decay and hence did not consider the lower
ranges of Ip, l and E, to be interesting for this
decay, they usually set cuts quite close to Ip, la
or (E,)0 and in many cases did not even record
or analyze events below these cuts. Hence, in
most applications of our test to present data,
the values of m (M...), as determined by these
cuts are substantially below ~& —m, , In a given
M, „experiment, the upper limit «(M, „m(v, ))
varies somewhat as a function of the bin in Ip, l

or E„or equivalently in m(v, .), which one is
testing. However, for our applications to existing
data this variation is not too great, and we have
made the conservative choice of using a constant
«(M, ,) equal to the maximum value of «(M, ,»
m(v, )) over the range of m(v, ) specified in
(2.23a). The bound (2.23a) can be viewed in two
ways: first, if one considers a value of m(v, }
which lies in the range covered, then one can use
the bound to conclude that the coupling strength
of vi «&„ I &„.I', must be smaller than the indi-
cated expression. Second, if one were to enter-
tain the hypothesis that I U„l', HSC i, is larger
than the limit given by (2.23a), one couM. use the
bound in its logically equivalent contrapositive
form to determine the allowed values of m(v, )
consistent with this hypothesis: If

M'- l.'v, y (LDC j), where the photon is missed
by the detection apparatus. For the decays
X' I,+v, (a =1, 2; HSC i) additional backgrounds
arise, respectively, from. the decays E'-&OL,'v,.

(LDC j}, where both photons from the vo are
missed. Further, for the decay K'- p, 'v, (HSC i)
there are other. backgrounds from the processes
E' r'r and, with a smaller branching ratio,
E'. - r'r m', where the two or four photons from
the & 's are all missed and the &' is either mis-
identified as a g' or (if sufficiently slowed down
in the target} actually decays to ii'vj (LDC j).
These backgrounds share several common features
which can be used effectively to distinguish them
from the signal. First, they all involve one or
more photons in the final state, so that events
due to these processes can be vetoed in an experi-
ment with good photon detection over a large solid
angle. Second, they yield continuous Ip I and E,
distributions, in contrast to the monochromatic
signal from M'-l,'v,. decay. Third, these are
approximately calculable and hence, even with
imperfect vetoing of photons, they could be sub-
tracted away from the raw event sample (see
paper III). Moreover, for a given M and I,
there are ranges of Ip, l and E, where certain of
the backgrounds are absent. A different kind of
background is present in the search for HSC
M' e'v, events. Since B(M'- p, 'v»c )
»B(M'- e'viDc, ) and since the rate for
M' - e' v»« is constrained to be rather small
compared to that for M'-e'v~Dc» a search forM'- e'vsse, lines with momentum

~

p~'&
~(M'- e'v, )in the v. icinity of lp„lo(M'- p'v„)

is hindered somewhat by the fact that p, -e mis-
identification would produce spurious events
of this type (and similarly for a search using the
energy spectrum in M' e'v, decay). The
severity of this background depends on the width
of the light-neutrino peaks in the M'- p

'
v& de-

cays and on the reliability with which the p -e
separation can be performed. Of course past
experiments have achieved extremely good p -e
separation. "

Concerning the question of whether the test
would be more advantageously applied to
N'- e'v, or M' p'v„decays, several comments
are relevant, Since the helicity enhancement
of the ith HSC mode is much greater, relative
to the LDC mode(s) in the former case, the elec-
tron modes offer potentially much greater sensi-
tivity to small coupling coefficients I U„l
do the muon modes to the corresponding coef-
ficients IU„I'. Also, of course, if m(v, ) is suf-
ficiently large, the decay of an M' =&' or K'
into p

'
v, may be kinematically forbidden while the

decay into e'v, is still allowed. On the other
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hand, to the extent that lepton mixing is hier-
archical, as quark mixing appears to be, ' i.e.,
to the extent that IU„I &IU„I if la —&I &Ib- jl, one
would expect that a given HSC mode i would be
more weakly coupled in M'-e'v, than in~'- p 'v, decay. Furthermore, since any HSC
modes must be small compared to the corres-
ponding LDC modes, and since B(M' p' v&)
»B(M'- e'v, ), the search for HSC v; modes
allowed by phase space in the former decay would
presumably have the advantage of considerably
greater statistics than in the latter. (The ex-
ception to this usual situation would occur if
IU„.I'&= IU„I'.)

I

't
I

I

I

I

I

r
01

I

I

I

0 50

w+- e+ v
I

m(vl ) (MeV)

IOO
I -I

~ I50
vl max

D. Application of the NI2 test to existing data

Although no experiment has specifically searched
for additional spectral lines in Ip, l or E„ there
are data to which our test can be applied. This
task was carried out in Ref. 1. Here we shall
elaborate on the resulting bounds and give some
further applications. For discussions of the ef-
fects of experimental cuts in restricting the
ranges of m(v,.) over which the search for HSC v,-

peaks can be conducted, it is helpful to have
graphs indicating how the various kinematic quan-
tities in M„decay depend on m(v;). According-
ly, for reference we plot the l, momentum,
energy, kinetic energy T, '~ (solid curves), and
velocity (dotted curve) for the decays z'- p, 'v, ,
&' -e' v„E'- p

'
v, , and E' - e' v,. in Figs. 6-9,

respectively. In order to present the results in a
uniform manner we have actually plotted the
normalized quantities p, —= lpI'II/Ip, lo, and simi-
larly with Z, and T, (but not P, ). The horizontal
dot-dashed lines represent certain experimental
cuts, which will be dealt with below for each ex-
periment individually. Even before proceeding

FIG. 7. Kinematic quantities normalized as in Fig. 6
(solid curves) and polarization for the e' in the decay

e' v&. For graphical clarity the dotted line for Pe is
omitted; P, is essentially unity except for m(v&) ex-
trernely near its maximum value. The normalized
energy cut applied in the experiment of Ref. 23 is shown
as the horizontal dot-dashed line.

to consider these experiments, we are compelled
to remark on a very striking feature of these
graphs, namely, how great a range of

~ p, ~
or

E,—essentially everything lying below the lowest
horizontal dot-dashed lines —remains to be ex-
plored in high-statistics counter experiments.

Let us begin with &'- ILI'v„decay and consider
the data from the most recent and accurate ex-
periment, by Daum et al.' at SIN, which utilized
a precision magnetic spectrometer to measure
I p„l in this decay. It should be mentioned that
there were previous measurements of Ip„l or Z„
in &» decay. These included old emulsion ex-
periments~ and at least one specific bubble-
chamber experiment. " Since these were general-
ly characterized by rather different operating
conditions than the high-precision counter experi-

0
71'+~ jX V

I

P

I I I

O 5t IO 20 25
m(vl )~

I5
I I

So ~ Z5

m(v;) (MeV)

FIG. 6. Kinematic quantities, normalized by their
m ( v;) = 0 values and shown as the solid curves, velocity
(dotted curve), and polarization (dashed curve) for the
p' in the decay 7I' p'v&.

0

/
/

/
/

/'

/
-I I

0 IP

K+ p,+ v(

I

1400
I

3000 & 200
mf vl)~

m fvl) f MeV)

FIG. 8. Normalized kinematic quantities (solid
curves), velocity (dotted curve), and polarization
(dashed curve) for the p,

' in the decay K+ —p, 'v&. The
normalized lower momentum cut applied in the experi-
ment of Ref. 24 is shown as the horizontal dot-dashed
line.
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FIG. 9. Normalized kinematic quantities {solid
curves) and polarization for the e' in the decay K'
-e' v&. For the same reason as in Fig. 7 the dotted
curve for the velocity P~ is omitted. The normalized
lower momentum cut used in the experiment of Ref. 24,
(p', )~, is shown as a horizontal dot-dashed line, cor-
responding to the value m(v;) =m(v&), . The normalized
lowest value of momentum for which e' data was pre-
sented in Ref. 23, (p,), , is indicated by a slightly lower
dot-dashed line, corresponding to m {v&) =m(v&) &.
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ments, they will be discussed separately later in
this section. There was also a counter experi-
ment which used a Ge(Li) detector to measure
8„(Ref. 29); however, the Z„spectrum may have
contained cuts which were not explicitly stated
because they did not significantly affect the mea-
surement reported there, but which could have
eliminated possible HSC v, events. " Finally,
there was a magnetic-spectrometer counter ex-
periment by a Liverpool collaboration' which
was similar to, but had somewhat lesser sta-
tistics than, the SIN experiment. We have ana-
lyzed the lp„l spectrum from this Liverpool
experiment and have found, as expected, that
the resulting bounds are weaker than, but in
agreement with, those which can be extracted
from the SIN data. In Fig. 10 we reproduce the
data of Daum et al.' The horizontal axis is, of
course, proportional to Ip„l, but no absolute
momentum scale was given. Further details
concerning this data are contained in Ref. 8.
Spectra 1-12 were taken with a spectrometer
momentum acceptance quoted as 0.64%%uo [full
width at half maximum (FWHM)], which effec-
tively meant that the lowest data point occurred
at Ip„l ~jlp„l, =0.98. Spectra 13-21 were taken
with a narrower acceptance of 0.40%%uo (FWHM),
or equivalently Ip„l . /Ip„la=0. 99 for the lowest
data point. The value of lp„l for the data with
the wider momentum'acceptance corresponds to
m(v, .) =6.4 MeV; thus it is only possible to
search for HSC v; modes with m(v;) less than or
equal to this value in the SIN data. For clarity
the dot-dashed line representing the lowest value
of Ip„l accepted is omitted from Fig. 6, but the
equivalent value of m(v, ) is marked as m(v, )„

2700 2750 2800 2750 2800 F883008

MAGNETIC FIELD (G)

FIG. 10. The p,
' momentum spectra from the six data-

taking periods of the SIN m„2 experiment of Daum et el.
(Ref. 8). The vertical axis represents the number of
p"s, after background subtraction, normalized to 100
events at the maximum of the theoretical curve. The
solid curve is the fitted theoretical curve; the X2 values
for the fits are shown in the graphs. For further de-
tails, see Ref. 8 and the text.

where the subscript "l" stands for "lowest Ip„l."
The experimental appearance of the light-neu-
trino line at Ip„la is a shoulder, with a tail ex-
tending below -0.98 Ip„lo. An HSC line would thus
appear as a second shoulder.

From an analysis of the SIN data we can thus
rule out an HSC v; signal with strength greater
than about -5% of that of the main light-neutrino
peak. A more precise number could be obtained
by fitting the data to two v, lines, one due to the
DC decay &'-p'v, and the other due to the decay
&'- p v„sc;, with four parameters: the values of
m(v, ) and m(v,.) and the heights of the v, and v,.

peaks. One could then test to see if the y' for this
two-peak fit was better than that of the con-
ventional one-peak fit. However, this would re-
quire a very detailed Monte Carlo simulation of
the muon energy loss and spectrometer-resolution
smearing, incorporating the specific geometry
of the SIN experiment. It would also be necessary
to know the precise point-by-point background
subtractions. Consequently, this ta.sk would seem
to be more appropriately performed by the experi-
mentalists than in this work. Ideally, a general
analysis of data on M'- L,'v, decay would begin
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with a standard four-parameter fit depending on
the masses and heights of not just the DC
M'- l,'v, , peak but also a possible weaker light-
neutrino peak due to the decay M'-l,'v, , where
j =2 if a =1 and j =1 if a =2. To this one would
then add the mass and height'of a candidate
HSC v,. peak, thereby obtaining a full six-
parameter fitting routine to test for such HSC
peaks. However, the simple method used here
will suffice for our present purposes. Choosing
m (w») to be the maximum value of a DC neu-
trino mass which would be observed by the ex-
periment, and m „(n'») as given above, we then
have the following bound: If

0.6&m(v,.) &6 MeV,

1200"

1l00"

t000"

900'

800"

gp 700"

600"

c 500"

e 400-

300"

200"

)00"

225 230 235 240 245 250 255

momentum t MeV/cI
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(2.24) FIG. 11. The p'momentum spectra from the CERN-
Heidelberg K,2 experiment of Heard et al. and Heintze
et al. (Refs. 24 and 25). (This spectrum was actually
given in Ref. 25.)

As is evident from Fig. 2, over this range of
m(v, .), p is extremely close to unity, so that the

upper bound placed on R,&
is essentially constant

at -0.05,
Continuing with magnetic-spectrometer experi-

ments, we next apply our test to the CERN-
Heidelberg data on lp, l in K...decay, where
l, =e or p."'" Before doing this, one should
note that there were a number of earlier experi-
ments on K,„decay."'" We have examined the
data from the subset" of these experiments to
which our test can be applied and have found that
the constraints which can be derived are weaker
than those which follow from the data of Refs.
24 and 25. (This was to be expected, since the
CERN-Heidelberg experiment had greater ac-
curacy and statistical weight than previous ex-
periments to which the test could be applied. )

A momentum spectrum from an early version
of the experiment which shows the E» monitor
sample is given in the first paper of Ref. 24.
Subsequently, in conjunction with a study of the
decay E' - e'v, y,

"the same group presented an
improved (p&) spectrum for K» decay with a
much smaller background outside of the main
peak. This latest spectrum is reproduced for
reference in Fig. 11. The final lp, l spectrum for
E„decay, representing the data from which the
value of B(K'- e'v, )/B(K'- p, 'v„) was calcu-
lated, was given in the second paper of Ref. 24
and is included here as Fig. 12. This experiment
featured very good photon detection in order to
veto E'- l,'v, y and E'-~ l,'v, events from the
E...data sets. Its discrimination between p "s
and e"s by means of a threshold Cerenkov
counter has been noted above. The cuts for the
p,
' and e' events were

220&Ip„1 &252 MeV (2.25)

240& Ip, l &260 MeV, (2.26)

which bracket the m(v, ) =0 values given above.
The lower momentum cuts, divided by the re-
spective I p, l, values, are shown as the dot-dashed
lines labeled (P„),=0.98 and (P,), =0.97 in Figs.
8 and 9. The value of m(v, ) in K'- p'v, decay
which would yield Ip ~„'~l = Ip„l,„, is 118 MeV, while

80-

60-

40-

20.

I

220 230 240
I

250
I

260

momentum [ MeV/c ]
FIG. 12. The e' momentum spectrum from the CERN-

Heidelberg K&2 experiment of Heard et.al, . and Heintze
et al. (Refs. 24 and 25). (This spectrum was given in
the second paper of Ref. 24.) The thin-line histogram
represents all of the e' events satisfying the trigger and
various cuts, while the thick-line histogram represents
this event sample after the subtraction of the random
background. The smooth curve is the calculated line
shape, normalized above 240 MeV/c to the thick histo-
gram.
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82&m(v, )&118 MeV,

then

(2.2'r)

0.01
nfl 2l -(5E 5E) '

pv

The upper bound onR2,- in (2.2'I) varies from
0.01(0.62) to 0.01(0.46) as m(v;) increases from
82 to 118 MeV. Although we shall not try to set
a precise bound in the region Ip, l &228 MeV,
it is clear from Fig. 11 that the data rule out a
very sizable HSC peak in this region. To take
an example, in the bin 229 MeV& I pi„'~l &228
MeV, i.e., 77 MeV&m(v, )&82 MeV, at the -1o
level, R~, & 0.02/ P(5 f, 5 f) = 0.01, and so forth

the analogous value of m(v;) in K'-e' v, decay
which would yield Ip~'~l =lp,l, is 82 MeV. These
values are marked in Figs. 8 and 9, labeled as
m(v, ),. No data were presented in Ref. 24 with
I p, I & 220 MeV. As part of the later analysis ofK'- e'v, z decay, a Ip, l spectrum based on a
smaller data set and extending down to 215 MeV
was given. " Because of the incomplete solid
angle coverage and imperfect efficiency of the
photon-detection apparatus (lead-glass), there
is considerable background in the K„spectrum.
Consequently, we have not used the additional
5-MeV increment in this later data for our bounds
on HSC v, modes. Moreover, owing to the back-
grounds, apparently no K» data were analyzed
below lp„l =220 MeV or lp, l =215 MeV.~4'2' The
lowest value of Ip„l =220 MeV coincides with

lp„l t, but the minimum value lp, l =220 MeV in
the data of Ref. 24 lies 20 MeV below Ip,l, and
'hence is indicated separately on Fig. 9, norma-
lized and labeled as (P,},=0.89. The value of
m(v, ) which would give Ipi'~l = Ip, l, in K~ decay
is m(v, ), =163 MeV, as marked in Fig. 9.

The analysis of K» decay in Ref. 1 relied upon
the data in Ref. 24. Here, using the later K»
spectrum of Ref. 25, we can obtain an improved
bound. As is evident in Fig. 11, the LDC peak
has a low-momentum tail which extends down
to -228 MeV. Iri order to test for an HSC v,-

peak within this LDC peak it would be necessary
to carry out a detailed Monte Ca,rlo fit of the
type described above, which would be inapprop-
riate in this work. Instead, we choose the upper
end of the momentum range over which to search
for such peaks to be the lower edge of the LDC
peak at -228 MeV. We find no evidence for an
HSC v,. peak with a height, at the 1o level,
greater than -10 events per bin, or 1%'of that of
the LDC peak, and conclude that if

228& Ip'„'I & 220 MeV,
4

x.e.,

for lp„"I &229 MeV.
For K„decay, from the data shown in Fig. 12

we find that below the LDC peak there is no HSC
peak with relative strength greater than about
25/0 at the lo level, and thereby derive the fol-
lowing bound: If

24o& Ip,"I&22o Mev,

i.e.
82&m(v, )&163 MeV,

then

(2.28)

Since this is an M'-e'v, decay, the bound is,
as explained before, extremely stringent; the
upper limit varies from 0.25(4.1X10 '}to
0.25(1.2&&10 ') as m(v;) increases from 82 to
163 MeV. Thus one has an explicit example
which demonstrates that the I„test could de-
tect an HSC v; coupling coefficient to electrons
as small as IU, &l'-4xio ' for a typical mass
m(v;) -160 MeV. It is clear that in view of this
great sensitivity of the test and the fact that
usable high-statistics counter data on E,,2 decay
do not extend below ~p, ~

= 220 MeV, i.e., cov-
ers only about I and 11% of the full range of
lp„' I and Ip, ' I, respectively, there is strong
motivation for new E, , experiments to search
for HSC v, peaks in the unexplored lower ranges
of lp, l. It is, of course, true that certain back-
grounds would become more severe at lower
lp, l; however, in a dedicate'd experiment with
sufficiently good photon detection, particle identi-
fication, and momentum resolution this should
not preclude such a search, at least over a large
fraction of the available range of momenta, .

We proceed to consider the Columbia-Nevis
experiment by DiCapua et a/."which determined
B(&'- e' v, )/B(&' - p

' v„) using energy measure-
ment of the direct and p-decay positrons, to-
gether with a timing technique to separate the
forme rfrom the la'tter. Since neither Ip~l nor &„
was measured in the Columbia-Nevis &» experi-
ment, it is not possible to search for &' p.'v„~«
events in this data. From their total e' spectrum
due to both &-e and &-p- e events, Di Capua
et al. separated the pure &- e spectrum by the
method just described. The resulting spectrum
exhibits noticeable peaks but, unfortunately, is
unusable for our test because, as explained in
Ref. 23, "All . . of these figures (for the total
e' and individual w- p, - e and v-e decays) show
a periodic decimal distortion due to a channel-
addressing error. No effort was made to remove
this error from the data ." The peaks re-
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ferred to above, and the other structure in the
full &- e spectrum, are presumably the effects
of this analyzer distortion. For reference, we
show the cleanest part of the &- e spectrum from
Ref. 23 in Fig. 13 (the full spectrum extends down
to channel 10), Unfortunately, no absolute energy
scale was given for any of the spectra in Ref. 23.
We crudely estimate that this cut occurs at
E, -55 MeV." It would obviously be very valuable
for the experimentalists to present a new re-
analysis of their data with the analyzer distortion
removed. We could then meaningfully apply our
test to the corrected data.

Finally, let us examine other data to which the
M» test can be applied. Evidently, one of the
main drawbacks of the present highest-statistics
and highest-precision counter experiments on
M» decays is the fact that they incorporated cuts
which severely restrict the ranges of momenta
or energies in which one can search for HSC v;
spectral lines. Accordingly, it is worthwhile to
examine data from earlier experiments which
did not have such severe cuts.

We consider first the experiment by Hyman
/. ' which specifically studi. ed ~' -

IU. '~~ decay
at rest and measured E„via the p

' range R „'
in a helium bubble chamber, thereby setting one
of the early upper limits on the muon-neutrino
"mass", "m(v„)"&2.2 MeV (90%%ug C.L.). The data
presented in Ref. 28 consist of a peak containing
145 events, centered at (R ~+'~)0 =1.04 cm, with

a low-energy tail extending down to -0.96 cm.
The published plot is truncated at R „"' =0.78 cm
and shows no further &» events below the peak.
The range-momentum relation for the p' in this
liquid is approximately"" R ~"' ~ Ip„I'6. The
bound corresponding to less than one event in this

I I I I
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FIG. 13. The e' energy spectrum from the Columbia-
Nevis x~2/r„2 experiment of Di Capua et al. (Ref. 23).
See this reference and the text for further details.

range is then the following: If

0.96&R '„"""&0.78 cm,

7&m(v,.)&13 MeV,

then

(2.29)

A]ternatively, one could quote a 90/p-confidence-
level bound, but the form given above will suffice
here. As with the K» data from the CERN-
Heidelberg experiment, ""

. an important question
concerning this bubble-chamber data is whether
there were events with R

&

' & 0.78 cm at a level
above that expected from the radiative decay
&'- p. 'v„y where the photon did not convert in
the He liquid. However, in view of the low sta-
tistics, this data could not provide a very sensi-
tive probe for &'- p. 'v„sc,. events.

Let us next consider emulsion experiments
which, as a cumulative set, have the advantage
of rather high statistics. Early determinations
of the muon mass relied upon the measurement,
via such emulsion experiments, of the range and
momentum of the muon from a decaying pion. ~
There is an approximate empirical relation be-
tween the kinetic energy of the muon and its range
in the relevant kind of emulsion, of the form
&„/(&„),= [R„/(R„) ]'~ ~ ~ where (R „),= 600 pm,
and v((T„)0)=0.57. The exponent v increases
somewhat as T„decreases; a useful table is given
in Ref. 27. Thus, in an HSC &» decay the muon
would be observed to have a smaller range R „'
than (R~)0. In passing, we note that there is, to
our knowledge, no emulsion data with significant
statistics on the rare M„decays, where M =~
or E, or on K» decay. This is understandable
because of the very small branching ratios for the
former decay modes and, independently, because
of the large momenta and commensurately large
ranges of the l in K» decay. In the precision
measurements by the Berkeley group the main
peak was found to have a o /(R ~)~ =(4.5 + 0.1)'%%up

and to extend down to R„=530 pm. ~ Muon tracks
considerably shorter than (R„)0have been ob-
served in a number of experiments. "'"'" There
are two conventional sources of these events.
The first is pion decay in flight, where the muon
is emitted backwards relative to the direction
of motion of the pion. The second is the radiative
decay &' - p

' v „p, where the photon is not de-
tected. Two specific studies of anomalously
short-range muon tracks from &» decays have
been carried out. ~'" In the first, out of a total
of 11 841 w» decays, Fry found eight events with
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R„&480 pm (T„&3.6 MeV} which could not be
explained by & decay in flight. '4 It is interesting
that of these eight events there were clusters
at certain values of R„. This clustering was not
commented upon in Ref. 34. From these events,
together with a correction for the emulsion
thickness, a total branching ratio for events with
R „&480 pm was quoted, viz. (3.3 +1.3)x10 4."
It was concluded that this was consistent with the
number expected from the radiative decay, and
no further attempt was made to adduce any other
possible explanations for these eight events.
Later, in order to study the radiative decay
&'- p' v&y, Castagnoli and Muchnik examined a
total of 93045 &- p - e events. ~ The signature
for a radiative & decay consisted of a &- p

decay where the track stopped in the emulsion,
had a range substantially shorter than (R„}0, and
could not have been due to & decay in flight:. For
experimental reasons pertaining to the size of the
emulsion plates and microscope field, an initial
cut was applied to retain only events in which the
projected muon range was &425 +20 pm. To
compare with the theoretical predictions36 for
&' - p

' v„p decay, the data were presented in the
form of an "integral-range" spectrum, with most
bins -50 pm wide. Since the data will be used
for our bounds we reproduce this spectrum in
Fig. 14. The function E(R) (where R = R„) is de-
fined as the partial branching ratio for observed
events with muon ranges less than or equal to R,
l.e.)

io'F(R j
F(R) =

y~p, + g+'7

x~p+v

4-

F ialho and Tiornno's integral spectrum

f Present work

$ Fry's result

3-

2-

2000 100 300 400 500
Muon range R(pm)

FIG. 14. The muon-integral-range spectrum from the
emulsion experiment of Castagnoli and Muchnik (Ref.
35) for the decay(s) ~-p' . . . , where the ellipsis repre-
sents one or more undetected neutral particles. As in-
dicated, the triangular point with dashed error bar
represents an integral-range value from the data of
W. Fry (Bef. 34). The data from Ref. 35 consist of 26
definitely reliable events, together with 6 events labeled
as "dubious. " The data from Ref. 34 consist of 8 events.
The solid curve is the corrected theoretical spectrum
for the radiative decay calculated by G. Fialho and
J. Tiomno. (Bef. 36). See Refs. 34-36 and the text for
the definition of E(R) and further details. The authors
of Befs. 34 and 35 interpreted this data as being due to
the radiative decay m~ p~(v)„y, but, as is pointed out
in the text, since they did not actually observe the photon
which was assumed to have been emitted, this inter-
pretation is not, in general, cop.elusive.

I u, 8E„dI'
p(gk ~kv ) 9 sRu d~u

x(m' p,
' + ~ ~ ~ ) (2 30)

[The theoretical calculations of J'(R }assumed
that these events arose from the radiative decay~'- p'v„y and that "m(v„)"=0.] As can be seen
from the graph, the points at R„=225 and 305 pm
are -10 high, and for Ru&435 pm, the experi-
mental results are much higher than the theo-
retical predictions. The authors concluded that
for R„&435 pm their data agreed with the theory
and attributed the discrepancy for Ru &435 pm
to (a) a possible underestimation of straggling
effects; (b) a possible inaccuracy in the correc-
tion which was applied for geometrical bias; and
(c) a possible anomalously large contribution of
structure-dependent terms in the ~'- p'vuy
decay amplitude. Like Fry, they did not comment
on any clustering of events and did not adduce
any other physics explanations for their events.
The differential structure of the data is better

m(vI) (MeV)
20

I
15 I4 I3 I2

I I I

C 2-
-"0 s» r & rl&l r II&i iltJs I

o) IOO 300 400 450
Muon Range R+ (microns)

FIG. 15. Differential muon-range distribution, com-
piled from the emulsion data of Befs. 34 and 35. The 8
events from Ref. 34 are listed in the text; the remaining
32 are from Bef. 35. Of the latter, the 6 dubious ones
are distinguished with dotted marks. The dashed line
indicates roughly the position in actual muon range R„
where the cuts applied in Bef. 35 precluded further
analysis of events. The upper horizontal axis indicates
the value of m(v~) which would lead to the observed R~
in the decay m~ p~(v)&.

0
V

200 500

revealed if one plots the recorded events as a
function of R „; we have done this in Fig. 15 for
the combined data from these two experiments. ~'"
The eight events from Ref. 34 occur at R„=120,
j.85, 290, 416, 430, 441, 470, and 470 pm; the
other 32 events are from Ref. 35. No anomalous
events were recorded in Refs. 34 or 35 with
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A„&120 pm, and in both analyses events with
A„& 480 pm were excluded by the event-selection
criteria. Hence, we have truncated the graph
on the low end at 100 p m and on the high end at
500 pm. Note the clustering of events, in par-
ticular around'& =471 pm.

We have several comments to make about this
data. In Refs. 34 and 35 the authors only ob-
served the muon track, not the photon. Thus the
signature for the alleged &'- p'~„y events did
not include the requirement that the photon be
detected. Rather, starting from the tacit as-
sumption that ~» decay consisted of a decay into
two particles, each of definite mass [with
"m(v„)"=0] and that the m» spectrum thus con-
sisted of just a single peak, these authors in-
ferred that the short muon range implied the
presence of a photon. However, in the case of
massive neutrinos and lepton mixing this assump-
tion and the inference based on it are not in
general valid. Hence, it is necessary to rein-
terpret the results of these experiments. One
must say that in general the events observed are
due to the set of radiative decays &' —p.

'
v, y,

which must certainly occur, and, in addition, to
possible decay modes of the form &' —p. ' v, ,
HSC i. Among the radiative decays, those with
LDC v, will, of course, be predominant. To be
logically consistent, an experiment that intends
to measure a radiative decay such as &'- L,'v, y,
E'-L,'v, y, where l, =eor p, must observe the
photon; it is not sufficient to record events with

Ip, ,l
& Ip&,l,. This implies that the results quoted

for I"(&'- p' v „y) in Refs. 34 and 35 are not con-
clusive, nor is the listing, based on Ref. 35, in-
cluded in Ref. 14. A similar comment applies
for one part of the CERN-Heidelberg experiment
which sought to observe the structure-dependent,
negative-photon-helicity contribution to E'- e' v, y
decay by measuring events which had Ip, l &Ip, lo

and did not have a coincident photon (see paper
III)." Thus, it is possible that the clustering
evident in Fig. 15 and/or the fact that the integral
range distribution in Fig. 14 falls above the model
predictions in certain intervals of R „are hereto-
fore unrecognized indications of HSC &» decays.
It is straightforward to determine which values of
m(v, ) would correspond to given values of R „'.
If, for example, one were to interpret the peak at
B „'= 471 pm as an HSC v, peak in &» decay, it
would correspond to m(v,.) =12 MeV and a branch-
ing ratio, relative to the dominant peak, of order
a few times 10 '. Since p(5'„, 5,'. ) =0.99 for
m(v, ) =12 MeV, this branching ratio is also ap-.
proximately equal to R„.= I U„I'. It shouM be
noted in passing that, to our knowledge, no single
constraint or set of constraints from other data

would forbid such values of m(v;) and R„. How-
ever, just as one cannot validly assign these
events with Ip„l & Ip„lo to the radiative decay
&'- p'v „y since no photon was observed, so
also one cannot with certainty assert that even
clustered events represent an HSC v,. &» decay
since there could well have been an undetected
photon present. ~

Leaving open the possibility that some of the
events shown in Fig, 15 are HSC v; &» decays,
we can use this emulsion data to set quite string-
ent upper bounds on the branching ratios and
corresponding values of R„ for such decays. The
Berkeley data on the muon-range distribution in
&» decay was presented in the form of a graph
covering the range 420&A„& 700 ]L(m. The main
peak contains -560 events and, as noted before,
extends down to R„=530 pm. No events were
shown with R& &516 pm. Thus, as at the 1 event
level we infer the following bound: If

516 a &' 480 &

l.e ~ q

10 & m(v,.) & 12 MeV,

(2.33)

the observed spectrum of short-range muons will
be given by

E(R„}.„,=E(R„}„,
n

+ & &'- p'v. 6} (2.34)

Hence, assuming that there is a negligible error
in the theoretical calculation of the radiative

For R „&480 pm a much better bound can be ob-
tained because of the specific high-statistics
studies of Refs. 34 and 35. For this we take the
10 upper limit on the integral-range spectrum of
Fig. 14 and subtract the calculated radiative
contribution to obtain a la upper limit on a pos-
sible HSC v, n»incre'ment [~(R„)Hsc„,]„
That is,

[~(R„)]„,„==E(Rp),„y +o~ —E(Rq) d, (2.32)

where 0~ denotes the one-standard-deviation
error in the experimental measurement of E(R„),
and E(R&),',"J is the theoretical calculation of E(R„)
due to the decay &' - p

' v „y Since for the HSC

v; modes
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spectrum, "i.e., that E(R„)~d =&(R„)'"g, it fol-
lows that

[~(R„)]„=o~+Q B(~'- p' v', )8(R„-R'„").
i=1

(2.36}

Thus, a fortiori, the contribution of any par-
ticular HSC v; mode with R „' &R„ is bounded
above according to

B(~' - p, "v',. ) & [&F(R,)]„ (2.36)

m(v, )„&m(v, )& m, + —m„,
then

(2.3'I )

Consequently, the resultant 10 level upper bound
on the coupling strength of such an HSC mode has
the following general form: If

R„&R '„"&0,

This is done in Fig. 1'1. The upper bounds (a),
(b), and (c) are, respectively, from the SIN data
(2.24), the Argonne bubble-chamber experiment
(2.29), and the emulsion data (2.31}[and (2.3'I)
and Fig. 16], ail on &» decay, or more precisely
m- p, +(undetected neutrino and possibly also
photon). The upper limit (d) comes from the
CERN-Heidelberg data on K» decay (2.27). For
clarity the bounds are shown separately; how-
ever, where the mass ranges covered by two
bounds overlap [as is the case with the bounds
(b} and (c1)], the resultant upper bound is of
course given by the minimum of the two. As is
obvious from our analysis, in the regions
m(v, .)&0.6 MeV, 6&m(v, )&'I MeV, and
34&m(v,.}&82MeV, although no upper limits
are drawn, it is not implied that there are none.
Rather, these would require either putting limits
on possible HSC v, peaks within the main LDC &»
and K» peaks, which is best performed by the
experimentalists themselves, or an application

The resulting bounds are shown in Fig. 16. The
solid line indicates the 10 level upper bound on
B(&'-p' v„sc, ) as a function of R ~~'~ or equiva-
lently m(v, ), while the dotted curve represents
the corresponding bound on R„. The vertical
dashed line indicates approximately the value of
R„(480 p, m) beyond which events were excluded
by the selection criteria of Refs. 34 and 35.

Finally, since we have obtained several upper
bounds on R„- from the application of the M„,
spectral test, it is useful to present them in a
unified manner to show their relative sizes and
the different ranges of m(v, .) to which they apply.
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FIG. 16. Upper bounds on the branching ratio
$(7r'-p'v&) and relative coupling strength R2& as func-
tions of muon range R~~' or equivalently, m( v&) from our
analysis of the emulsion data of Refs. 34 and 35.
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FIG. 17. The combined set of upper bounds on the
relative coupling strength R2& derived from the applica-
tion of the M&2 spectral test to existing data. Segment
(a) represents the bound (2.24) from the SIN 7r„2 data of
Ref. 8; (b) the bound (2.29) from the Argonne bubble-
chamber data of Ref. 28; (cl), the bound (2.31) from the
Berkeley emulsion data of Ref. 27; (c2), the bound given
by (2.37) and Fig. 16 from the emulsion data of Refs.
34 and 35; and (d), the bound (2.27) from the CERN-
Heidelberg X„2 data of Refs. 24 and 25. See Ref. 25.
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of the integral B(M'-e'v, )/&(M'- p, 'v&) con-
straints, which will be carried out in Sec. III.
(In fact, as will be seen, although the integral
branching ratio constraints on R„are very
stringent, those on R2, do not improve upon the
upper bounds from the differential spectral test. )
As for the region m(v,.)& 118 MeV, the size of
R„ is weakly limited by various indirect con-
straints to be discussed later, but the M„, (here
the K,) spectral test does not place any useful
upper bound on R,,

Concerning upper bounds on R„, inasmuch as
the application of the M„ test yielded only the
single limit (2.28) on this quantity, we shall not
give a plot of this limit. For R„. the integrated-
branching-ratio constraint provides very severe
upper bounds over a large range of m(v, ), as will
be shown in Sec. III.

E. The complete NI2 test including measurement
of the lepton polarization

The full M„ test proposed in Ref. 1 consists
not only of a careful scan of the Ip, l or E, spec-
trum to search for the discrete lines from pos-
sible HSC modes ~' - l,' v, , where M = & or K
and L, =e or p, , but also a measurement of the
polarization of the L,'." In the rest frame of the
M' this polarization is completely longitudinal.
For the general case of M'- /,'v,. decay we denote
this polarization by P,~ (M, ,2). The test would
thus proceed as follows. If an HSC v; peak is
observed at momentum Ip,' I or energy F. ," one
can immediately determine the mass m(v,.).
Next, assuming that this peak is sufficiently
removed from the LDC peak, one can, by mo-
mentum selection, pick out on an event-by-event
basis, the l,"s from ~' - l,' v»c, decay and
channel them to the apparatus to measure their
polarization. In principle, one can determine the

l, polarization individually for each HSC v,. line
which satisfies the above separation criterion.
Knowing m(v, .) and assuming standard V-A.
couplings, one has a definite prediction for this
polarization (see below), which can thus be
checked to verify the consistency of the assump-
tion or, if the V-A prediction is violated, to
investigate the Lorentz structure of the couplings
responsible for the HSC v,. events. On the other
hand, if the line-separation criterion is not satis-
fied, then one could only perform the polarization
measurement on a statistical basis, and it would

be much more difficult since the HSC events would

I'.esumably comprise only a small fraction of the
total sample.

With standard V -A. charged-current couplings
for the l, v; vertex, the l,' polarization is given by

(i)1
)

+ (6, —6, )A, ~~(1, 6, , 6,. ) (2.88)

where one may recall the definitions given in
Eqs. (2.6), (2.9), (2.10), and (2.14). The anti-
symmetry of the l,' (or 1, ) polarization as a func-
tion of 6, and 6", , or equivalently m, , and m(v, .),
follows from general principles; in somewhat
figurative language, the lighter lepton has its
"preferred" helicity, and hence the heavier one
is forced to have a "dispreferred" helicity. The
polarization P, '+ is plotted as a function of m(v,.}
(as the dashed curve} in Figs. 6—9 for the decays
~ -p. v, , r -e v, , K-p v„andK -e v,-,
respectively. Obviously the same graphs apply,
with a change in sign of the polarization, to the
corresponding M decays. For nonzero values of
m(v,.), P, '+ differs strikingly from its m(v,.) =0
value of -1. As m(v, ) increases from zero, P, +

rises, at first monotonically. It will cross
through zero and assume positive values as m(v, .}
equals and then exceeds m» this is possible if
and only if m, (m~/2, respectively. The in-
equality m, ( m„/2 is true of M„and Z», but not

&», decay. Assuming that this condition is sat-
(e)isfied, P, + ascends through positive values and

reaches a maximum at 6", =(1 —6,")/3, i.e.,

At this point,

(') (1 —46 ) +
( l )(g|g (1 8 N)(] 6bfyy (2.40)

For reference, the values of m(v, ) „„,, and
(P, '+ ),, are listed in Table II. It might be
noted that in the M,2 decays m(v, )~„„,,
=m(v, )~ . The magnitude of the polarization,
IP, l (M, , )l goes to zero as m(v,.)-m(v;) . That
is must do so is clear analytically, since Eq.
(2.38}can alternatively be expressed as

Decay ~ ~v&~ pol crit {MeV)

p v.

e'v~

SC pp;

X e p;

none

80.6

278

285

no critical point; maxi-
mum of zero reached at
end point of m(p&)

1 —1.81 X 10

0.553

1-1.44' 10 '

TABLE II. Critical values of the lepton polarization
l~ ~crit=max Bnd corresponding values of m~vi~polcrit

the decays M' l,'v; where M=7t, K and l, =e, p,. See text
for definitions.
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locity of l, and fv(5", , 5", ) is a function which can
be read off from Eq. (2.38) and approaches a
finite constant as m(v, )-m(v, )

A useful feature of the polarization test is that
for small m(v,.}, &I~ is controlled by the ratio
[m(v;)/m, ,]' rather than [m(v, )/m„]' and hence
can be sensitive to values of m(v, )«m„. For
example in &~ decay, for m(v, ) =1 MeV, even
though m(v, )«m(v, .) and the kinematic rate
factor p .has only increased from 1 to -4.8, far
below its eventual maximum of -2X10, the
polarization I', i+' has already changed drastically
from -1 to +0.56. Thus, while it was empha-
sized earlier that the M» test, unlike tests using
three-body decays, is very sensitive to large
m(v, ) because the helicity enhancement offsets
or overwhelms the decrease in the phase-space
factor until m(v,.}approaches the kinematic limit,
it should also be stressed that the full test is
quite sensitive to values of m(v, }which are very
small compared to the (I) value of the decay.
Specifically, even if m(v,.) «m„—m, , one could
still use the test to detect the v,. line if
m(v, ) & m, , [as would be true for a wide range of
m(v, ) in the M„decays], since there would be a
gross change in I', ' .

It is an important feature of the complete M»
test that one does not have to make the assump-
tion of V-A charged-current couplings blindly
for a given v, line, but can check it by measuring
the polarization of the l,' in M'- l,'v,. decay. To
analyze how one can perform this check'we shall
examine the l,' polarization which would result
if the couplings dominantly responsible for such
an HSC v, decay were not V-A. . It may be re-
called2' that for an HSC v, decay mode the rela-
tive strength of non-V-A interactions can be
much larger than for the LDC mode(s), as long
as the overall strength of the former is suf-
ficiently small relative to that of the latter. We
thus consider all of the couplings which could
contribute to HSC v, M» decay, namely S, I', V,

For this general case the amplitude for the de-
cay M' - l,' vi can be written in the form'

Amp(M'-1, ',. ) =«((t)„)[,,P„(c"+c„"y,)u„,]

+m„«Ist)»[ vt, (cs(t) +c~~'y, )u, ,]
(2.41)

and similarly for M -l, v,. decay, where the
constants «I'„„)and «Is v) contain all of the de-
pendence on dimensionless coupling constants,
intermediate-vector- or -scalar-boson masses,
and the respective hadronic matrix elements,
with the parent-meson four-momentum P& fac-
tored out in the (V,A) case term and, to keep the
dimensions of «I» ~) and «Is» the same, a factor
of m& extracted from the latter. With no loss
of generality, for each individual M'- l,'v,- decay,
one can define «It„z) and «&s t, ) to be real, shift-
ing any phases to the c~', Z=V, A, S, andI'.
Finally, the notation emphasizes the fact that
«I't', ~), t(Is, t ), and cz' are in general different
for different i; they also generally depend on M
and l„but to avoid awkward notation this de-
pendence is not indicated explicitly. (Examples
of various c«"'s will be mentioned later. } The
polarization of the l,' in the decay M' - l,' v,. is
then given by

(;) N„')(Mt,g)
t~ D(i)(M )r~a

where

(2.42a)

and A. Note that any (leptonic or hadronic) tensor
couplings that might be present would give zero
contribution because of the lack of enough inde-
pendent momenta:

(ol g, .c„,(a+5y, )y, lM} =o

and

[tIttp' tt(&r' +cf r, )(It, ',. ]Pit(OI~(r, ~)IM} =O.

gt)(M ) =)(&&(1 5™5«)(«It) 2 Re(c(t)c(t)*}(5v 5«) «I'& 2 Re(c(t)c(t)*)

+ «I') «It) [Re(c(')c(') *—c(')c(') *)(5ttPA —Re(c ' c(')*+c(')c(') s)(5tt}ty]

(2.42b}

/I c(t)&2+1 c(t) 2 't

(M ) «It (

' F + A [f (5tt 5tt) (Ic
'

I Ic
'

I
)(5tt5tty+

Ls

+«I*' '
]

' v [(1 —5"-5"}-(lc'*'I'- Ic"'I2)(5"5")'~/I c ' I'+I c t)I~ '&

8 P) ) a i 8 . P a i

+«I"„)«I" ) [Re(c't'c', "*+c„"'c" }(5",))'~(1 +5,"—5", )

Re( c(i)c(i) + + c(i)c( i) +)(5tt)t4(1 + 5tt 5tt)] (2.42c)
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For the pure (V,A) case Eq. (2.42) reduces to

P ri (Mr,s)(v, x)
( )

(')
@sp a g (')(i) =

cp
(2.4Vb)

where

+ p '„"cosy"„'(5."—6";))('+(I,6,", 6", )
r (p(r) 2 ~I)f (6rr 6rr) (p(r) 2 l)(6M6rr)lia t

(2.43)

and

(i)
(i) — v

c( )
A

c(-)
(i) cv

0 v~ —=arg (i) ~
C

(2.44a)

(2.44b)

where '

( )
(i) = S
SP — c(i)

P

(2.46)

(2.4'la)

[In writing Eq. (2.43), we have assumed that
c„"@0;the cases in which cv' or c„' vanish are
trivial. ] The general (V,A) expression for the
polarization (2.43) is, like the (V-A) one in Eq.
(2.42), antisymmetric in the variables 6,"and 6", ,
or equivalently m, and m(v,.). For fixed M, l„
and v„ the magnitude of the polarization is a
maximum for the purely chiral cases cv' =+ c~';
here

(i) (i)IP, ~ (Mrxs)( v, A)lmax = IP r+ (Mrxs)( v+x) I

I
6rr 6NI )(r/g(I 6rr 6rr)

f (6.", 6", )

(2.45)

If cv @+ c„', because of a difference in magni-
tudes, I

c(v')
I

rr I
c(')I (which may be CP conserv--

ing}, or a (CP-violating) difference in phases, or
both, then the magnitude of the polarization is
reduced commensurately [except at the point
m(v;) =m,„ if this is in the physical region, where
it vanishes, independent of cv) and c(')]. As can
be seen from the denominator of the right-hand
side of Eq. (2.45), the kinematic rate factor for
the (V, A} case differs from that for the pure
V-A (or V+A. ) case; in particular, the depen-
dence on lepton masses in Istt(M' - l,' v;)I' is
given by this full denominator multiplied by
Ic„')I' rather than just fsr,(6,",5", ).

For the pure (S,P) case

(i)P r;(Mr, s)(s.r )

+ p
r cosy pl+(I 6rr 6rr)

—(p(r)&+I.)(I Orr 6rr) (p(r» l)(6rr6rr}rk

Observe that the (S,P) expression (2.46) for the
charged-lepton polarization is symmetric in the
variables m, and m(v, ) if both cs' and cI,' are
symmetric or antisymmetric functions of these
variables, In contrast, Eq. (2.46} is antisymme-
tric in these two variables if one of cs'P is sym-
metric while the other is antisymmetric. A
"typical" charged-Higgs-boson-lepton vertex
might have the dependence on lepton masses
given by cs(') [m, —m(v )] and c(r')
~ [m, +m(v, )], so that P)V(Mr, )(s z) would, like

( )
lg Q Q t

Pr& (M...}(v „), be an antisymmetric function of
m, , and m(v, )." As with (V,A} couplings, the
maximum magnitude of the polarization occurs
for the purely chiral choice csi —-+ cP:

(i) (i)
IPr; (Mr.s)(s,p)I,„=IP) (Mr..)(„~)l

)('~(1, 6.",6,". )
gN gN ~ (2.46}

It is easy to prove the following important prop-
erty: for fixed M, for all 5,"and 5;,

(i) (i)
IPr (Mr s)(s, g)lmax ~ IPr ~ (Mr s)(v, g)lmxx r (2.49)

where the equaIity holds nontrivially only at the
point m(v, ) =0.

Let us proceed to discuss how one would obtain
information about the Lorentz structure of the ef-
fective HSC v; interaction from experiment polari-
zation measurements. As was implied in our
previous analysis, the lepton polarization is, in
principle, experimentallyaccessible for both e'
and p '- decay modes. Regarding the actual mea-
surement, for both e' and jL(' decay modes one
could use the various techniques which have been
employed successfully to determine the polariza-
tion of the e in p decay, while for the latter, in
the case of a p ', one would also have the option
of stopping the p

' and measuring the angular
distribution of the e' from its decay. However,
because &(M'- e"vI.r)c r) «&(M'- p'vr, r)c, ) and in
each case B(M'- l,'v„sc)«&( M'- l," v~n)c,

l, = e or p, one faces a much more severe prob-
lem of statistics if one wishes to measure
P, ', (M„). This problem may be surmountable
with the extremely high pion-beam fluxes availa-
ble at the meson factories I AMPF (I os Alamos
Meson Physics Facility), TRIUMF (Triuniversity
Meson Facility), and SIN. Secondly, for our pur-
poses it is crucial to be able to combine the
polarization measurement with the search for
HSC peaks in the I p, l or E, spectrum Since fo.r
the highest precision the latter would require
stopping the meson, and since one must maximize
the rate at which the mesons decay, relative to



GENERAL THEORY OF WEAK PROCESSES INVOLVING. . . . I. . . . 1253

the rate at which they interact, one would favor
the use of M"s rather than M 's. Restricting
one's measurements to the M' decays would not
incur the loss of any information about the
Lorentz structure of the couplings since
P, + (M») = P,——(M, ,}for an arbitrary mixture(c) , (~)

of these couplings. (However, we shall keep the
notation general. )

From the measurement of

lpga'I

or Zi,'& for the
HSC v,- line in any one of the eight decays
M'-l,' v„wher. e M=&'or Rand l, =e or p, one
can determine m(v, ) and thus can predict the
position of this. ith line in all of the other seven
decays where it is allowed by phase space (the
charge-conjugate modes being trivial}. 4o Fur-
ther, given the assumption of V-A couplings,
one has definite predictions for the l,' polarization
in all of the eight allowed M' - l,' v', decay modes.
If fear those modes where it can be measured,(i)P, & (M, ,},„agreed with these predictions, it
would provide very strong support for this as-
sumption of V-A couplings. It is true that even
if the predictions agreed with the experimental
measurements it would not, strictly speaking,
prove the validity of the above assumption. This
is due to the fact that, as a consequence of the
inequality (2.46), any value of P, ~ (M, ,)« „&

(~)

(i,)can be reproduced by P, ~ (M»)&a &,&
for appropriate

choices of c&' and c ' . Recall that these choices
can be made separately for each triplet (M, a, i)
since, although it is suppressed in the notation,

and c~' depend in general on M and L, as well
as i. However, one would be justified in regard-
ing this as an extremely unlikeLy conspiracy,
especially if for a given i, measuremerits of
P, i (M...) for different M's and f, 's all agreed
with the V —A predictions. If, on the other hand,
the measured values P,i (M, ,),„~ did not agree
with these predictions, then in general one could
only conclude that the couplings were some mix-
ture of S, P, V, and A. However, depending on
the actual value of P, ~ (M, ,),„» one may be able(~)

to restrict the I orentz structure of these
couplings further. This is a result of the fact
that alth. ough any value of P, ~ (M»)« „& can be(i)

(&)reproduced by P, ~ (M»)~a»& for appropriate
choices of cubi' and c~~', there are values of
P, ~ (M»)&~ ~& which cannot be reproduced by
P", && (M»)«» for any choices of c„' and c„' .
Specifically, if P,i (M»),„=0, to within experi-
mental accuracy, then, assuming that m(v, .)
+m,„one can conclude, to the given degree of
accuracy, that the couplings are pure (S, V) or
(P,A). U

0& ~P, (M, ,) j - [P,' (M, ,)i„„&(, (2.50)

then one cannot determine for an individual

E 0.5-

I

30
I

25
0 I I I I

5 IO I5 20

m(~;) (MeV)

FIG. 18. The maximum muon polarization ~P'~~'( ~ in&k nlaX

the decays m~ p~(P)& for the cases of pure (V,A) and
pure (,S,P) coupl|ngs.

M'-l,'~, decay what combination of S, P, V,
andA the couplings are, except that, of course,
they cannot be pure (S, V) or pure (P,A}. Note
that it does not help to combine data on the v,
line with different parent mesons M and charged
leptons L„since the c~') are in general nontrivial
functions of M and a. However, if

~Pi+ ( l a)iF, A&~ ~ &+ (M& 2} p~

-[P",,'(M, ,)&, &[, (2.51)

then one can conclude that the couplings for this
HSC v,. mode cannot be pure (V,A}. To illustrate
these remarks, we show in Fi~s. 18 and 19 the
values of tPi„',&(&»')I and IP„~ (ff'»)I for the
(V,A) and (S,P) cases. It is evident that for a
fixed m(v, }, especially, in the vicinity of m„ for
E» decay, there is a substantial range of values
of P„&~&(M»),„~ for which one could exclude pure
(V,A) couplings. In M„decays, for most values
of m(v, ) it would be much more difficult to use
this method because, except near m v =m„
IP, '+ (M~}I„„&l is quite close to IP,i (M„)&a ~&l

Owing to this fact, we shall not present graphs
analogous to Figs. 18 and 19 for these M„de-
cays.

Although in general the couplings involved in
M» decay will violate CP, the only measurable
quantities in this decay are CP-conserving. It is
true that in the presence of CP violation partial
decay rates for conjugate modes may differ, as
is the case with K' - r'~'~ and its charge-
conjugate decay. But because there are no
hadronic or even electromagnetic final-state
phase shifts for the L,'v, final state, CPT invari-
ance guarantees that I'(M'- I,' v, ) =I"(M - I, v, ),
as was implied in our previous notation. Note
that for fixed Iczi'&I, 8 =8, P, V, and A, the actual
value of I'(M' - I,' v,.}, which is proportional to
L&', »(M, ,)&t'~(1, 5,", 5,"), does depend on whether
CP is conserved, through the factors
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FIG. 19. Same as Fig. 18, but for the decays X+

. p (v)&.

Re(+c~„'~cq' +c„' cJl } in Eq. (2.42c}. But since
one does not know the values of the Ic~~'~( for any
given decay mode, this dependence is unobserva-
ble. Note also that this effect is strictly absent
if the couplings are pure (V,A} or pure (S,P),
regardless of whether CP is conserved by the re-
spective c'&"& or c~'~. Similar comments apply
to the charged-lepton polarization. Here one may
first remark that if the effective interaction is
purely chiral, V+4 or 8+P, then even if U or its
(S,P) analog is complex, this has no effect on

P,&'(M, ,). For the general case [and also for the
pure (S,P) or (V,A} cases, in contrast with the
rate], for fixed Ic~~'I, P",~'(M, ,}, although CP
conserving, does depend on whether CP is vio-
lated, through the various real parts of products
of c~' 's and c~" 's. But again, one has no op-
erational way of using this fact to test for CP
violation.

Let us give a simple example which will illus-
trate these comments for the (V, A.}case. Con-
sider' a (generally non-left-right-symmetric)
SU(2)~x SU(2)„x U(1) theory. In such a theory
there would be different quark- and lepton-mixing
matrices for the left- and right-handed fermions:
(q.)» =2";=,Vh (e;)» and (~.)» =Z";=,U.'» (t ()»,
where y =I. or 8, and a and i label the gauge
group and mass eigenstates, respectively. For
our illustrative example we shall assume that
there is no W~ —W& mixing; it would be straight-
forward to incorporate this if one wished. The
partial effective strengths of the left- and right-
handed interactions, before multiplication by the
appropriate quark and/or lepton mixing ma-
trices, are'given by (G»/v 2 ) =—(g»2/Sm~„m). Well
known experimental data restrict the strength
of the right-handed effective interaction for the
LDC neutrinos, but allow it to be comparable to,
or indeed larger than, the strength of the left-
handed interaction for HSC v; modes, provided
that these are sufficiently small relative to the
LDC modes. ' ' Then for the decay
M'(q(~~ )„q(-~~),)- I,' v;,

(~ GL (I ) g ~z~q G~
Ksv ~)c(v) ——fig 7

~2 Vrs U~; + ~2 Vrs U~&
A

(2.52}

Observe that whereas for the V —A. case the
quark-mixing-angle dependence factors out in the
comparison of the rate for the v,- HSC decay mode
with that for the LDC mode(s) in Eqs. (2.21)-
(2.15}, so that one can determine IU, &l' =R2,. or
set an upper limit on it via the method of Eq.
(2.23), this cancellation wouM not occur for the
general (V, A. ) case, and hence one would not be
able to determine or bound the lepton-mixing-
matrix coefficients in the same manner. This is
of course to be expected, since instead of the one
complex unknown in each decay mode, U„., there
would then be three: U„, U„. , and V„, . Ob-
serve also that any CP violation would be a com-
bination of the violation in the quark and lepton
sectors. One could also consider the effect of
charged-Higgs-boson couplings, but this example
will suffice.

Unfortunately, there is, to our knowledge, no

published data to which the combined test can be
applied. It is true that several experiments have
been conducted to measure the polarization of
the muon in &» decay. Following early work by
Alikhanov et al. ,"a CERN experiment deter-
mined the helicity of the p from &&, decay in
flight by measuring the asymmetry in the muon-
scattering cross section in polarized iron. "
However, this experiment did not present any
reconstructed Ip„l spectrum in the rest frame of
the &, nor did it give the inferred longitudinal
polarization of the p in the & rest frame as a
function of Ip„l. Instead, only the resultant mean
of all &» events was reported: P„=1.17+0.32.4'

A similar experiment by a Columbia-Nevis group
measured P„, again with pion decays in flight,
and obtained the result P„=+1with a -30/p
uncertainty. 44 As in the CERN work, no recon-
structed I p„l momentum spectrum or twofold dis-
tribution of events as functions of Ip„l and P„-
was reported. Of course, this is to be expected,
because such distributions would have appeared
not to have any direct physical interest, given
the tacit assumptions made in these experiments
that &» decay yielded only two particles, each of
definite mass. Similarly, one might inquire about
the status of any measurements of P„+ in X» de-
cay. The answer is that in the CERN-Heidelberg
data K» data certain measurements of the ener-
gies of e"s from the decays of p "s could be used
indirectly to infer a rough value for P&+, at least
for the integrated event sample. 4' It would be in-
teresting to reanalyze this data to obtain, if
possible, a twofold distribution in both Ip„l and
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I'„+. Finally, there is, to our knowledge, no
published data on I', in &~ or K„decay, a situa-
tion that could have been foreseen because of the
very small branching ratios for these rare decay
modes and the tacit assumption that since
"m(v, )"="m(v&)" =0, P,+(M~) =Pv+(M») and
similarly P, (M,,) PvgM»).

F. The use of the NI2 spectral test as a probe
of the number of lepton generations

The observation underlying this section is very
simple but also very powerful. The logic pro-
ceeds in well-defined steps: first, in order for a
massive neutrino line to be observed by the M»
spectral test, it must have

m(v,.) &m((v, },) =60 eV (2.52)

[see (2.1) for the notation] and hence cannot be
v, . Second, if it is observed to have

m(v, )& m((v, .},} =0.5'7 MeV, (2.54}

then, at the relevant confidence level, it cannot
be v,. [This confidence level rapidly approaches
unity as a function of the difference m(v, .) —0.57
MeV. ] This second condition will presumably
be satisfied, if an HSC v, is observed at all, given
the width and line shape of the LDC peak in M»
decays and the difficulty of detecting an HSC v,
peak which is unresolved from this LDC peak.
Hence, assuming that an HSC v,- line is detected,
and that it satisfies the inequality (2.54), one has
immediately proved that i ~ 3. For obvious rea-
sons one cannot claim to have observed v, itself.
Next, if

m(v, ) & m ((v~},} = 250 MeV, (2.55)

k, lfnes with m(v, )&m((v&},) (2.57)

Then the number of neutrino types and hence, in

it follows that i must be greater than 3; that is,
one has discovered not just a massive neutrino
but a fourth generation of neutrinos. Within the
standard theory of weak interactions this means
that one has immediately established that there
are n ~ 4 generations of leptons and of quarks.
The condition (2.55) can, of course, not be met
in &„decay but could be satisfied in the leptonic
decays of E' and heavier charged pseudoscalar
mesons such as the I", and so forth for &- and
t-flavor ed mesons.

Let us then state the general generational bound
which follows from the M» spectral test. Assume
that one observes

k, lines with m(fv, }2) &m(v, ) &m((v,.}e)

(2.58)

the standard theory, the number of lepton and of
quark generations, n, satisfies the lower bound

k +k~+2,
n +~ n1ax +3. {2.58)

III. CONSTRAINTS ON NEUTRINO MASSES
AND LEPTON MIXING ANGLES

FROM B(N' ~e+ "v~")/B(l)f'~v+ "v„")

We next proceed to discuss the constraints on
possible HSC neutrino modes which can be ob-
tained from the ratio of branching ratios:

B(M' e'"v,"}
N B(M+ ~+cc cc)

where M =& or K, and thenotation "v, " ex-
presses the fact that the experiments do not ob-
serve the gauge-group eigenstates v, but instead,
indirectly, the mass eigenstates v, which, in the
case of interest, are different. ' Thus, as was
stressed before in Ref. 1, the quantity
B(M'- l,'"v, ") is not fully defined without a pre-
cise specification of the cuts that were used to
select the l,'"v, " events. Indeed, if an HSC v;
had sufficiently large mass that the corresponding
Ip(')I or d,') fell below their respective cuts,
this mode would not even have been counted as
part of the L,'v, event sample. Moreover, for

One should perhaps pause to remark on the great
power of this result. Given only the very minimal
assumption that the number of charged leptons
is equal to the number of neutrinos, one has the
potential of using the old and supposedly well-
studied decays of &' and K' mesons (as well as
the decays of heavier charged 0 mesons) in a
new way to gain information which may not be
attainable with an upgraded PEP or PETRA and
maybe not even with LEP itself; namely, to set
a lower bound greater than 3 on the number of
lepton generations. In the standard model, this
is also the same lower bound on the number of
quark generations. Of course, the M» spectral
test may very well yield only null results, as
indeed the search for new quarks and charged
leptons at LEP may, but that is not the point;
one should realize the potential that this test has
for yielding information about n, as well as about
the m(v, ) and I U„I. The test requires no new
accelerators but rather only a careful and pre-
cise experiment on leptonic & and K decay (and,
ideally also the leptonic decays of E and heavier
mesons), analyzed within an appropriately genera-
lized theory of weak decays. It is clear that this
feature of the test provides added motivation for
one to perform it.
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sufficiently large m(v;) either or both of the
decays M'- p'v, . and M'- e'v,- might be kine-
matically forbidden. The constraints from the
measurement of R& complement those derived
above from a search for HSC peaks in the charged-
lepton spectra in M'-L, v, decays. The latter
apply with greatest sensitivity for m(v, .) such that
the corresponding lp~,'I or Z,"» are outside the
main light-neutrino peak, whereas, in contrast,
the measurement of R& only places stringent
bounds on the couplings IU„I, a=1, 2, of those
v, with m(v, .) such that v, events are included
in at least one of the l,"'v, " samples.

General constraints on lepton mixing in the
standard three-doublet SU(2)~ x U(1) model were
discussed previously. ~ The R„constraints arise
from the agreement between the measured values
of R, and R~ and the theoretical predictions of
these ratios in the usual V-A theory with radia-
tive corrections incorporated. In Ref. 5 the
general constraints were applied to a specific
case in which m(v, }=m(v,) =0 and m(v, ) is suf-
ficiently heavy that the decays M'- L,'v„where
M=&, K, and l, =e, p, are kinematically for-
bidden. Subsequently, Kolb and Goldman con-
sidered R» in the case where m(v;) and m(v, )
are assumed to be of order a few eV and m(v, )
is such that the above decays into v, could oc-
cur. 4' However, they failed to take into account
the experimental cuts which were used to define
the M' e'"v," and I' p, '"v„"events. As will
be seen from our analysis, when these cuts are
correctly incorporated the bounds are changed
substantially from those presented in Ref. 46.

The general expression for R„, as calculated
to lowest order in the standard electroweak gauge
theory and applied to a particular experiment, is

(3.2)

wher'e of course the sums run over only the re-
spective subsets of all n v,. which satisfy the
requirement m„&m, +m(v, .}. The 8»~",», repre-
sent the combination of cuts used to define the
M,2 and M» events. Thus, in the Columbia-

= 8[m(v, ) —m(v,.}]for each i, where
E~;» =55 MeV, and equivalently m(v, )i,„»=65
MeV. The function 8(x) =1 if x&0 and 0 if
x-0. Finally, 8„& =1 since no cuts were im-
posed on the primary muon momentum or energy,
which were not measured. For the CERN-
Heidelberg K» experiment 8 " = 8(lp, l

—Ip I ')
= 8[m(v, ),» —m(v, )] and similarly with p, where
Ip, I~~I =240 MeV, i.e., m(v;)~, '» =82 MeV, and

Ip„g»» =220 MeV, i.e., m(v, .)»" =118 MeV. In
addition there were cuts to exclude events with
excessively large momenta; however, these are
not relevant to the application of Eq. (3.2). Final-
ly, there were effectively cuts on P, and P„due
to the Cerenkov counters used to separate e+'s
from p "s, but the effects of these were subsumed
in the above Ip„„l cuts.

In the case where m(v;) =0 for all i, R„reduces

(3.3)

More generally, if the neutrino masses are non-
zero but m(v, )«m, for all i, then the kinematic
rate factors p(5,", 6",. ) in Eq. (3.2) are essentially
equal for each i and hence, because of the uni-
tarity of U, R& =R & ', independent of the lepton-
mixing angles. Thus, for this ease, 0&m(v,.)
«m„ the nonzero neutrino masses would not
cause an experimentally detectable change in R&
from the value R ~ ', and so the experimental
measurements of R& could not be used. to restrict
the IU„I, a =1, 2. Of course, this is not to say
that there would not be any restrictions, but only
that they would arise from other sources —nu-
clear P decay for m(v, .) down to 10-100 eV and
data bounding or observing neutrino oscillations,
which is sensitive to substantially lower m(v,.).

We briefly review the experimental measure-
ments of R&. As discussed above, R, was mea-
sured by a Columbia-Nevis experiment; updating
their original result by using the presently ac-
cepted value for the &' lifetime, one obtains2'
R'p» = (1.2'l4 + 0.024) x10 4. Combining this result
in the usual least-squares manner with an earlier
measurement by a Chicago experiment" yields'4
R~,'"~» = (1.267 a 0.023) x10 '. The lowest-order
V-A prediction, assuming that m(v, ) =0 for alii,
is given by Eq. (3.3) with M =&: R,o' =1.2836
x10 4. Incorporating radiative corrections (RC),"
one obtains R, ' ' =1.233&10 ', whence

(exp)R&: (p ~ gg) = 1 028% 0 019 (3.4)

(For the Columbia-Nevis experiment alone, R,'"~»

= 1.033 a 0.019.)
The most recent measurement of R~ was per-

formed by a CERN-Heidelberg experiment, which
obtained24 R»""= (2.45+ 0.11)x 10 ~. The weighted
mean of all experiments yields'4 R» ""= (2.425
g0.14)x10 5. The lowest-order V-A prediction
is R»"' ——2.5690 x 10 ~. Because the (structure-
dependent term in the) radiative correction is un-
certain, we shall write R»' " ' =R»I'(1a 5»»e'},
where 5~" ' represents this uncertainty and might
be as large as -0.05. Then
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( exp)

R~ =—
(p Rc) =0 944k &Rg (3.5)

IR("c&-R(""
I ~(R„), (3.6)

where aR~""=0.055 for 6'" '=0 and 0.07 for
6r(Rc& =0.05. (The CERN-Heidelberg experiment
alone gives R~""'=0.954+ &RE "", where &R~'""

p p43 for 6(Rc& = 0 and 0,06 for 6(Rc& p p5 48)

Evidently, R,'" ' is only consistent with unity at
approximately the 1.50 level. In view of the un-
certainty in the (structure-dependent part of the)
radiative correction for R~ '" ', it is doubtful
whether one can use R~ ""as reliably as R,'""
to test e- p, weak universality or to constrain neu-
trino masses and mixing angles. However, it is
amusing to mention here a result which will
emerge from our analysis to be given below: for
certainrangesof m(v, ) and IU„I, a=1, 2; HSC i,
which are allowed by other phenomenological
constraints, R, is slightly greater than unity,
while R~ is slightly less than one. Indeed, it is
conceivable that the deviations of R, and R~ from
unity are hitherto unrecognized indications of the
presence of HSC neutrino modes in ~„and K„de-
cays.

The R„constraint on neutrino masses and lep-
ton mixing can be written in the form

I

C(RN) =O (3.7)

where o„ is the one-standard-deviation error in
the measurement of RN'"". In (3.6)

~ (RC)
~ (RC) —R(P; Rc)

N
(3.8)

As before, the superscript (RC) signifies that the
quantity contains order- ~ radiative corrections.
It is easy to see that to our order of accuracy the
radiative corrections to the ratio R„'" ' are negli-
gible. Denote the radiatively corrected total rate
for I' /, vi as

I'"c'(M' -I,'v;) -=I'0(M' —I;v,)[I+&(5N, 6N()] .

Then the conventional result is
R(0&Rc& R(0&(1 +~ )

where the correction

6N —= 6(6N, 0) —6(6N, 0)

was calculated by Kinoshita. Now

(3.9)

(3.10a)

(3.10b)

where 0(RN) is a measure of the uncertainty in the
determination of R„'" '. It is reasonable to take

IU, I
+ Q IU, I p(6,",6N)g«&, [1y~(5", 6N) . g(5N p)]

I
U .

I

2+
I U .

I
2p(6N 6N)g(N& [ I y g(6N 6N) g(6N p)]

(3.11a)

Clearly, the difference between R„'" ' and

I
U I2 P Q I U I2p(6N 5N)g(N&

ie{il,) i&{iH~

(3.11b)

is a second-order correction, since the
I U«I2,

a =1,2; i (=-(iN}, are forced by the totality of ex-
perimental data (if not always by the individual
R, or RN constraints alone) to be quite small,
whereas equivalently Q ««» I U„ I' is nearly equal
to one. To a very good approximation we may

therefore state the R„constraint as

IRN- R.'""I-"(R.). (3.12)

U 2g(6N 5N) g(N& 1]
N 1 + U 2 [ (6N 6N)g(N& 1] (3.13)

and the constraint (3.12) can be written explicitly
as

In order to determine the bounds on an HSC neu-
trino mode we shall consider the simple case of
n- 1 light neutrinos and one HSC mode, labeled i.
(The minimal and currently most interesting
special case is n=3, i=3.) Then

Il-R'" '+ IU;I'[p(6N, &N)- I] —IU„I'[i (6"., 6", )-1]
I .,„I ~ IU I2[p(6N 6N) I] (3.14)

It is worth recalling that the R„bound can be ex-
pressed in two logically equivalent ways: If
m(v, ) =m„ then only those values of

I U« I
and

I U2; I
which satisfy (3.14) are allowed" or, in

contrapositive form, "if IU„.
I

or IU2; I
lies out-

side of the range allowed for a given m(v, ) = m0

by (3.14) then m(v, ) vm0. Moreover, it must be

l

stressed that we are concerned here only with the
implications of the R„constraint. Although the R,
and RN constraints alone (and, at the 2o level, to-
gether) would allow rather large values of

I U„ I

and/or
I U2; I

(HSC i) for certain ranges of m(v, .),
we do not mean to imply that there are not other
experimental constraints which. would preclude



1258 ROBERT E. SH ROCK

(c)

I.05

Rw

—(exp)

I.oo

0.95—

I

I

I

I

I

I

I

I

(b2)~

0 20 40 60 f
( )80 IOO l39

m(v))~(.
,
) (Mev)

FIG. 20. Schematic plot of various possible qualita-
tive behaviors (solid curve) of the ratio R, in the case
of one HSC v&. The central value of R,'~' is indicated
by the dot-dashed line, while the 10 upper and lower
values of this ratio are represented by the adjacent
horizontal dashed lines. The vertical dashed line
roughly indicates the value of m(v&),'~et) corresponding
to the energy cut applied in the data of Ref. 23. For
explanations of the possible behaviors described by
the sets of curves (a) and (b), and the significance of the
dotted set of curves (c), see the text.

such large values of HSC mixing coefficients. In-
deed, there are: for example, neutrino oscilla-
tions of the HSC type, which would be spatially
approximately uniform, in contrast to the possible
oscillations inferred in Ref. 12. But it seems
worthwhile at least to clarify precisely what
bounds the R„constraint alone places on the

I U„j,
& =1,2; HSC i, and that is the purpose of this sec-
tion.

Since the experimental conditions are somewhat
different for the ~» and K„measurements, we
shall discuss the corresponding applications of
this general constraint separately. We consider
R, first and for illustrative purposes plot this
ratio schematically as a function of m(v;) in Fig.
20, using the cuts of the Columbia-Nevis experi-
ment. As m(v;) increases from zero, the helicity
enhancement effect raises p(5$, 5f) much faster
than p(5"„, 5";) and consequently, unless

I U&; I«
I
U„. I, R, increases above one. This behavior

is illustrated in Fig. 20. Two curves are shown,
corresponding to two different values of

I U~; I,
labeled in order of increasing magnitude by (al)
and (a2). The larger the value of

I U„j, the more
rapid the rise in R, as a function of m(v;). The
experimental value (3.4) is shown as the dot-
dashed line, together with the tolerance limits
R,'""we(R,), plotted for ~(R,) =O, as dashed lines.
The ranges of m(v;) within this interval for which
the two different values of

I U„j represented by

curves (al) and (a2) are allowed or forbidden are
evident from the graph. The size of

I U2,. I
also

influences R„but for fixed m(v;), its effect is
much smaller than that of

I U„j. For 0 &m(v;)
&4.9 MeV, p(5'„, 5';) is greater than, but extremely
close to, one; recall from Sec. II that p(5'„, 5';),„
occurs at m(v;) =3.4 MeV and is equal to1.00004.
For 4.9 &m(v;) &33.9 MeV, p(5'„, 5';) decreases
smoothly from one to zero. As m(v;) increases
beyond m(v;)", 8,",„, falls to zero, and for larger
values «m(~;), R, =(1- IUi;I')/(I- IU2;I'), in-
dependent of m(v;). In an actual experiment this
falloff would be somewhat smeared out because
of the imperfect resolution with which jp, I

or E,
are measured. In Fig. 20 two possible values of
R, are shown in this region, labeled by (bl) and
(b2), corresponding to

I U«j &
I U2, I

and
I U«j

&
I U„j, respectively. Note that if, as in Ref. 46,

one had failed to take account of the experimental
cuts, then one would have obtained the erroneous
dotted curves labeled (c). For m(v;) in region (a)
R, does place a stringent upper bound on

I U&; I,
together with a weaker upper bound on

I U„j over
part of this interval.

Consider first the range

0 &~(~;) &m(v;),'"=4.9 MeV. (3.15)

In this interval the coefficient function [p(5'„, 5;)
—1] of

I U2; I
in Eq. (3.13) is positive. (The co-

efficient function [p(5», 5r) —1] of
I U&,. I

2 in Eq.
(3.13) is always positive unless m(v;) is extremely
close to the kinematic limit, 33.9 MeV. ) Hence,
for fixed m(v;) and

I U&; I, an increase in
I U2; I

de-
creases R,. Thus, for fixed m(v;), the maximum
allowed value of

I U&, I
increases as a function of

I U2,. I, although, as will be seen, this effect is
quite small. The subset of the unit square in the

I
U„. I',

I
U„j' plane which is allowed by the con-

straint (3.14) for a typical value of m(v;} in the
interval (2.15), m(v;) =3 MeV, is shown sche-
matically in Fig. 21(a). We include this figure
only for illustration, since it is the intersection
of the regions allowed by the R, and R~ constraints
which is of physical interest. For ciarity the
scale of the

I U„j axis is greatly magnified rela-
tive to that of the

I
U„j' axis. The dashed area

corresponds to the allowed region for e(R,}=o„
while the dotted area applies for the more lenient
assignment e(R,) = 2o, (roughly a 95%-confidence-
level limit). Before stating the bounds analytically
we introduce some nomenclature. First, the terms
"upper bound" and "lower bound" on

I U„j will be
taken to mean 'upper bound less than unity" and
"lower bound greater than zero" on

I U~, j. Second,
since there may or may not be an upper or lower
bound on I U„j, b = 1, 2, depending on the values
of other parameters, we shall often give such
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where f and g are generic functions. The sub-
script a stands for allowed" and indicates that if
f &0 or g& 1 there are no solutions for

I U&, (
and

I U„ I
which satisfy Eq. (3.14). As is evident from

Fig. 21(a), (U„( has an upper bound for all
( U„(;

it is given by

bounds in the form

(U~, (2& min{1,f], (3.16a)

I U~; I

~) max(0, g], ,

(3.18)

(3.16b)

(U i 2. R.'""- I+~(R,)+ I &~; I'[p(6'. , &l) -I][R,'""+~(R.)l

Since [p(6'„, 6;) —1]c 5x 10 4 while [R,'"» —1+&(R,)]=0.05 [if one takes e(R,) =c,], the second term in the
numerator of the right-hand side of Eq. (3.16) is negligible compared to the first. Hence, the upper bound
on

I U~;( is almost independent of
I U2,. (

for this range of m(v, ). There may also be a lower bound on
I Uq; I:

0
R"""—I —&(R.) +

I U2a I
'[p(~'. ~i) —17 [R,'""- &(R.}]

For e(R, ) =o, this is a nontrivial bound. It is easily seen that the constraint (3.16) by itself yields no
upper bound on (U„l. Of course such an upper bound is imposed by the totality of experimental data rele-
vant to possiMe HSC neutrino modes; however, we are examining only the implications of the R„con-
st~aint here. To a very good approximation,

I U2; I
also has no lower bound. Strictly speaking, there

exists an extremely narrow range of values of
I
U„.

I
for which there is such a lower bound, given by

2) 0
1 —R"""-&(R.)+ IU»l'[p(5:~~:.)-1]

namely the range

R,'""—1+e(R,), R,'""—1+e(R,) + [p (6'„, 6;}—1][R,'""+ ~(R,)] (3.20)

Consider next the region

(3.22)

4.9 MeV &m(v, ) ~ m(v;)" (3.21)

Here p(5'„, &';) &1, so that for fixed m(v, ) and
I U„ I, an increase in

I U2; I
increases R; consequently, the

maximum allowed value of
I U» (

is a decreasing function of
( U» I, in contrast to the situation in the inter-

val (3.15). For m(v;) in the interval (3.21) the allowed region can be either of two types, shown for repre-
sentative masses in Figs. 21(b} and 21(c). Observe that for e(R,) =o, (represented as before by the dashed
area) the immediate neighborhood of the origin is forbidden.

I U„ I
has the upper bound

R,'"~' —1+e(R,) —
( Up; (2 [1—p(6'„, 6';)] [R,'"~'+ e(R,)]

p(6;, 6;) —1

Here the second term in the numerator of the expression on the right-hand side of (3.22) is not in general
negligible compared to the first. The absolute maximum value

I U&; I „, occurs for
I
U„(=0. For suf-

ficiently small
( U„( there can also be a lower bound on ( U„.(:

R""'-1-~(R,)- IU I'[I-p(6:, n)][R."""-~(R.)1

(U2;I may have an upper bound:

, R&'"»- I+~(R,)- (U„('[p(6:,6', )- 1]
(3.24)

As with
I U&; l,b, , the absolute maximum value

allowed for
I
U„. ( is reached at

I
U„(=0. The con-

dition that
I U2; l,„, ,„be less than unity is

p(6» ~~) & [R,'""+&(R,)] '. For e(R, ) = a', and
2c, this condition is satisfied for m(v,.) z20 and
21 MeV, respectively. In the interval (3.21) there
is no lower bound on (U»l. Thus for 4.9 ~ m(v;)
~ 20 MeV the allowed region has the qualitative

(3.25)

then (3.14) reads simply

:t'orm illustrated with the particular value m(v;)
=10 MeV in Fig. 21(b), while for 20 MeV~ m(v, )
&m(v, )' it has the form illustrated with m(v, .)
= 35 MeV in Figs. 21(cl) and 21(c2).

Finally, if

m(v;) )m(v, ) ";&,
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m(vl) = IOMeV

~ ~

~i, abs max

I

I

l

l

l

I

l

I x IO 2xlO

u,

rr
0 I x IO 2x IO

u

(b)

IO

0.05-
0.04

m(v() =35MeV
0.06

us
0.04

m( v;) = 35 Me V

e(R~) = 2~„
Xl
O

lO

0.02 0.02

I x IO 2x IO

2.5x IO

(c.l)

l&sr 0
I

JLrr
I x IO 2 x IO

( c.2) IO I

lo ao ~o 4o
m(v, ) (MeV)

I

50 60 65 l5S

O. I

I

m(y)) ) m(lrI) „t
(ve)

FIG. 22. The maximum values of the coupling coeffi-
cients IU&J and IU2&I allowed, for e(R,)= o„hy the R,
constraint in the case of one HSC v;, plotted as functions
of m(v;}. See the text for further details.

0.05

0.05 O. I 2 I

PIG. 21. Schematic plot showing the shapes of the
regions in the IU&;I —IU2J parameter space aiiowed,
for various values of m (v;}, by the 8, constraint by it-
self. The diagonally slashed regions represent the
bound (3.12}with e(A,}= O„while the dotted regions
correspond to the same bound but with c(R,) =20,. The
value for, in the case of graph (d}, the range of valuesj
of m( p&) which applies for each graph is indicated on
the figure.

",—R,'"" «s(R, ) (3.26)

independent of the actual value of m(v;), so long as
it satisfies (3,26). The locus of solutions to this
inequality is the diagonal strip shown schematical-
ly in Fig. 21(d). The constraint (3.14) also yields
the bound (3.26) for I= nor K if m'(v,.) & m„- m„
independent of the experimental cuts in that case.
It was this special case to which the general R„

constraint was applied in Ref. 5, and the result
(3.26) was noted there.

The values of (U„), and (U„~ „, „areabs max

plotted in Fig. 22 as functions of m(v;) for the cuts
used in the Columbia-Nevis &» experiment. Note
that for m(v;) & 4.9 MeV these values cannot occur
simultaneously.

%e next proceed to consider the R~ constraint.
This is slightly more complicated than that for
8, because 8„','„, is a nontrivial function of ~p„~.
The behavior of Jf» as a function of m(v, ) is shown
schematically in Fig. 23 for various choices of

( U„~, a= 1, 2, and for the cuts used in the CEHN-
Heidelberg experiment. Observe that the coeffi-
cient functions [p(6», , 6»)8,'»',

,
—1] of the

~ U„~,
a=1, 2, in Eq. (3.13) with M=K are both positive
for m(v;) less than the respective m(v,.)'»,',&', for
f, =s, ii, and drop to —1 at these values of m(v;).
Apso~i, the cuts might have been sufficiently
lenient that one or both of the 0,'~',„, functions re-
mained equal to one all the way up to the respec-
tive neutrino masses m(v, ),'»'e' at which p(6», 6»)
dropped below one. However, this is not the case
in existing experiments; for K, 2 decay, as men-
tioned above, m(v;)'»„", =82 MeV while m(v;)'»"
is extremely close to the kinematic limit, 493.2
MeV. Similarly, in K„2 decay, m(v;)',»,"'=118
MeV, while m(v;)p"' =382 MeV. Moreover,
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FIG. 23. Schematic plot of various possible qualitative
behaviors (solid curves) of the ratio RE in the case of
one HSC v&. The central value of RE'" ' is indicated by
the dot-dashed line, while the 10 upper and lower values
of this ratio are represented by the adjacent horizontal
dashed lines. The vertical dashed lines represent the
values of m {v&),'+t'fI' corresponding to the cuts applied
to the data of Ref. 24 to define the K' .e' "ve" and K'

p', "v„"event samples. See the text for further expla-
nation of the possible behaviors represented by the sets
of curves (a), (b), and {d), and the significance of the
set of curves (c).

m(v, )',» & m(v;)P,"'; we shall assume this in-
equality in our general discussion in order for it
to be directly applicable to the CERN-Heidelberg
experiment from which the numerical values of
these cuts were taken. Given these initial re-
marks, let us analyze the behavior of R~ and pre-
sent the resulting bounds. We consider first the
region 0 & m(v;) ~ m(v;)', » . As m(v;) increases
from zero, R~ will rise monotonically above one
if

I U„ I

~
I U2;, this situation is illustrated

schematically in curve (al} of Fig. 23. If
I U« I/

I U» I
is sufficiently less than unity, then R» will

begin by decreasing below one. If there exists a
value of m(v;) less than m(v;),'» such that
IUi;I'[p(5» 5i)-I]= IU2;I'[p(5» 5»~)- I], then
R~ will reach a minimum and curve upward again,
crossing unity at this value of m(v;). This case
is illustrated in curve (a2) of Fig. 23. If

I U„ I

«
I U2; I, then the value of m(v;) which would yield

the above equality among coefficient functions
might be greater than m(v;}'»; in this case R»
would remain below unity throughout the range
0 &m(v;) &m(v;)'» . This third case is shown as
curve (a3). As m(v;) increases past m(v, )'»
8, ,„', —0 and R» drops to (1 —

I U„ I

'
) /

(1+ ~ U2& I [ p (5"„,&, ) —1]). This, is less thanunity
for all m(v;)',» &m(v,.) &m(v;)'»„", ' and

I
U„. I, a

=1,2, and decreases as a function of m(v;). The
behavior of R~ in this interval is illustrated by
curve (b) of Fig. 23. The dotted curves labeled

(c) indicate the spurious further growth in R»
which one would predict if one neglected the ex-
perimental cuts. Finally, for m(v;) & m(v;)',"'
R» takes on the value (1 —

I U« I
')/(I —

I U2; I ), as
shownby the lines (dl) and (d2) for

I U«I& IU2il
and

I U« l~ I U2~ I respectively.
Analytic expressions for the bounds on

I U.; I

'
from the R~ constraint can be derived in a manner
similar to that for the R, constraint; we omit the
details for brevity. It is straightforward to take
the intersection of the regions allowed by the R,
and R~ bounds to derive resultant overall allowed
regions for particular values of m(v;). However,
it is important to remember the uncertainty in the
radiative correction for R~. EspeciaQy in view of
this, one might take the more cautious position of
using the 95/0-confidence-level errors for R,""~'

and R~
" ', which would allow not only the conven-

tional V- A theory with m(v;) =0 for all i but also
a wider range of possible values of

I U« I
and

I U2; I
for a given m(v;).

Before comparing the bounds on I U„.
I

from the
R„constraint with those obtained in Sec. II from
the application of the M, 2 spectral test, one should
emphasize that the constraint and test are on
somewhat different logical footings and yield dif-
ferent information about possible HSC v; decay
modes. The spectral test is direct and is capable
of being used to discover HSC v& lines in the
charged-lepton spectrum. It can be applied on an
event-by-event basis and can be used to determine
m(v;} and, with the testable assumption of V- A.

couplings, R„= IU„ I' for each of these lines,
separately. If such an HSC v, decay should be ob-
served in any one of the various M...decays, one
could predict where to search for it in each of the
other decays in which it would be kinematically
allowed to occur. In contrast, the R„constraint
is not capable of proving the existence of an HSC
v, decay, much less of determining m(v;) or R„.
for such a mode. Even if a statistically significant
deviation of R„'""' from unity should eventually be
established and the radiative corrections were
calculable with sufficient accuracy for this devia-
tion to be used to gain information about the rele-
vant weak interactions, this effect would be due to
all of the HSG v, contributions present, as well as
possible other new phenomena (see below) and

could not, without further input, be utilized to in-
vestigate any particular v, mode. In the absence
of any positive HSC v, signal, however, both the
spectral and branching-ratio tests yield useful
bounds on R„.

In passing, it is interesting to comment on pre-
cisely what information the R„measurement does
provide about weak interactions and, in particu-
lar, about possible charged-Higgs-boson con-
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tributions to M, z decay. Historically, the agree-
ment between R,'""' and R~"", and the predic-
tions of the V- A theory with radiative correc-
tions played a key role in providing support for
this theory and for the universality of ev, and
p, v„couplings incorporated in it. Indeed, it is
often stated in the literature that this agreement
confirms that the relevant couplings are V- A.

and, furthermore, proves weak e- p, universality
to the respective experimental levels of accuracy.
In fact, however, both statements are incorrect,
even in the conventional theoretical context of
massless neutrinos, and hence no lepton mixing.
To show this, we consider for simplicity the case
where the charged-current couplings are of the
pure (V, A.) form. Then

c (ei'e) 2 + c (e&e)

. ( N )(V, A);m =0 C(uvre)» 2+ jC(v~+)I 2

Thus the experimental finding that R„"""'=1 to
the 1.5o and - 1o levels for M = r and K, respec-
tively, does not prove e- p, weak universality,
which is the statement that4'

(3.27)

and

c(ev~) c(f a„)
V V

C(eve) =C (+v

(3.28a.)

(3.28b)

but rather only the substantially weaker condition
that

Ie"""
I

'+ Ie"""I'= I""""
I

'+ I""""
I (3»)V A y A

to within the respective experimental uncertain-
ties. Further, as is clear from Eq. (3.27), the
R„measurement, by itself, gives no information
on whether the couplings are V —A or not. It is,
of course, true that the measured42 44

p, polar-
ization in &„2 decay demonstrates this to -30%
accuracy, and a combination of data, the most
precise of which comes from»( and nuclear P
decays, establishes the V- A. nature of leptonic
weak- charged- current couplings and the property
of e- p universality to reasonably high precision.
But when analyzing what constraints R„'""'pro-
vides concerning possible new phenomena such as
neutrino masses and mixing, it is well to specify
precisely what information it yielded in the con-
ventional case.

In the more general context of nonzero neutrino
masses and Uc 1, it is necessary to redefine the
meaning of e- p, weak universality. We restrict
this redefinition to (V, A) couplings, since the
(S,P) couplings due to Higgs-fermion interactions
are naturally proportional to the fermion masses
and hence would intrinsically violate e- p, uni-
versality. We first note that a very weak definition
would be g";

& I U„j '=g&, I U,~ I
', which of course

is automatically satisfied in the standard electro-
weak theory. A stronger form of the definition
would be Z e( ~» I U( I =~&au» I U2» I

which cor-
responds more closely to the meaning that the con-
ventional definition would have if directly reinter-
preted in the more general context of interest
here. The strict requirement that

I U„j=
I U2; I

for all i would be an unnatural one to use for the
generalized definition since it does not correspond
to the effective meaning of the old e- p, universality
property and, indeed, is strongly violated if 0 is
close to the identity. Thus, one may say that,
even before considering the effects of Higgs-boson
couplings, e- p, weak universality is naturally and
generally violated if m(v, .) x 0 for some i and Uw l.
However, this (tree-level ) violation may,
a priori, be arbitrarily small. In contrast, as is
well known, Higgs-boson couplings would also,
and intrinsically, violate this universality of
couplings. Just as in the conventional framework
the agreement betwee~ the V- A theory and the
experimental measurements of R, and R~ could
not, by itself, prove e-p, weak universality, so
also, a fortiori, it could not prove this in the
more general case of nonzero neutrino masses
and lepton mixing. The ratio R„could equal unity
to within the experimental accuracy even if the
most reasonable definition given above did not hold,
i.e., even if Q;ei(» I U(; eZ&e(&~» I U2» I, as long
as the HSC contributions compensated for this in-
equ. alif.y, so that

U 2+ U' 2~ gN graf g(h/)

HSC i

= Z IU I'+ Z IU I'p(0. &")i'"'
~C~~I, ~ HSC j

to the required precision. It is certainly true that
this compensation couM justifiably be considered
conspiratorial, but if. is nevertheless possible.
conversely, even if Z,.e(; » IU„. I'=Z~ (, » IU2, I',
R„would in general differ from unity. Hence, in
the general context of m(v;)))0 and Ug1, it would
be difficult to use an experimental measurement
of R„ to test even a redefined form of e- p, weak
universality. For an experiment seeking to test
e- p. universality by measuring R„, a necessary
first step mould be to set its own upper limit on
possible HSC v; decay modes both inside and below
the dominant light. -neutrino peak. Subject to the
reasonable assumption of the absence of anoma-
lously strongly coupled charged Higgs bosons (see
below), it could then establish a consequent upper
limit on the deviation from effective e- p, weak uni-
versality as defined, say in terms of the quantity
(P,«,„jr.„j'-P, „.„IU„I')..Histortcauy, the
measurement of R, and R~ yielded a very stringent
upper limit on the possible admixture of (S, P)
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charged weak couplings. However, it is worth-
while to observe that a certain type of (S, P)
coupling evades this upper limit. Consider a
general interaction Lagrangian of the form

(c(f2f i& pc &ftf i& )y grar —
2~2 y'& I z A 5 y&

+ g, ,(c "2«& + c'~t~i&, ) y, y+ H

and

c' 2&'i'=X(m +m )c' 2ji'

(3.31a)

(3.31b)

where X is an arbitrary constant, then, indepen-
dent of the values of m(v;) and V, the presence
of these (S, P) couplings does not change R„or
P,',"(M,,t) from their (V, A) values, Hence, in par-
ticular, in the conventional frameworI&: with m(v, )
=0 and U= 1, the experimental finding that R„=1
to a given degree of accuracy does not, by itself,
rule out (S, P) couplings of arbitrarily large mag-
nitude, provided that they have the form given in
Eq. (3.31).@ However, having made this observa-
tion, one should add that, although the relations
(3.31) are not unmotivated in certain models,
typically X-m~ ', so that even if present at full
characteristic strength, the charged-Higgs-boson
exchange would make negligible contributions to
the amplitude for M» decay. This fact is im-
portant for our use of the R„constraint to derive
correlated bounds on m(v, ) and R„since, a priori,
a deviation of R„'" ' from unity could not be taken
to suggest the existence of HSC v; decay modes,
even assuming that the radiative corrections were
sufficiently accurately calculable, unless one
could demonstrate that such a deviation could not
be caused by other phenomena such as charged-
Higgs-boson exchange. Thus for a given HSC v;
decay mode, while a Higgs-boson contribution
might be present, it would generally only be sig-
nificant, relative to the regular W term, where
both were extremely small.

From the point of view of planning experiments
to search for HSC v; M, , decays it is of immedi-
ate interest to know what upper bounds are im-
plied by our above analysis of existing data on the
branching ratios for these decays, relative to the
dominant light-neutrino modes. Having obtained
a set of correlated upper limits on the

~ U„~ t

= R„as functions of m(v, ), it is now straightfor-

(3.30}

where (q, and g& are two generic fermion fields
and II&'and Q denote the charged vector and scalar
boson fields. If the (S,P) couplings have the
form
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FIG. 24. The upper bound on the ratio of HSC to the
sum of light-neutrino branching ratios for g,2 decay,
B»&z (x~2, m(v&}}. See the text for definitions and fur-
ther explanation.

ward to answer this question, since

B„q,PVS, ,; m (v, )]=R„p(5,", 5", ), (3.32)

where the subscript H/L refers to HSC modes
relative to the sum of L(D+ S)C modes. B„fr,(&T„2,

m(v, )) arises from the»„2 spectral test and ac-
cordingly is graphed in Fig. 16 as the dotted line
(which coincides with the solid line except near
the end point at 33.9 MeV}. The upper bound on

B«~(w, 2;m(v;)) is presented in Fig. 24. The
vertical dashed lines indicate where the limit from
the R, constraint ceases to apply and where the
bound from the E,2 spectral test starts to apply.
Because of the'uncertainties in the radiative cor-
rections for R» and hence for s(R»), we have
chosen not to graph the upper bounds due to the
R~ constraint. It is straightforward to derive
these from the various equations presented in this
section, given as input a choice for 6~(R ' and thus
s(R»). We emphasize that although no upper limit
is drawn in the region 65 em(v, ) z82 MeV, the
R~ constraint does yieM such a limit, albeit a
model-dependent one. The upper bound on

B~&»(K„2,m(v;)) is plotted in Fig. 25. For m(v;)
~34 Me& it arises from the &„2 spectral test; for
m(v;) e(34 MeV, 65 MeV) from the R, constraint,
and for m(v;) c (85 MeV, 118 MeV) from the K„t
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FIG. 25. Same as Fig. 24 but for E» decay. See also
Ref. 25.
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FIG. 26. Same as Fig. 24 but for E~2 decay.

spectral test. In the interval m(v, ) c (65 MeV, 82
MeV) the bound (3.26) from the It, constraint, to-
gether with a (model-dependent) value of

I
V„.

I

from the R~ constraint, places an upper limit on
the relative branching ratio, not plotted in Fig.
25. (See alsoRef. 25.) Finally, Bz&H(X,„m(v, ))
is presented in Fig. 26. It relies upon the g, con-
straint for m (v,) 6 65 MeV and the direct K„spec-
tral test for m (v, ) c (82 MeV, 163 MeV). In the
region m(v, ) c (65 MeV, 82 MeV) the model-inde-
pendent upper bound from the A~ constraint should
be recalled; however, for m(v, ) &163 MeV neither
the spectral test nor the B~ bounds yields any use-
ful upper limit on B«~(ff'„;m (v,)).

IV. THE LEPTONIC DECAYS OF HEAVY CHARGED
0 MESONS

The application of the general t;heory to the lep-
tonic decays of heavy charged 0 mesons is some-
what more complicated than for light mesons, but
again yields a number of striking and testable pre-
dictions. Indeed, such mesons may serve as un-
precedented sources for the production and study
of heavy neutrinos.

These complications stem partly from the un-

availability of beams of heavy mesons and the low
production rates, via e'e annihilation, relative
to the copious production of r's and E's in fixed-
target accelerator experiments. In particular,
although there are 'factories" for the production

of the light new-flavored 0 mesons, such as the
g"(3.770) for the D's, the mesons with maximal
leptonic branching ratios are heavier, as- will be
shown below, and for them one cannot expect such
convenient sources. Furthermore, whereas one
can stop &'s and K's in an absorber to study their
decays, heavy mesons have sufficiently short life-
times that they will decay in flight. However, if
the center-of-mass energy ~s is not too far above
threshold for the production of a given heavy
meson, it will have a relatively low velocity, and,
independently of this, one can tag the three-mo-
mentum of one M' in a pair by measuring the de-
cay products of the other member of the pair, so
that the decay in flight does not necessarily pre-
sent a serious problem. The branching ratios of
the dominant leptonic decay modes of heavy
mesons are substantially smaller than those of
the dominant modes ~„,and E„,of the light
mesons. Finally, there is another complication
which arises from the fact that in the leptonic de-
cays of heavy mesons some, such as those in-
volving the z lepton, will be cascade decays.

The rate for the decay M'(q„(-', )q,(- —,'))-I;v,
is modulated by the quark-mixing-matrix factor
! v„I ~. Experiments on V-suppressed versus V-

allowed nonleptonic D decays and experiments on
the (x „,dependence of) charm-induced dilepton
production in deep-inelastic v„and v~ reactions
have show«h« I& /&..I'-=IV /V2, I'- I&../& I'
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=—
l V»/V«l, which latter ratio is known~' to be

-0.05. Prom an analysis of constraints on quark-
mixing angles arising from the K —K transition
and the K~ —p,

'
p, decay rate, one can infer that

l V„,/V„l'=-
j V„/V, ll'«1 and, more generally,

that, barring fi.nely tuned cancellations, quark
mixing should be hierarchical, as defined before.
This finding that

l V23/V» l

2 «1 has recently re-
ceived experimental support. s It is reasonable to
expect that this V dependence will continue to hold
for the t-flavored mesons. Note, however, that
although one has a rough measure of

l V„l and

j V»l individually from v„and v„reactions, the
theoretical and experimental result that

l V,QV»l'
«1 does not fix the precise magnitude of either

V/3 l
or

l V23 l
individually. Now, since leptonic

decays must involve the factor
l V„, l

2, whereas
the dominant semileptonic and nonleptonic decays
will only involve max( j V,„V j

2)=
l V"„„„V,„,j

= 1, the branching ratio B(M'(qg, )-l;v, ) is maxi-
mized if ~=s. It follows that the heavy 0 mesons
of primary interest here are F, M' (cb), and.
M'(f5) Unf.ortunately, one will note that, for a
given heavy flavor f, these are not the lightest
f-flavored mesons, and for increasing m(qz) they
become progressively heavier relative to these
lightest f-flavored mesons. A consequence which
was alluded to above is that, to the extent that
there exist q&-onium resonances which are just
above threshold for the production of bare f
flavored hadrons, and hence serve as factories
for the lowest-lying states, such as the 13D&
g" (3.770) for D mesons or the 43S,T (10.55) for
the low-lying 0 I3 mesons, '2 these will not yield
the mesons with optimal leptonic branching ratios.
Although this is certainly a disadvantage, it may
not be too serious. Consider, for example, the
lowest-lying heavy meson of interest here, name-
ly the F. In order to study leptonic F decays, one
could tag one of the F's, say the F', produced in
the e'e —F'F reaction by observing a V-allowed
nonleptonic decay of its partner F, such as F

One couM then search for events in which,
besides the hadron system whose charge and mass
reconstruct to those of the F, there is a single
e' or p, '. As we will show, there may also be
spectacular events in which, besides the hadrons
which reconstruct to the F, and the single e' or
p. ', there is a high-energy particle pair, which
would usually be e &' and sometimes e e' if n=3,
but could include e' p, ', p, p, ', p. &', etc. , if n& 3.
This pair would have a production vertex which in
general, and especially if n =3, would be sepa-
ra, ted by some distance from the e'e interaction
point. It would also have a substantial invariant
mass, which in the l, l, case would show that it
was not due to the conversion of a photon.

In the conventional theory of the leptonic decay
of a heavy 0 meson M', even in the V-favored
case, the e'v, and p'v„modes have very
small branching ratios because of the usual
kinematic suppression. For the c- and b-flavored
mesons, the dominant leptonic decay mode is
clearly M'- 7'v, . This is also true for the I;-

flavored meson M'(fq, ) unless there exists an

l4 with m, & m(M '(tq, )) such that (in the conven-
tional theory) 5, '(1 —5, ')2& 5, '(1 —5", ') . The
actual rate, and hence branching ratio, are not
precisely calculable, since, even if

l V„, l
is known

approximately, the heavy-pseudoscalar- meson
decay constant f„ is not. Estimates in various
models do indicate that f„ is an increasing func-
tion of m„.'3 In the case of the lowest-lying heavy
mesons of interest here, the F, a rough number
for the branching ratio B(F'- r'v, ) can be ob-
tained as follows. " The inputs for the calculation
of r(F'- r'v, ) in the conventional theory are m„
which has been measured to high precision,

l V22l,
which is reasonably well known, s m~, for which
there are some measurements reported, ""and

f~, which is not known. The original observation
of the F reported by the DASP collaboration at
DORIS yielded the value" m~ = 2.03+ 0.06 GeV,
which we shall use here. This value is consistent,
to within the errors, with the ones reported re-
cently by emulsion experiments. 56 As for f», a
conservative estimate would be that f»= f» =f,.
Next, one may use the quqrk-model estimate

wnere A, represents an effective strong-interac-
tion enhancement of nonleptonic charm decays
and is chosen to give the average observed semi-
leptonic branching ratio (—,')(B(D'- e'X) +B(Dv
—e'X))-0.1. When sufficiently accurate measure-
ments of the F lifetime become available from
emulsion or bubble- chamber experiments one
will be able to repla. ce this estimate with an ex-
perimental value, but the preliminary measure-
ments 8 have a large enough spread that we shall
continue to use the quark-model result. Then

(4.1)

Unfortunately, even when m~ and 7-~ are more ac-
curately measured, this branching ratio will still
be uncertain because of the lack of knowledge of
f~. The observed leptonic final state from the
F' will consist of (e' of p, ') +, where the
ellipsis represents the undetected (anti)neutrino(s).
(We concentrate here on the leptonic decay modes
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of the 7., since they provide signatures which are
more free of hadronic backgrounds than those due
to the semileptonic modes. ) Hence, it is clear
that one must contend with a rather small effec-
tive leptonic branching ratio B(E'- (e' or I"')

+ .). Since the effective branching ratio above
is evidently not reliably calculable, a more use-
ful quantity to consider is the ratio of integrated
single e' to l

' events, K~/N~. In the conventional
theory this ratio can be reliably predicted to be

N~
p (.;& =0~

sty= 2i03 GeV

B(F'- e'v, ) +B(E"-v. 'v, )B(v.'- v e'v~)
B(F' p, 'v„)+B(F' r'v, )B(r' v, t"'v„) (4.2)

where we have used B(7' v-, e'v. ) =B(7 '- v, I'v, )
= 0.175. In the conventional theory the ratio
B(7'- v, e.'v, )/B(7'- v, p, 'v„) is predicted to be
1.03, which agrees, to within errors, with the
experimental results'4 B(v '- v, e'v, ) = (17+1.1)%
and B(r'- v, p, 'v„) = (17.9+1~ 5)%. Note that in the
numerator of Eq. (4.2) the direct decay is com-
pletely negligible, while in the denominator the
direct decay constitutes about 30% of the total. A
more detailed prediction of this theory concerns
the momentum spectra for such single 8' and p,

'
events from leptonic I" ' decay. These spectra
depend on the angles of production of the E 'E
pair relative to the e'e beam axis and of the 7'
relative to the E' direction of motion, as well as
P~ and hence 0 s ~ Qualitatively, the e' momentum
spectrum would be determined by the usual dif-
ferential decay distribution for (three-body) lep-
tonic decay, appropriately twice Lorentz boosted.
For ~s & 2m~ they would peak around 1 GeV and
fall off for larger momenta. The p,

' momentum
distribution would consist of a part, comprising
about 70% of the total (assuming ~h'™~=2.03
GeV), which follows the same smooth shape as the
e' distribution, together with a part, comprising
about 30% of the total, which has the shape of a
sharper peak. In the rest frame of the E, the
latter peak would occur at jp, j

= (m~/2) (1 —6'„).
Assuming t.hat n=3, with obvious changes in m~,
f„, and V„„ the same discussion applies to the
leptonic decays of heavy b- or t-flavored mesons.
It might be noted that for these heavier mesons,
the contribution to N"„ from the direct decay M'
—p, 'v„would be commensurately smaller than it
is for the E. These, then, would be the features
of leptonic heavy-meson decay within the conven-
tional theory, or the generalized theory with suf-
ficiently small m(v;) and j U„. j, a~i.

However, aside from this special case, the pre-
dictions of the general theory are noticeably dif-
ferent from those of the conventional theory with

where
(4.3)

~o
8m, ' (4.4)

and g is the gauge coupling constant for the SU(2)~
factor group in the standard electroweak gauge
group. 4 Note that Go is not in general equal to the
"usual" p, -decay constant G„=Go""""'"'' because
of the effects of neutrino masses and mixing. How-
ever, for our present purposes we may neglect
this difference and approximate 6, = G„. %e shall
define the reduced rate

I'„(M'(q„j,) —l;v,. }=
j U. , j'p(5.",5f). (4.5)

It is useful to divide our analysis of heavy-0
meson leptonic decay into two parts; in the first
we shall assume that there are only t;hree genera-
tions of fermions, while in the second we shall
generalize this to n~ 3.

In the case n =3 the effective reduced rate for~'- l'+ ~ ~, a = 1, 2, is given by
3

(~+ 1++, . ) QjU j2p(5AI 6N)

+B(7' —v, l. v, )g j U„j'p(5&, 5~+),

where
3

B(r'- v, l;v, ) = Q B(7''- v, l;v~).
i, j= 1

(4,6)

(4.7)

Since the U dependence of B(r'- v,.l;v&) is
jU~;U,'~j', the dominant term in the sum in Eq.
(4.7) is B(r'- val; v&=,). Dropping completely
negligible terms in Eq. (4.6), we obtain

m(v;) =0 for all i. The rate for leptonic M' decay
is given by

Gm3f'
I'(iaaf (~„~.)-i:v,.}= ' 8,'™j V„j'jU„.j'p(6" 6")

I",(iif'-e'+ ")= jUi&j'P(0, &3)+B(~'- v, e'v. )j(1- ~ U»j') p(&,",0)+ jU»j'p(6" 5")j (4.8)
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and

r„(M'- p, '+ )= fU f p(5"„0)+ /U J'p(5", 5")+B( '-, p.
' „)[(1—fU

/
) p(5"„0)+ /U

f
p(5", , 5")],

(4.9)

where we have taken p(5,",5f) = p(0, 5", ) in the first
term of Eq. (4.8), since this term can only be non-
negligible if 5~~ » 5,". Let us comment on these re-
sults in the lowest- mass case of interest, where
M=E. First, given the upper limit (2 ~ 3), together
with the values of the reported measurements of
m~, 55'N a substantial mass m(v3) would sharply re-
duce the E' - 7

'
v, decay rate and possibly even

cause the dominant contribution to this rate, from
the mode F' - 7 'v3, to vanish. If the off-diagonal
lepton-mixing-matrix elements

~ U„~, at i, are
extremely Small, then this would have the effect
of rendering N~ utterly negligible and strongly re-
ducing N~~. Their ratio would then be N~/N"„« I,
grossly different f rom the prediction of the con-
ventional theory with m(v;) = 0 v i given in Eq. (4.2).
This effect is an obvious one and would have been
noticed even if one had neglected lepton mixing.
A more subtle effeet arises from this mixing,
namely that the M' - e' + ~ yield now has a non-
negligible direct, as well as cascade, contribution,
from thp decay M '- e' v3. Similarly the M '
—p,

' + - ~ yield receives a new direct HSC con-
tribution from the decay mode M '- p,

',
vs, in addi-

tion to the DC mode M '- p. 'v2 ~ The branching
ratios B(r'- v, l; v, ) would also change somewhat,
and their ratio (a=1 versus a=2) would increase
very slightly. Thus, for example, cons ide ring
the dominant modes in each case, the ratio (cal-
culated to zero-loop order) B(r'- v3e'v, )/B(7

v3p v2) would increase by about 0.2% as m(vg)
grew from 0 to 200 MeV. Given the constraints on

U, the reductions in the main DC cascade contribu-
tions to N~ and N ~ are not compensated by the
small HSC mixing terms, so that both of these in-
tegrated yields decrease somewhat as m(v3) in-
creases. Since the absolute sizes of B(F'- I;
+ ~ ~ ~ ) or, equivalently, in a given experiment,
N, , l, = e or p. , cannot be predicted very reliably,
it is not clear that one can gain much information
about m(va) from the absolute size of the lepton
yield. The following numerical examples will
serve to give a quantitative measure of these ef-
fects for the case n =3, M =F. Consider the value
m(v~) =200 MeV. For this value of m(v3) neither
the spectral test nor the branching-ratio con-
straint puts useful limits on ~U, 3~, a=1, 2. The
Rr constraint [in the specific form of Eq. (3.26)
with ~—K] does imply a certain upper bound on
the ratio (1 —

~
U,3~2)/(1 —~U»~~), depending on the

value that one takes for 5r'"c' and e(Rr}. To satisfy
this constraint trivially, let us choose ~U$3~ ~U»

r
Then for ~U&3~

~=
~

U23~ =0 001, the ratio N, /N„
=B(F'-e'+ ~ ~ ~ )/B(E'- p, '+ ~ ~ ~ ) =0.63, down

12.5'%%up from its conventional value of 0.72. Both
the 8' and p,

' yields have decreased, but not too
severely; N~/(N~) „„„=0.64 while N~/(N f) „„„.
=0.75. For the same m(v3), but the larger off-
diagonal mixing coefficients

~
U&3~ = IU»~ =0.01,

one finds similar results: N~/N"„=0. 64, N~/
(N~) „„„=0.68, and N~/(N'"„) „„,.=0.77. Thus,
the dominant effect is the differential reduction in

N," and N"„due to the increase of m(v3) and the
fact that N „has a significant contribution, from
the direct decay E'- p,

'
v2, whereas N~ does not.

If the various unknown constants in Eqs. (4.1),
(4.8), and (4.9) turn out to have values such that
the single 8 and p, yields from E decay are large
enough to be experimentally observable, then one
can search for the change in N~/N~ which may
serve as an indication that m(v&) is substantial ~

There would also be a small shift in the momen-
tum spectra of the e' and p,

' events which arise
from the E'- v

'- (e', p, ') +. cascade decay.
The p,

' peak from the direct DC dec'ay E' p' v2

would, of course, not shift. Because of the lepton
mixing and growth of m(v3), there would appear a
new peak in the e' spectrum located, in the rest
frame of the E, at ~p, ~=(m~/2)(I —53), corre-
sponding to the first term in Eq. (4,8) with M= E.
Similarly, there would appear a new peak in the
p,
' momentum spectrum positioned, in the F rest

frame, at
~ p„~= (m~/2)X~~2(1, 5"„,5f), correspon-

ding to the second term in. the M = E version of
Eq. (4.9)~ However, numerical studies show that
unless m(v3) is so large that the DC decay E'

7- ' v3 vanishes, these HSC peaks will have ex-
tremely small strengths relative to the smooth
Lor entz- boosted three-body l,' momentum dis-
tributions and, for a = 2, also relative to the p,

'
peak from the E '- p,

'
v2 decay.

In the case n = 3, M = M '(cb) or M '(tb), the con-
ventional value of Nf/N"„would be closer to unity
than it is for M = E, because the direct contribu-
tion to N "„ from M '

p.
'

v2 would be considerably
smaller than for the F. For example, if one
estimates the mass of B,'= M'(cb) to be 6—.5 GeV
[and again uses B(r'-v, e'v, ) =B(r'- v, p, 'v„)
=0.175], then N, '/N„'=0. 98. Moreover, in the
general ease of massive neutrinos, the effects of
a substantial m(va) would be proportionately small-
er, since m(v3},„ is a much smaller fraction of
m(B,'}or m(T t—= M'(tb)} than of m~, and since
both the decays B,'- 7

'
v, and T &

- 7
'

v3 have
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much more phase space available than does the
decay I '- 7. ' v3. Indeed, it is interesting to note
that as m(v, } increases from 0 to its currently
allowed maximum, the kinematic rate factors for
the 7' v3 decay modes of these two heavier I' s,
p(6,", 63 ), actually increase slightly, which is
opposite to the behavior for M=I'. For example,
assuming the value given above for m(B;), one
has p(5, ', 0) =0.064, whereas with m(v~) =100 and
200 MeV, t)(5, ', 63') =0.065 and 0.066, respec-
tively.

Finally, in addition to the changes in the ratio
N,"/N"„and the single-e and-)), momentum spec-
tra, one may observe some very striking events
which, for n =3, would be predominantly of the
form M'- (e' or g')+[e )(', e e'] where the e ))'

pair in the square brackets would have a definite
invariant mass m(e ))'} c 250 MeV and the e'e
pair (which would occur much less often} would
have a variable invariant mass ranging up to the
above value. These would arise from the cascade
decays

Let us examine the characteristics of these events
in greater detail. First, unless m(v3) ~ 200 MeV,
the v3 will have a sufficiently long lifetime 7„,
that it will escape from the detector before de-
caying. Specifically, if 2m, & m(vs) & m„+m„
then the only available tree-level decay mode is
v~ —e v, e'. The resultant lifetime is 7„&7„/Vq

I
U„l', so that the v, would not decay within the

detection apparatus. For m, +m„&m(v, ) &m, +m,
the decay modes v, —e v„p,

' and v, —p'v, e' are
available, but are strongly phase-space suppressed
and do not change the statement made above about
the escape of v, . The interesting range of the v3
mass is m, +m, &m(v, )&m(v, ) 250 MeV, for
which the decay channel v,- e m' is open. . The de-
cay rates for the leptonic modes v,- l, v, ~E' with
(a, b)=(1, 1), (1, 2), or (2, 1), are given by

'I( ~v-f, v, ,&)')) = Q 1'(va-l, v, l;)j- i

Gn m(v3)
( U (2~ m, m~

1()2~& l s' m(v, )' m(v )
' ) '

(4.12)

so that

m(e e') & m (e )(') =m'(v3) .

(4.10)

(4.11)

where we have approximated Q,', I U» I' —-1 for
b =1, 2. The function 1 (x, y, g) is the dimension-
less phase- space function for three-body leptonic
decay, which will be discussed further in paper
II. The rate for the semileptonic decay is

m v m2 m2
1 (v e-)() —G ~(v)f Iy I2IU

$6g ii. Si ' m (v3)' ' m (v~)'

mv z mv P ~ (4.13)

Hence

6.5~10 ' sec
I U3( I

+ 0 13
I Us2l

Thus, with
I U~, I

' =
I Us, I

' = 0.01, r„,= 0.57 x 10
sec, while for a hierarchical choice

I
U»l'=0. 001

and IU»l'=0. 01, v„,=2.8x 10 ~ sec. Consequent-

ly, a slowly moving v3 might have a significant
chance of decaying within the sensitive volume of
an experimental detector. Next, we calculate the
relevant branching ratios:

B(v3 8 7) }r)()3)=p.2 aev

0.92
[1+0.»x»-'(IU32I'/IUs) I')] '

B("3 s v~8 4(u3)=0. 2 a v

0.07& 5
-[1+0.82x 1O-'(I U32I'/I U3) I')] '

I

and

B ("3 e " & ) (,) = 0. 2 a v

3i
0' l

2

B(v3 ) ver }m(v )=0. 2 aev~32, 3

0.0092
[1+0.92x lo-'(I U»l'/I U„l')] .

Thus, unless
I U3(l'/I U32I'«lo-s, the dominant

decay mode for this region of m(vs) is &-v)(8'
The v3-e v,e' decay channel has a considerably
smaller branching ratio, and the e'p, ' leptonic
modes are negligibly small. Note that if, indeed,

I U»l /IU32I «10 3, then 7„would be so long that
the v3 would leave the apparatus before decaying,
so that for this mass range one can conclude that
the above magnitudes and order of branching ratios
will apply in general to experimentally observable
events. This order is quite fortunate, since in the
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v3-e v' decay mode the invariant mass m(e w')
will have the same value, m(v, }, for all events,
which (1) aids in the identification of these events
and their separation from backgrounds, and (2)
allows one to measure m(v~). In contrast, in the
three leptonic modes the invariant mass m(&, l~)
does not have the same value in different v3

l, v, l, decays, and so one loses both of the ad-
vantageous features mentioned above. [It is true'
that one could obtain information on m(v&) on a
statistical basis for these leptonic decays. ]

Next, we proceed to consider the case n& 3.
Since the effects of a v3 with mass ranging up to
its currently allowed maximum have already been
analyzed, the present discussion will concentrate
on the distinctive new features of the n& 3 case,
namely, the possibility of one or more v;, i ~ 4,
with masses m(v;) )m(v,), and, in addition, the
possibility of an l„a- 4, which might occur in the
decays of the T ~ -=M'(tb). We may thus divide our

.discussion and deal with the massive-neutrino ef-
fects first.

For the purpose of this analysis, it is helpful to
plot the basic kinematic rate function for M'
-I;v, decay, p(6f, 6,". }, for the full range of both
of its variables. This is done in Fig. 27, with
units chosen such that m~=1. As is clear from
its definition, Eqs. (2.13) and (2.14), p(x, y} is a
symmetric function of its two variables. In the
conventional theory, or the generalized theory in
the case v; c (v;~}, the kinematic rate function re-
duces to p(6,",0). Similarly, in the leptonic decays
of heavy mesons yielding a light charged lepton
and heavy neutrino with m(v, )»m, , p reduces
to p(0, 6";). The general function relevant to both
of these cases ik then p(x, 0) =x(1-x)', This func-
tion is plotted for x -=m~1-=(m, /m„)1 as curve (a)
in Fig. 27. It has a maximum at x = —,', or m&
= 0.577m„, where it is equal to 744. The decays
M'-I; v, in the conventional theory with m(v, )
=0 for all i, and the decays M'-l, v;~ in the gen-
eral theory, can thus be classified according to
where they lie on this universal curve, as deter-
mined by (m, /m„). All conventional M, & decays,
and, in addition, M» decays for M= E or heavier
mesons, lie too close to the origin to be marked
clearly. The positions of the K», r», and E„
decays (with m~=2. 03 GeV in the last case) are
indicated with circular dots on the horizontal axis

cu cu

E

o. i

0 O. I 0.2 0.5 0.4 0.5 0.6 0.7 0.8,0.9 I.O

mi

FIG. 27. Plot of the M&2 kinematic rate function
p{m~, m2 ), with the units of mass chosen such that mz
= l.

and curve (a) in Fig. 27. Because of the uncer-
tainty in m(B, -=M'(cb)), we have not marked the
position of the conventional B,' —y' v, or general
B,' —r'v; . decay in this graph. For m(B,') =6.5
GeV, it would lie at m, = (m, /me ) = 0.27, with

Bc c
p(6, ', 0) =0.064. As m& increases from 0, the
position of the relative maximum in p(m 1 mg }for
fixed m1 moves from m& ——I/v 3 toward 0. One
can observe from Fig. 27 that for a large range
of m„p(m, ', m, ') increases as m, increases from
0 to positive values. Note how even for m2=0. 8
[curve (e)], as m1 increases from 0, p grows
slightly from its value at m&

——0 before eventually
dropping sharply to 0. If one takes m, =m(v;)/m,
and m, =m„/m, =0.76, one sees that this curve
(e} is close to describing the dynamics of &'- p,

'
v,

decay. In this context, one may recall the gradual
maximum of p(6;., 6'„) or equivalently p(6;, 6'„) at
m(v, ) =3.4 MeV (i.e., m, =0.024) where p(6&, 6'„)
= 1.00004. For mathematical purposes we have
also included the curve p(x, y =x}= 2x(1 —4x)1~1
since, (1) for fixed m„, =m, +m„p(m, ', m1') has
a relative maximum at the symmetric value m,
=m„and hence (2) the absolute maximum of p
occurs along the line m&

——m2, specifically at the
value m1 ——I/W6, where p= 1/(3M3).

In the case n & 3, the expressions for I'„(M- I; + ~ ~ ~ ) and B(v'- v„l; v, ,) are given by Eqs.
(4.6) and (4.7) with the sums running from 1 to n,
as allowed by phase space. For illustrative pur-
poses, let us assume that there are n- 1 neutrinos
with masses that are sufficiently light that their
kinematic effects are unimportant, and one heavy
v;=- v~„„with iw3. Then, assuming that there is
no l, a~ 4, with m, &m~,l~

and

1,(M'-'+-" ) = IU1; I'p(0, 6";) +B(r'- v, e'v. )[(1- I~a; I') p(6,",o)+
I ~3; I'p(&." &"')] (4.18)

I( M'-u'+" )= I~ I'p(6"„,0)+ I&;I' (p66";)+B(r"-v,~ v„)[(1-I&;I')p(6", 0}+I~ I'p(6" 6")].
(4.19)
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There are clearly no changes in the DC direct or
cascade terms as m(v,.) changes. The HSC v; cas-
cade contributions decrease and finally vanish as
m(v;) grows beyond m„- m„but these terms were
already suppressed by the small coupling coeffi-
cient j U3; j and branching ratio B(7'- v, l~ v, ).
The interesting point is that the kinematic rate
functions for the M'- e'v; and M'- p, 'v; decay
modes could reach values near to the absolute
maximum, 1/3v 3, a feature which is not possible
in the m=3 case. For example, choosing M=F
and taking j U2; j

~=0.01 and m(v,.) =1 GeV, one
finds that in I",(E'- g'+. ~ ) the HSC term

j U2;j p(5~, 5";)=1.4x 10 3, which is a significant
fraction of the LDC direct term jU»j2p(5~, 0)
= p(5~, 0) = 2.7 x 10 3 and the LDC cascade term

B(r '- v, p
'

v„)(1 —
j U3, j

2) p (Y, 0)

=B(r'- v, p, 'v„)p(5„0)
=7.0x10 '.

A similar comment applies to the HSC contribu-
tion to 1 „(M'- e'+ ~ ~ ). As regards the momen-
tum spectra, the &'and p,

' spectra from the LDC
cascade, and the p,

' peak from the LDC direct
decay, are unaffected by m(v;). However, the
peaks due to M' l'v;, which are not necessarily
negligibly small, will occur at progressively lower
values of jp, j for increasing m(v;) and may be
distinguishable from the other spectra. As was
discussed for light mesons in Sec. II F, the spec-
tral test can be used as a probe of the number of
generations. If one is able to detect the heavy v&

peaks in the l ——e' or p' momentum spectra from
M'-l v& decays, then, given their number and
the inferred values of the m(v&), one can set lower
bounds on n in a manner similar to that explained
in Sec. IIF.

Concerning events in which the v; decays, for
increasing m(v, ), the rates for the leptonic modes
v; -l, v, l~ increase rapidly, since they are pro-
portional to m(v;)~ for m, +m~«m(v;). The new

leptonic decay channel v; —p, v„p,
' opens when

m(v, ) passes above 2m„, as does the semileptonic
channel v; —p m'when m(v;)&m„+m, . As m(v;)
increases, since the semileptonic modes have
rates which grow like m(v;)3 for meson masses
small compared to m(v&), they will comprise a
progressively smaller fraction of the rate com-
pared to the totality of leptonic decay modes. The
v; lifetime decreases rapidly for larger m(v, ), so
that these events in which the v; decays within the
volume of the detector will become more pre-
dominant. For a given value of m(v, ), it is
straightforward to enumerate the main decay
modes and calculate their branching ratios, as
well as v„.. As noted, for sufficiently large m(v, ),

the leptonic decay modes would tend to predomi-
nate over any exclusive semileptonic modes such
as the «' channel which was dominant in the
case of a heavy v, .

Finally, we consider the effects of a possible
l„a» 4. Note that, given the present limit m(l, )
~17 GeV for a~ 4 from experiments performed at
PETRA, 59 such an l, .4 could not .occur in F or B,'
decay. If there exists an e» 4 such that m(l, )
&m(T~), then the decay T~ —I; v, could occur,
and, depending on the values of the j U,~ j

and

5, , a~ 4, and 5z, one such decay T,'-l, v& might
well be the dominant leptonic decay mode of t, he

T&. However, it seems premature at present to
examine such possibilities further.

V. CONCLUSIONS

We have presented a general theory of weak lep-
tonic and semileptonic decays which incorporates
consistently the possibility of nonzero neutrino
masses and associated lepton mixing. Since no
experiment mill ever show that all neutrino masses
are strictly zero, and, indeed, present experi-
ments do not rule out a mass. of —20Q MeV for at
least one neutrino, even assuming that there are
only three generations, the necessity of such a
generalized theory and corresponding generalized
analysis of existing data on these decays is clear.
We have given a precise statement of the meaning
of current neutrino-mass limits. In this paper we
have applied the general theory to the leptonic de-
cays of charged pseudoscalar mesons. The analy-
sis led to a new and very sensitive test for neu-
trino masses and mixing involving the measure-
ment of the charged-lepton spectrum, which was
shown to consist not just of a single line, but
rather of a discrete set of lines. This test was
applied to existing data on ~, 2 and E» data to de-
rive correlated bounds on neutrino masses and
mixing coefficients. We have proposed new, but
not overly difficult, experiments to perform this
test in ~, 2 and K, 2 decays. The use of the test to
probe the number of lepton generations was dis-
cussed, as well as an extension of it which includes
a measurement of the charged-lepton polarization.
We have also determined the constraints on lepton
mixing arising from the ratio B(M'- e'v, )/B(M'
—p, 'v„), where M=~ or K, taking proper account
of the experimental cuts which were used to define
e' "v," and p, '"v„"events. Finally, we have given
a general analysis of the leptonic decays of
charged heavy pseudoscalar mesons.

Perhaps the most exciting aspect of this work is
the prospect of new high-precision, high-statistics
experiments which will apply our test to search for
additional peaks due to heavy subdominantly cou-
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pled neutrinos in the e or p, momentum or energy
spectrum in &„and K, & decays. Armed with a new
understanding of the effects of massive neutrinos
(viz. , not just a slightly shifted main peak, but in-
stead a multitude of peaks, with the main one not
necessarily shifted at all), they will, it is hoped,
search over regions of ~p, ~

and ~p„~ never before
studied as M, 2 data. One awaits their findings with
great interest.

Note added. The current status of experiments
to apply the I„test proposed in Ref. 1 and dis-
cussed at length in this paper is as follows. First,
at SIN a group has conducted a preliminary search
for a second shoulder in the p,

' momentum spec-
trum in n'

2 decay, down to ~p„~=27 MeV
= 0.91~p„t, and has reported the tentative upper
limits B(n'- p,

'
v ss«) & 2%%uo for 4 & m(v, ) & 9 MeV

and B(m'- tt'v„s~;) & 2'%%uo for 6 &m(v;) &14 MeV.
See R. Abele et al. , SIN Newsletter, No. 13, p. 11
(1980). A more dedicated experiment is planned.
Second, a University of Virginia proposal by R.
Minehart, K. Ziock, and coQaborators to use a

Ge counter experiment to search for additional
peaks in the ~p„~ spectrum in s'„, decay has been
submitted and approved at SIN. Third, a Uni-

versity of Tokyo-KEK- Tsukuba University pro-
posal by T. Yamazaki and collaborators has been
approved, a.s Experiment E89 at KEK, to search
for an HSC peak in the ~p„~ spectrum in K» decay.
I thank R. Frosch, R. Minehart, K. Ziock, and

T. Yamazaki for discussions concerning these
developments.
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However, this does not imply that for the HSC modes
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