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It is pointed out that the presence of the Schwinger-Goto-Imamura term destroys the Jacobi identities of currents.
It is shown that in order to save the Jacobi identity, a new c-number term must be accounted for in double

commutators of currents.

According to a naive canonical calculation, the
equal-time commutator between the time and space
components of the vector current

J,06) =5 9(x)y, () )
vanishes, i.e.,
[7o0),d, ()] =0. @

However, the vanishing of the commutator con-
tradicts the positivity of the energy eigenvalues as
has been pointed out by several authors,! and the
careful calculation by, for example, the point-
separation technique? gives, instead of (2),

[o60),d, (")) = — iK%, 6(% - %), 3)

where K2 is a diverging ¢ number. The effect of
the point separation appears only in the commu-
tators of vector (or axial vector) current. We
thus obtain, for example, the set of equations

[Jsi(x)’JSj(x’)]=2i€iij5k(x)6(i‘i,)7 (4f)
where

J5u0) =8P )y sy, vx) . (5)
The above set of equations then gives
[Tok), J; ")), T 5; (")) =0, (6a)
[[JSj(x”)’Jo(x)]yJi(x,)]z0, (6b)

(706D, d5;(6)], T o)) = —2K2€, 40,6& - %) . (6¢)

Hence, the Jacobi identity between J,, J,, and J 55
is destroyed. - We are thus confronted with a math-
ematical difficulty forced by the physical require-
ment that the energy should be positive. As has
been said, the Schwinger-Goto-Imamura term (3)
is required by the positivity of the energy, but

(7o), ()] =0, (4a) also it has been specula.tfed that th'e very presence
of the term may play a vital role in the treatment
[Jolx),d;(x")]=-iK%,6X -%'), (4b) of the U(1) problem.?
J.0),d (")) = 2e, . J.. (x)6& - &) 4c) In view of the above situation, the double com-
[7:6),7, )] e ’ ( mutators (6) are recalculated using the point sep-
[Jox),J5;x")]=0, (4d) aration for x’ and x”. Limiting ourselves to the
[J;(0),d5,(6")] =24 €, J, ()X %) , (4e) spacelike point separation, we obtain
]
([Tok),J;(x", €], d5; (", €")] = = [ B{}6(X. — %)+ B{;6(X, —%")|[6(X —%.) — 6(% - %], (7a)

[[s; ", €"),d o)), T, (", ")) =[B{} 8(X.

(G5 €7),d5;6" , €")],d (%))

-%)+ B 5,

&6k -%2) - 6(x -%V)], (Tb)

==B{0k. =)ol =x2) = 8(x —x))] =B 6} —x")6(x —x!) —6(x =x1)], (Tc)
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with

B{Y =€, )y ) + 8, Dl yayspx?),  (92)
B =€, )y bel) = 6,00y vsplel),  (9b)

I €)= g0y, b)), (10a)
Tle” €M) =0 Yy sy, 6T . (10b)

If we add all three equations (7), we find that the
result vanishes before the limit is taken. Namely,
the Jacobi identity holds for arbitrary &’ and €”.
In order for the point separation to be effective,
it should be assumed that €’ +&”+ 0. The actual
values of the double commutators (7) depend on
how &’ and €” approach zero, though as Eqgs. (7)
imply, the Jacobi identity holds true for arbitrary
¢’ and €”. Having confirmed this, we illustrate
the following two cases.

(i) If we take the limit in the order of &’ - 0 and
€” -0, we obtain

(0600, ()], 6] =0, (11a)
([Ts; "), d o)), (x")]
= 2K"%, 140,0(% — F)6(F %), (11b)
([T 6", T 5;6)], T ()]
= - 2K"%, 0,6 -%)6(® -%"), (1c)

instead of Egs. (6), where K"”2=2/3r%"2.
(ii) On the other hand, if we take the limit €7~ 0
first and then take €’ - 0, we obtain instead of (11)

[[Jo(x)’Ji (x’)]’Js,-(x")]
=2K'%,;,,0,0@& -%X")o(X' -%"), (12a)

_= 1> =n_= 1> -
X=X +3€', X{=X"zx3&", (8)

[[Jsj‘(x”):Jo(x)],Ji(x’)]=0, (12b)
[[Ji(x/),Jsj(x”)]:Jo(x)]
== 2K'%, ;9,0 -%)5(& -%"), (12¢)

with K’2=2/3n%"2,

The lesson we have learned from the above exer-
cise is that Eq. (4) cannot be used naively, but if
the point-separation technique is used again in
calculating the double commutators, the result
differs from that obtained from (4), depending on
ways in which the limits ¢’ - 0 and €” - 0 are taken,
and, nevertheless, the Jacobi identity holds true.

We have here used spacelike point separation in
order to avoid the problem of dynamics. It is in-
teresting to see how the dynamics affects the dou-
ble commutators.*

We point out finally that the above problem does
not simply arise in field theory in 1+ 1 dimen-
sions, because the space component of the cur-
rent commutes with itself.

Note added in proof. The author thanks Pro-
fessor Johnson for letting him know of the paper
by K. Johnson and F. E. Low, Prog. Theor. Phys.
Suppl. 37—38 (1966), where the failure of the
Jacobi identity in the presence of the Schwinger-
Goto-Imamura term was noted.
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